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Chapter 1

Background

1.1 Introduction

First we give a brief overview of classical dynamics (partly drawn from [6] and
[10]). A fundamental question in statistical mechanics concerns the existence
of certain types of time averages. The problem may be formulated as follows:
The state of a physical system at a certain time is described by specifying
a point in a "phase space” X. When a mechanical system is subject to a
principle of scientific determinism, e.g. when it is assumed to follow the
classical Hamiltonian equations, it is known that an initial state x will, after
t seconds have elapsed, have passed into a unique new state y. Since y is
uniquely determined by x and ¢, a function 7" : X — X is defined by the
equation y = Ty(x). The flow T} in this case has the property that

T(To(x)) = Tiys()

for all points x in phase space and for all times s and ¢.

If we obtain a numerical quantity from the state of the physical system at
some given time by an observation, such a quantity can be viewed as a value
of a complex valued function f defined on X. If the initial state of the system
is specified by the point z in X, the value of the quantity f at a time ¢ will
be f(T;(z)). In practice, however, we are in most cases unable to observe a
state directly, but rather an average value of f(7;(z)) i.e.

1 N
¥ | f@@

computed over a time interval 0 <t < N.
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If observations regarding "micro”-processes are made we find that time inter-
vals on "macro” level are very large compared to the natural rate of evolution
of the given micro-system. An example is observations on gas in a vessel. In
each second, the molecules travel vast distances and recoil from the wall mil-
lions of times. Thus, the time N involved in the experiment is large enough
to give a good approximation for the limit

N

f(Te(x))dt.

Thus it is central in ergodic theory to determine whether or not, or under
what circumstances the limit above exists.

Historically, a mechanical system is said to be ergodic if it has the property
that the above limit (the time mean) is the constant space mean taken with
respect to the Lebesque measure v in the phase space X, i.e.

ffdl/_
hm—/ f(Ti(x 5(—)()—/)(de.

N—oco N

Hence ergodicity implies that the averages obtained over sufficiently large
time intervals can be used to obtain global information about a state in X.

In many cases the flow T} is taken over discrete time instead of continuous
time. Then 71,4, = T,,1;, and T,, = 17", and hence, for a given measure
preserving transformation, the map n +— T"x defines an action of the group
of integers on X. In this instance we consider averages of the form

%}:ﬂﬂ%m,feLAKBw)

where T} is a mapping of X into itself. Hence, in this case the problem is to
determine whether the time mean

JﬂanW

exists and is equal to the space mean for almost all z € X with respect to v.
In other words, the problem is to determine whether the space mean of an
observable quantity can be derived almost surely from discrete measurements
along the time evolution of a single state x € X.

In this thesis we consider more general group actions on X, specifically ac-
tions more general than Z and R, as well as stronger assumptions regarding



et
,i; UNIVERSITEIT VAN PRETORIA
. UNIVERSITY OF PRETORIA
W YUNIBESITHI YA PRETORIA

1.1. INTRODUCTION 7

the dynamical systems, such as weak mixing (which implies ergodicity). We
will also extend certain results from classical dynamics to more general, non-
commutative dynamical systems.

The abstract framework for classical dynamics is given by the following. We
say that (X, X, v, T) is a measure preserving dynamical system, if (X, v)
is a complete probability space and T' : X — X is a measure preserving
transformation (m.p.t) in the sense that T satisfies the following conditions:

(a) T is bijective

(b) TA,T7*A € ¥ for all A € X and

(c) v(T7'A) = v(A) for all A € 3.

In some instances the assumption that 7" is bijective is not included. It is,
however, convenient to assume that 7T is bijective, but it should be noted
that many ergodic results also hold under weaker assumptions.

Besides its application to physics, ergodic theorems also have applications in
other fields such as number theory. Consider a measure preserving dynamical
system (X, v, T). Furstenberg [17], [18] gave an ergodic-theoretic proof of
Szemerédi’s theorem in combinatoric number theory by proving a multiple
recurrence result, i.e. that for any measure preserving dynamical system

N
Ea 1 -n —2n —kn
hglogfﬁ E v(ANT™(A)NT(A)N..NnT"™(A)) >0

n=1

if v(A) > 0. We will refer to this as a Szemerédi property; also see [20]. From
a statistical viewpoint the two most important types of dynamical systems
are the weakly mixing systems and the compact systems when one studies
recurrence properties. In fact, it was shown in [20] that if one would like
to prove the aforementioned multiple recurrence result for general dynamical
systems, one could reduce the problem by only considering the two mentioned
cases. It should however be noted that this has not yet be proven for non-
classical” dynamics, i.e the non-commutative case.

A major part of this thesis will involve weak mixing, and also weak mixing
of "higher orders’. Weak mixing is an important notion in ergodic theory,
introduced by Koopman and Von Neumann [24] in 1932 for actions of the
group R. Iterates of 7" above can be viewed as an action of the group Z, and
in this case the system above is called weakly mixing if

lim % > | ANT™(B)) = v(A)(B)| =0
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for all A, B € Y. It is straightforward to show that weak mixing implies
ergodicity. The system (X, X, v, T) is said to be weakly mixing of order k if
for all sets Ag, Ay, ..., A in X, we have that

N
.1 . .
$@wﬁ;\y(AomT A0 NT AL = w(Ag)w(Ay) .. v(Ay)| = 0.
(1.1)

In a more general setting, Furstenberg proved that weakly mixing systems
(X, 3, v, T) are weakly mixing of all orders, namely

lim. % SO |p(Ao N T (A) A AT (A44)) = w(Ag)w(Ar)...(Ay)| = 0

(1.2)
for all Ag,...,Ax € X, all mq,...,mp € N with m; < my < ... < my, and all
ke N={1,2,3,...}, from which the Szemerédi property then follows easily
for weakly mixing systems.

On the other hand, the system is called compact if the orbit {f o T™ : n € Z}
of every f € L*(v) is relatively compact in L?(). Such systems can also be
shown to have the Szemerédi property. As one might expect, these and
related ideas have been studied for actions of more general groups; see for
example [12], 2] (Section 4), [3] and [4].

Ergodic theory has historically been studied with regard to classical dynami-
cal systems, where the assumption of commutativity of the underlying phase
space is plausible. However, many analogues of classical (commutative) er-
godic theoretical results exist in a non-commutative setting. This thesis will
mainly be concerned with the study of such results.

The results of this thesis form part of a programme to extend the structure
theorems developed by Furstenberg and others to the operator algebraic set-
ting. We first give an overview of necessary concepts like amenability and
Folner sequences (Section 1.2), as well as basic results and tools (like the
GNS construction) needed for the study. In Chapter 2 we supply a catalogue
of definitions regarding the dynamical systems we work with.

We then turn to weak mixing of all orders in a non-commutative C*-algebraic
setting where (X,3,v,T) is replaced by a C*-dynamical system (A,w,T)
where w is a state on the unital C*-algebra A, and 7 a group of *-automorphisms
of A keeping w invariant. This problem has also been studied by Niculescu,
Stroh, and Zsidé 28] for actions of Z. However we allow more general groups,
namely abelian second countable locally compact groups which contain a
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Folner sequence satisfying certain conditions. The role of a Fglner sequence
is to replace the sequence of sets {1,...,n} appearing in the averages in the
expressions above.

One of the technical tools we use in this case is a so-called Van der Corput
lemma which we discuss in Chapter 3.2. This type of lemma and related
inequalities, inspired by the classical Van der Corput difference theorem and
Van der Corput inequality, have been used by Bergelson et al [1], [3], Fursten-
berg [19], Niculescu, Stroh, and Zsidé [28], and others, to study polynomial
ergodic theorems, nonconventional ergodic averages, and noncommutative
recurrence, for example. We extend the Van der Corput lemma to more gen-
eral groups, namely second countable amenable locally compact groups. The
main result of Section 3.2 is given by Theorem 3.2.5. After some prelimi-
naries on weak mixing in Section 3.1, we devote Section 3.3 to showing how
weak mixing implies weak mixing of all orders. The form of weak mixing of
all orders we prove, involves replacing the multiplication with mg, ..., my in
(1.2), by homomorphisms of the group over which we work, and this moti-
vates why we incorporate such homomorphisms in a generalized definition of
weak mixing in Section 3.1. The main result of Chapter 3 is Theorem 3.3.4.

We then proceed to the Szemerédi property for compact C*-dynamical sys-
tems (Section 4.1). Finally, in Section 4.2, we use the results of the previous
Sections to study ergodic W*-dynamical systems (where A above is a finite
Von Neumann algebra), however we only show that an asymptotic abelian
ergodic system either has the Szemerédi property, or has a subsystem (called
a factor) that has this property . This final result (Theorem 4.2.6) is proved
for a smaller class of groups which however still contains Z? and R?. Many
of the intermediate results hold for more general groups or semigroups, as we
will indicate. The asymptotic abelianness we refer to here is of a relatively
weak form, namely “in the average” or “in density” as defined in Section 3.3.
Asymptotic abelianness is needed to handle the weakly mixing case, while
the compact case works without it, however in the latter we assume w to be
tracial while in the former we do not. So a certain level of commutativity is
always present.

Note that this thesis is based on [5], explaining some of the concepts therein
more thoroughly.
1.2 Amenable groups and Fglner sequences

The dynamical systems we use are almost invariably defined over amenable
groups for which a Fglner sequence exists. We now briefly expand on these
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and some other central concepts.

In a group G we will use the notations Vg := {vg : v € V}, VIW :=
{vw :v € Viw e W}, V1 :={vt:v eV} ete. forany VW C G
and g € G, and we will use multiplicative notation even when working in an
abelian group.

Definition 1.2.1. Let G be a locally compact group and L*°(G) be the
Banach space of all essentially bounded functions G — C with respect to the
Haar measure. Let V' be a subspace of L>(G).

(i) A linear functional M on V is called a mean on V if for all f € V

F>0= M(f)>0andif M(1) =1, (1.3)
where 1 is the constant function (see [16] for a definition of a mean which is
implied by the definition above).

(ii) Let ,f (respectively f,) denote the left (respectively right) action of
geGonV, ie ,f(x)= f(gz), (respectively f,(xz) = f(xg). Then, a mean
M is said to be left-invariant on V (respectively right-invariant on V') if
M(,f) = M(f) (respectively M(f,) = M(f)) forallge G and f € V. If M
is both left- and right-invariant it is simply called invariant.

(iii) A locally compact group G is amenable if there is a left- (or right-)
invariant mean on L>(G).

Since we will work with abelian groups, the following theorem must first
be established.

Theorem 1.2.2. Every abelian locally compact group is amenable.

This theorem follows from the following three results, which is adapted
here from [22], Section 17.5.

Proposition 1.2.3. Let G be a locally compact group and let L°(G) denote
the R-subspace of L>®°(G). If M is a left-invariant mean on L°(G) then M’
defined by

M'(f) == M(re(f)) + iM (im(f))
is a left-invariant mean on L*®(G).

Proof. Let f € L>(G). Then re(f), im(f) € LX(G), M’ is clearly linear and
M'(1) = 1. Also, if f > 0 then f € L°(G) and hence

M'(f) = M(f) > 0.
Left-invariance of M follows from the fact that
re(yf(z)) = re(f(gz)) = re(f)(g9z) = (yre(f))(z)
for all g,z € G and similarly for im(f). ]
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Lemma 1.2.4. Let G be a locally compact group. Let F consist of all func-
tions h € L°(QG) of the form

h=>"(fi = (o)

where fi1,...,fn € L(G) and ay,...,a, € G. Then there exists a left
invariant mean for L2 (G) if and only if

esssup{h(g)} >0 (1.4)
geG

for all h € F.

Proof. If M is a left-invariant mean for L°(G) then M(h) = 0 a.e. for all
h € F. Note that since M is a real linear functional, (1.3) implies that

ess inf {£(g)} < M(f) < esssup{ f(9)} (15)
9€G geq
a.e. for all f € L*(G). To see this, let esssup,c{f(9)} = k, where k is a
constant real number. By linearity M (k) = k, and since k — f > 0 a.e. we
have

0< M(k— f) = k- M(f),
so M(f) <k a.e. Similarly M (f) > essinf,ec{f(g)} a.e. for all f € L°(G).
Hence, since h € LX(G),

esssup{h(g)} > M(h) = 0.

geG

Conversely suppose that (1.4) holds for all h € F. F is clearly a linear
subspace of L°(G). Let My be the null linear functional on F', i.e. My(h) =0
for all h € F. By (1.4) we then have

My(h) = 0 < esssup{h(g)}

geG

for all h € F. If we let p(f) := esssup,cq{f(g)} for f € L°(G) it follows by
the Hahn-Banach Theorem that M, can be extended to a linear functional
M on L°(G) satistying

M(f) < esssup{f(9)}

geG

for all f € L(G). We also have

—M(f) = M(=f) < esssup{—f(g)} = —ess inf {f(g)},

geG
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so that essinfeqc{f(g9)} < M(f) i.e. (1.5) holds. Hence clearly M(1) = 1.
Also, if f >0,

M(f) z ess mf{f(g)} 2 0.

Finally, since f — (,f) € F, we have M (f) = M(,f) for all g € G. O

Theorem 1.2.5. Let G be an abelian locally compact group. Then there is
an invariant mean M on LX°(G).

Proof. Let fi,..., fn € L°(G), let ay,...,a, € G and let

h = Z(fk - (akfk)) .

By Lemma 1.2.4 it is sufficient to show that esssup,cs{h(g)} > 0. Suppose
then that for some € > 0, we have

esssup{h(g)} < —e. (1.6)

geCG
Let p be any positive integer and let B consist of all functions A with domain

{1,...,n} and range in {1,...,p}. Then B contains exactly p" elements.
Let £ be the mapping of B into G defined by

E(N) = a?(l)a;‘@) ah™,

For a fixed k € {1,...,n} we consider the sum
> (&) = filarg (V)] (L.7)
AeB

Since G is abelian it follows that all of the terms in (1.7) cancel each other
except possibly those fi(£(A)) such that A(k) = 1 and those fr(ar&())) such
that A\(k) = p. The number of these terms is 2p"~'. Hence

> UAEN) = fularO)] = =20" | filloo:

AEB
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Applying (1.6) we obtain
—ep" > > h(E(N)
AEB
=YD €M) = frlars(V)]
AEB k=1
=Y ) IEN) = Frlars(V)]
k=1 \eB

> — 22}7”_16’ = —2np" ' C,
k=1

where C' = max{||fxl|cc : ¥ = 1,...,n}. Consequently we have ep < 2nC.
Since p can be chosen arbitrarily, this leads to a contradiction. Hence (1.6)
cannot hold and there is an invariant mean on L°(G). O

We may remark that Theorem 1.2.2 also holds if we use a semigroup
instead of a group.

In the remainder of this Chapter and up to Chapter 3, G denotes an
abelian second countable locally compact group with identity e, and regular
Haar measure p. In this Chapter and the next the commutativity of G is
in fact not crucial; the proofs are valid even if G is not abelian but still
amenable, and p is right invariant (but see the remarks just before Theorem
3.2.5). Unfortunately in Chapter 3 this is not the case.

Since G is second countable and locally compact, G can clearly be cov-
ered by countably many compact sets, i.e. it is o-compact and hence its
amenability (even for a nonabelian group) is equivalent to the existence of a
Fglner sequence (A,,) in G defined as follows:

Definition 1.2.6. A Folner sequence in G is a sequence (A,) of compact
subsets of G such that 0 < u(A,) for all n, and

o £ (00 (g))

Jim S =0 (1.8)

for all g € G.

Refer to Theorem 4 in [13] and Theorems 1 and 2 in [14] for a very
clear exposition of this. In fact, these papers show that we can choose a
Folner sequence with stronger properties than those in Definition 1.2.6, but
our definition will suffice for our purposes. Furthermore, Theorem 3 in [13]
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shows that Definition 1.2.6 implies uniform convergence of (1.8) on compact

SetS, 1.e.
L A A(A

=0
n—oger (M)

for any non-empty compact K C G. We will have occasion to use this
important fact later on. Throughout Chapters 1 to 3, (A,) will denote a
Fglner sequence in G. At the end of Chapter 3, we briefly consider simple
examples of such sequences in Z¢ and RY.

Definition 1.2.7. A Fglner sequence (A,) in G is said to satisfy the Tem-
pelman condition if there is a real number ¢ > 0 such that

M(Ar_LlAn) < cpu(An)
for n large enough.

See [26] for some discussion and further references related to this condi-
tion.

Remark 1.2.8. It is interesting to note that if we have a Fglner sequence
(A,) in G and a sequence (A!)) satisfying the Tempelman condition and with
A, C Al for all n, then (A]) is not necessarily a Fglner sequence in G, as one
might intuitively expect. A counterexample is given by the sequences A, =
{0,£1,...£n} and A, ={0,£1,+2,... £ n} U (2ZN{0,£1,+2,... £ 2n})
(see also [15]). To see this, note that

(AL)7'A! = {0,4£1,£2, ... £ 3n} U (2Z N {0, £1,£2, ... £ 4n}).
Since

/v J 3n+1, neven
M(A”)_{?m—l—Q, n odd

and 1 ((A7,)7'A}) < 8n, we have that

(A7) THAL) < 3u(Ay)

satisfying the Tempelman condition. It can also readily be checked that
w(ALA(AL + k) > n for any positive odd integer k where n > k. Hence

i A AR, £ F))
n—oo p(As)

proving that (A/) is not Folner.

1
>
-3
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Definition 1.2.9. Let K be a semigroup. We call a set £ C K relatively
dense in K if there exist an » € N and ¢y, ..., 9, € K such that

En{gg,....99.} # @
for all g € K.

Strictly speaking one could call this left relative denseness, with the right
hand case being defined similarly in terms of g;g, but we will only work with
Definition 1.2.9. The usual definition of relative denseness of a subset £ in N
is in terms of “bounded gaps” (see [31] for example), and it is easy to check
that in this special case the two definitions are equivalent.

Lemma 1.2.10. Let K be a semigroup. Take any g, € K for each n. Then
the sequence

(Angn)

1s also a Falner sequence in K.

Proof. Since K has the right cancelation property, we have (Ag)A(Bg) =
(AAB)g for all A,B C K and g € K. Hence

1 (Angn)A(g(Anga))) _ 1 (AnA(gAn))gn)
(A gn) (A gn)
_ r(AA(gA))
1(Ay)

_>0

as n — oo. ]

Definition 1.2.11. Let K be a semigroup. Let (A,,) be any Feglner sequence
in K. Consider any V € ¥ and set

, , u(AmﬂV)ﬂ . (A NY)
D V):= lim |inf | ————= = lim inf ———=.
o= i [ (M0 )

If Dea,)(V) > 0, then we say that V has positive lower density relative to
(Ay).

To see that D(,,)(V) in this definition always exists, note that if

-t ().

then (a,) is an increasing sequence with a,, < 1.



IVERSITEIT YAN PRETO
RSITY OF PRETO
E ETO

RIA
RIA
SITHI YA PR RIA

o m

16 CHAPTER 1. BACKGROUND

Lemma 1.2.12. Let K be a semigroup. Let E € ¥ be relatively dense in K.
Then:

(1) There ezists an v € N and g1,...,9. € K such that the following
holds: for each B € ¥ with u(B) < oo there exists a j € {1,...,r} such that
u((Bg;) N E) > u(B)/r.

(2) E has positive lower density relative to some Folner net in K.

(8) Let f : K — R a X-measurable function with f > 0. Assume that
flg) > « for some a > 0 and all g € E € X. Then there exists a Folner
sequence (A,,) in K such that

fdup > 0.

lim inf
n—00 M(An> An

Proof. (1) Let ¢y, ..., g be given by Definition 1.2.9. Set
B;:={be B:bg; € £}

for j=1,...,r,s0 Bjg; = (Bg;) N E € ¥ and hence B; € ¥. Now, for any
b € B we know from Definition 1.2.9 that EN{bgi,...,bg,} # &. So bg; € E
for some j € {1,...,7}, i.e. b€ B;. Hence B = J;_, B; and therefore

w(B) = u({J By) <D u(B)) =Y u(Bjg;) =Y u((Bg;) N E)

Jj=1 J= j Jj=1

from which the conclusion follows.

(2) Consider any Folner sequence (A,) in K. Let gq,...,9, € K be
as in Definition 1.2.9. For each n it follows from (1) that there exists a
j(n) € {1,...,r} such that

N((Angj(n)) N E)
1(Angj(n))

>

S |

where we also made use of 1(Angjm)) = p(Ay). But it follows from Lemma
1.2.10 that (A;,) given by Aj, := A,gj(n) is a Fglner sequence in K. Further-
more,

WM NE) 1
Dy (E) =1 f—2 - = —.
(A")( ) lgg M(A;l) n—oo T r

(3) By (2) there exists a Fglner sequence (A,) in K such that

1 1
liminf—/ fdp > liminf—/ a dg = aDn,)(E) > 0.
RO T RN Sy &)
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1.3 Density limits

In this Section we define and develop some basic tools needed in later Sec-
tions.

Definition 1.3.1. (i) A set R C G is said to have density zero relative to
(Ay), and we write D(s,)(R) = 0, if and only if there exists a measurable set
S C G, with R C S such that

lim —MAH nS)

=0.
n—00 ,U(An)

(ii) We say that f : G — L, with L a real or complex normed space,
has density limit a € L relative to (A,), if and only if for each ¢ > 0,
D, (S:) = 0, where

Se:={heG:|f(h)—al >e},
and we write it as

D(An)—limf = D(An)—li}rln f(h) = a.

Proposition 1.3.2. If R and S have density zero relative to (A,) and V C S,
then V,RN S and RU S also have density zero relative to (A).

Proof. V has zero density per definition. Also, if R and S have density zero
relative to (A,), then there are measurable sets S; DO R and Sy D S such
that

lim —MAH ns) =0and lim —'U(An nS)

=0.
n—oo  u(Ay) n—oo  i(Ay)

Since RN S C S; NSy C Sq, and from the fact that Sy trivially has density
zero, we have that R N S also has density zero.
Finally since also S7 N Sy has density zero, we have that

o p(AN(S1US)) L p(Aa NS p(A N S))
lim = lim ———— + lim ———=
n—00 ,LL(An) n—0oo ,U(An) n—0o0 M(An)

— lim
n—0oo /L(An)
=0.
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Proposition 1.3.3. Let f,g : G — L with L as in Definition 1.3.1, and
assume that
Dy-limf=a and D,)-limg=>b.
Then
D(An)—lim(f + g) =a+b
and
Da,y-lim(Bf) = Ba
for any 5 € C. Furthermore, if f, g are real-valued functions and f(h) < g(h)
for all h € G, then a <b.

Proof. For each € > 0, let
R.:={heG:|f(h)—al|>c} and S.:={heG:|g(h)—0|>c¢}.
By definition, R. and S. have density zero relative to (A,). Let
Ver={h e G:|[(f+9)(h) = (a+b)|| =}
and
Vii={heG:|f(h) —al +llg(h) = bl| = &}

Since [|(f+9)(h) = (a+b)|| < [[f(h) —al +[lg(h) =D, it is clear that V. C V.
Also, clearly V! C R: U S:. But R: US: has density zero relative to (A,),
and hence the same holds for V! and then V.. Hence

Dp,y-lim(f +g) = a+0.
Letting W, := {h € G : ||(Bf)(h) — Ba|| > €}, it is easily seen that W,

has density zero relative to (A,,), hence

D,-lim(3f) = Ba.
Finally, suppose that f,g are real-valued functions, i.e. L =R, and f(h) <
g(h) for all h € G. From the previous two results in this proposition, we
have that
D,y-lim(g — f) =b—a.
Hence for any € > 0, the set
Wi={heG:|(g—f)(h)—(b—a)l =}

has density zero relative to (A,). Suppose now that b —a =: p < 0. Since

(9 — f)(h) = 0 for all h € GG, we must have that the set W/, consists of all
of G. Hence

PO O Wn)  p(An)

p(An) p(An)

contradicting the stated fact that I/I/|/p\ /o has density zero relative to (Ay).

Therefore b — a > 0. O

=1,
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We now give a Koopman-Von Neumann type lemma:

Lemma 1.3.4. Let f : G — [0,00) be bounded and measurable. Then the
following are equivalent:

(1) Da,y-lim f =0

2) lim
(2) oo /.

Proof. For every € > 0, let S, := {h € G : f(h) > €}, which is a measurable
set, since f is measurable.

(1) = (2): From (1) we have that each S. has density zero relative to
(A,). Given any € > 0 and index «, consider the term

1 1 1
du = d du.
mmxﬁf” ummﬂm&f“+ummﬁmxf“

Since S. has density zero relative to (A,,)

fdu=0.

1
p(Ay)

as n — 00. Also,

0< / [ AL e
ApNSe

p(Ay)

1 / p (A, NSE)
0< —— fdp < ——e<¢
(M) AnNSe (M)

hence
lim

du = 0.
Ay Jy T

(2) = (1): Clearly exs. < f. Also note that D,y (S;) = 0, since S; is
measurable and

(A, N Se) 1
i (A) S;u(An)/infdu

which tends to zero as n — 0. O]

Corollary 1.3.5. Let f : G — R be bounded and measurable. Then

lim 1
i
n—oo 1(A,)

Aﬂﬂ@?dh:o

if and only if
1
lim—/ f(h)| dh = 0.
A An! (h)]
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Proof. Given any € > 0. Let
S.:={heG: [f(h)>}={heG:|f(h)]>c¢}
Suppose that lim,, m S [f(R)]? dh =0, ie.

Do, lim[ () = 0

by Lemma 1.3.4. By the definition of the density limit we have Dx,(S:) = 0.

Since € > 0 is arbitrary, we conclude that D, -lim |f| = 0, and hence

lim
e ju(A)

[f(h)] dh =0
An

by Lemma 1.3.4. The converse follows similarly. ]

As aresult, the |-| in Definition 2.1.7(i) of M-weak mixing, can be replaced
by |-|, which is useful below and in Chapter 3.3.

Lemma 1.3.6. Let f: G — C bounded and measurable. Let § € C. If

1
li h)dh = d I MI2dh = | 312
Hm /Anf( )dh = 3 an o /A £ (h)] 18I°,
then .
. . 2 _
Jim A /An|f(h) A" dh = 0.

Proof. This follows immediately if we note that

u&» / F(R) — B2 dh
L N GO

—

1

(A) /A (!f<h>|2 — Bf(h) — Bf(h) + W) dh

n

=

— 0

in the n limit. O
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1.4 The GNS construction

The Gelfand-Naimark-Segal (GNS) construction provides us with a powerful
tool for the study of ergodic theory in non-commutative dynamical systems,
as it enables us to approach some problems through Hilbert space theory.
In the discussion below L(X) refers to the algebra of all linear operators
X — X while £(X) refers to all bounded linear operators.

Definition 1.4.1. Let A be a unital x-algebra with w a state on A (i.e. a
linear functional on A such that w(a*a) > 0 and w(1) = 1). Let @ be an
inner product space and 7 : A — L(Q) a homomorphism. A vector 2 in @ is
said to be cyclic for m: A — L(Q) if m(A)Q) is dense in Q. If Q € @ is cyclic
for 7 and (7(a)Q2, 7(b)Q2) = w(a*d) for all a,b € A, then the triple (Q, T, Q)

is called a cyclic representation of (A,w).

Proposition 1.4.2. Let A be a unital *-algebra with w a positive linear
functional on A. Define
lalle == Vw(a*a)

foralla € A. Then || - ||, defines a seminorm on A. For a cyclic represen-
tation (Q,m,Q) of (A,Q) andt: A — Q :a— m(a)) we have

lall = lle(a)]
for all a € A.
Proof. Let a,b € A and o € C. Then
la+b]1% =w((a+b)"(a+0)
= Jlallg + w(ad) + w(b™a) + [|bI[5
< llallg + |w(ad)| + |w(®*a)| + [[b]Z
< llallZ + lallol1bllo + ol llalle + 110012
= (llalle + [ol.)*

by the Cauchy-Schwartz inequality ([7], Lemma 2.3.10). Also,

laall, = Vw((aa)*(aa)) = V]aPw(a®a) = |al|lal..

Finally,

lalle = vw(a*a) ()2, w(a)2) = V/{e(a = VIua)l? = lle(a)].

]
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Theorem 1.4.3. The GNS-construction. Let w: A — C be a state on
a unital x-algebra A. Then there exists a cyclic representation (Q,7,) of

(A, w) with w(a) = (Q, 7(a)2) for all a € A.

Proof. We follow the structure of the proof in [11]. We first show that there
exists a representation (@, 7) of (A,w). We construct the inner product space
. Consider the set

T={a€ A:|a|., =0}

T is clearly a linear subspace of A due to the fact that || - ||, is a seminorm.
Indeed, if a,b € T and a € C then aa + b € ¥ since

0 < flaa +bllw < lafljall, + [I6]l. = 0.
Then @ := A/% is also a vector space. Define 1 : A — @ by
ta)=a+%

for all a € A. Note that ¢ is surjective by definition and linear since ¢(aa+b) =
(aa+b)+T=(aa+Z)+ (b+%)=ala+%F)+ (b+F) = ala) + ¢(b).
Using ¢, we define an inner product on () by

(e(a), 1(b)) := w(a’b)

for alla,b € A. Note that here we follow the convention that (-, -) is conjugate
linear in the first slot. We must show that this inner product is well-defined

and that it is indeed an inner product.
Let a,b,c,d € A such that ¢(c) = ¢(a) and ¢(d) = ¢(b). Set p := ¢ —a and
q :=d —b. Clearly p,q € ¥ since, noting that ¥ is the zero element of (),

O=tc—a)=1p)ep+T=FT<pecT.
Similarly for ¢ € T. We have that
w(a'd) = w((c —p)"(d = q)) = w(c'd) —w(c’q) — w(p*d) + w(p'q).
From the Cauchy-Schwartz inequality, and the fact that ¢ € T it follows that
wic'g)l < llellwligllo =0

and similarly that w(p*d) = w(p*q) = 0. So w(c*d) = w(a*b) and hence the
inner product is well-defined. The fact that (-,-) is an inner product on @
can be verified as follows: Let a,b € A and a € C. (-,-) is conjugate linear
in the first slot since

(Llaa+Db),t(c)) = w((aa+b)*c) = w(@a*c+b*c) = ai(a),(c)) + (¢(b), t(c)).
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Also,

(t(a),v(b)) = w(a*b) = w(b*a) = (1(b),(a))
(see Lemma 2.3.10 in [7]). We have
(t(a),t(a)) = w(a"a) >0
since w is a positive linear functional, and furthermore
(t(a),t(a)) =0 w(a*a) =|la|l, =0 a €T < (a)=0.

Hence @ is an inner product space. Next we construct 7 : A — L(Q) and
show that it is a homomorphism (i.e that 7 is linear, multiplicative and
7(1) = 1). Define 7 by

m(a)u(b) = v(ab).

for all a,b € A. For each a € A, w(a) is a well-defined element of L(Q). To
see this, first note that ¥ is a left ideal of A since, by the Cauchy-Schwartz
inequality,

p €T = |laplly = w((ap)*ap) = lw(a*ap)*p)| < [la*aplupllo =0

implying that ap € ¥ for all a € A. Let a,b € A such that ¢(b) = ¢(c). Then
p:=c—be % and

t(ac) = v(a(b+ p)) = v(ab) + t(ap) = t(ab) + T = 1(ab)

proving, together with the fact that ¢ is surjective, that m(a) € A is well-
defined. 7 is linear since for a,b,c € A and o € C we have

w(aa+ b)e(c) = tl(aa + b)e) = aulac) + 1(be) = (ar(a) + m(b))u(c).
7 is multiplicative since for a,b,c € A
7(ab)u(c) = v(abc) = 7(a)i(bc) = 7(a)m(b)(c)
so m(ab) = m(a)m(b). Hence 7 is a homomorphism. Also
m(1)u(a) = v(L.a) = u(a) (1.9)

for all @ € A and it then follows from the surjectivity of ¢ that m(1) is the

identity of L(Q). In order to find a cyclic representation of (A,w), define
2 :=(1). We have that
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for all @ € A and hence
T(A)Q =1(A)=0Q

since ¢ is surjective. Hence ( is a cyclic vector for 7 and so (Q,, ) is a
cyclic representation of (A,w).
Finally we see that

(m(a), w(0)2) = (1(a), (b)) = w(a’b)
= w(1*(a"))
= (1), ¢(a’b))
= (2, 7(a"0)2).

Setting a = 1, we have w(b) = (2, w(b)Q2) for all b € A. O

Remark 1.4.4. If A is a C*-algebra, then Definition 1.4.1 can be modi-

fied so that @) is replaced by its completion, i.e. the Hilbert space H, and

L(Q) is replaced by £(H). Also 7 obtained in the GNS construction is a *-

homomorphism (as shown below) instead of simply being a homomorphism.
From Proposition 2.3.11(c) in [7] we have that

17 (@)e(b)|I* = (c(ab), :(ab))
= w(b*a*ab)
< w(bb)l|a’al
lal*[e(b)]?

and from this boundedness it follows that each 7(a) can be uniquely extended
to an element of £(H). It can also be shown that this 7 is a homomorphism
in the same way as in the proof above. To see that it is x-homomorphism,
we note that

(m(a)u(b), (c)) = (e(ab), e(c))
=w((ab)*c) = w(b*ac)
= (1(b), m(a™)e(c)

for all a,b € A. Hence m(a*) = m(a)* since 7(a) € £(H) for all a € A. Since
@ is dense in H and 7(A)Q O @, 7(A)S2 is dense in H, hence (H, 7, Q) is a
cyclic representation of (A,w). Also see [7] Definitions 2.3.2 and 2.3.5 and
the discussion in Section 2.3.3 in [7] for the case when A is a C*-algebra.
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1.5 The Mean Ergodic Theorem

One of the cornerstone theorems of ergodic theory is the mean ergodic the-
orem. It is well-known in classical dynamics and we give a brief overview
below, drawn mainly from [21]. We then state and prove the theorem in the
more general setting that is relevant to this thesis.

Poincairé’s Recurrence Theorem states that almost every point of each
measurable set B returns to B infinitely often under a transformation 7', and
under appropriate conditions. It may now be asked how long the recurring
points remain in B. This problem can be formulated as follows: given a
point = (in B or not), and given a positive integer n, form the ratio of the
number of these points that belong to B to the total number (i.e. to n), and
evaluate the limit of these ratios as n tends to infinity, if this limit exists in
a meaningful sense. Hence we should consider the ratio

1 n—1

L k

- ZXB(T x).
k=0

This average is called the mean sojourn of x and we are therefore concerned
with the problem of its convergence.

We do not need to restrict ourselves to characteristic functions. If f is
any arbitrary function on X, then a function g on X may be defined by
g(x) = f(Tz) and we can define a mapping U by g = U f. The mapping U
has some important properties.

1. The most obvious property of U is its linearity, i.e.

Ulaf +bg)(z) = (af 4+ bg)(Tx) = (af)(Tx) + (bg)(Tx)
=af(Tz)+bg(Tz) = aU f(x) + bUg(x)

for any complex-valued functions f and g on X, complex scalars a and
b and any z € X.

2. If T is measure preserving, then U sends L'(X, Y, u) into itself, and
moreover, it is an isometry on L'(X, 3, p). This implies that if f € L!,
then

UfelLand ||f]i = Uf]

To show that U is an isometry, we follow a standard approximation tool.
If xp is the characteristic function of the set B of finite measure, then
Uxp is the characteristic function of T~ B. Also, ||x5|1 = u(B). From
this and from the linearity of U it follows that U is norm-preserving on
finite linear combinations of such characteristic functions, i.e. on simple
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functions. If f is a non-negative function, then f is the pointwise limit
of an increasing sequence f,, of simple functions. Since U f, is also
an increasing sequence of non-negative functions, it follows from the
theorem on integration of monotone sequences that

Jim [Ufull = [0 f]L
as well as
Bim [[full = 7]

This proves the result for non-negative functions. The general case
follows from the fact that the norm of every f in L' is the same as the
norm of |f|. (Note that it was not necessary to assume that p(X) < co).

. The fact that U is an isometry on L! implies that U is an isometry

on L% To see this, note that || f|l = +/|[f2|l;. If T is a bijective
measure preserving transformation, then U is a bijective isometry, with
U= 'f(z) = f(T"'z). An invertible isometry on a Hilbert space is a
unitary operator ([16] Theorem 3.10-6(f)). This U : L* — L? is called
the unitary operator induced by T.

. Furthermore, if U is an isometry, then U f = f if and only if U*f = f.

To see this, note that Uf = f = U*Uf =U"f = f = U*f, if we
recall for an isometry U, U*U = 1. Conversely, if U*f = f, then

WUf = fI*=(Uf = £.Uf = £) = UFIP = (£UL) = UL )+ I
Since (f,Uf) = (U'f.f) = IfI?, and (Uf. f) = (f,U"f) = IfI*

Hence
|Uf~fI?=0and Uf = f.

Considering the properties of the unitary operator U, we find that one of the
basic problems of ergodic theory consists of studying the limiting behavior
of averages

1 n—1
- Uk

where U is an isometry on a Hilbert space.

Example 1.5.1. If the Hilbert space under consideration is one-dimensional,
the Mean Ergodic Theorem is quite simple, but still interesting. In this case,
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the isometry is determined by a complex number u such that |u| = 1. Now
consider the average
1 n—1
1
n
k=0

If w = 1, then each average is equal to 1. If u # 1, then

n—1 n
n & n(l—u)| = n|l —u|

as n — o0o. Hence the averages converge to 0. We see that the averages
converge to a function p, which can be seen to be a projection on the space
of all elements f such that uf = f.

In the finite-dimensional case, every isometry is given by a unitary matrix,
which, without loss of generality, may be assumed to be a diagonal matrix.
Since the diagonal entries of such a matrix U are complex numbers with
absolute value 1, it follows that the averages converge to a diagonal matrix
with diagonal entries 0’s and 1’s. The limit matrix, say P, is also a projection
in this case, i.e. the projection on the space of all vectors f such that U f = f.

The Mean Ergodic Theorem in Hilbert spaces is given below (as stated
in [6]).

Theorem 1.5.2. Let H be a Hilbert space, U : H — H a unitary operator
and let M ={f e H:Uf = f}. If P: Hw— M is the projection of H onto
M, then

1 n—1
S U= Pf
n

k=0

‘—>O.

The Mean Ergodic Theorem Theorem also holds in a more general setting
(also see [9] for a review). First we need to define Hilbert space-valued inte-
grals as follows. For (Y, ) a measure space and $) a Hilbert space, consider
a bounded f : A — $ with A C Y measurable and u(A) < oo, and (f(-), x)
measurable for every x € §). Using the Riesz Representation Theorem, define

[y fdu by requiring
([ sty = [ 10,2 dntr

for all z € $. We will often use the notation [, f(y)dy = [, fdu, since there
will be no ambiguity in the measure being used.
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Theorem 1.5.3. Let G be an amenable group (and hence contains a Folner
sequence) with right Haar measure u. Let H be a Hilbert space and U : G —
L(H) : g +— Uy be such that |Uy]| <1 and U,Uy, = Uy, for all g,h € G. Let
G 3 g — (Uyx,y) be Borel measurable for all x,y € H. Take P to be the
projection of H onto V :={x € H : Uz = x for all g € G}. For any Folner
sequence (A\,,) in G we then have

1
lim / U,rdg = Px
oo fu(A) Ju, *

for all x € H.

Proof. Set N := span{x —Uyz : v € H,g € G}. For any g, a fixed point of
U, is a fixed point of Uy, and vice versa, since ‘ |U 51| < 1. From this it follows
that V = N+, and in particular that V is a closed subspace of H.

Set

1
I(z) = m//\n Uyzdg.

We first prove that lim, ., I,(z) = 0 for z € N. Let x = y — Uy for some
y € H and h € G. Then we have that

1
I,(z) = —/ U,y — Uypy)dg
( ) ,U(An) An( g Qh )
1 / U,yd 1 / U,yd
= yag — yag
M(An) An I M(An) Anh I
1 / 1
=— Ugydg — —— / Ugydg
M(An) An\(AnN(Anh)) I M(An) (An )\ (AnN(Anh)) I
hence
1@l <o || UdH* L ]/ UdH
AT S —F yag — yag
p(Ay) An\(AnN(Anh)) I p(An) (Anh)\(AnN(Anh)) I
(A A(ALD))
<yl —F~—

(A

since ||Uy|| < 1. Since (A,,) is a Fglner sequence in G, lim,,_.o I,,(z) = 0.

We then have that lim,_, [,(z) = 0 for all x € N. Let € N and set
No :={y—Uyy:y € H,g € G}. Then for any € > 0 there is a y € spanlN;
such that ||z — y|| < e, say y = > 7", x; where x; € Ny. Therefore

1

N Zn (@) = [T @) < [n(z) — L(y)l] < T || —yII/An dp < e




UNIVERSITEIT YAN PRETORIA
UNIVERSITY OF PRETORIA
Qs YUNIBESITHI YA PRETORIA
1.5. THE MEAN ERGODIC THEOREM 29

while

I (y)]] < Z [ £ () ]| — 0

as n — 0o, as shown above. Hence lim,,_., I,,(x) = 0.
Let z :== x — Px for any x € H. Then x = Pz + z and since Px € V and
H =V & N, we have z € N. Also, note that

f(An) P
Pxdy = ———— = Px.
/An M=)

I,(Px) = —,u(lan) /An Uy(Px)dp = A

Then
[In(z) — Px|| = |[I,(2) + [.(Px) — Pz|| = [|[.(2)|| — 0
as n — o0. (]

See [29] for an even more general version in Banach space.
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Chapter 2

Dynamical systems

2.1 Definitions

In this Section we list some definitions, notations and some basic results that
we will need throughout the thesis. As mentioned in Section 1.2, G denotes an
abelian second countable locally compact group with identity e, and regular
Haar measure p. It is however important to note that at this stage G need
not be abelian in the definitions below. In fact, even the properties of Fglner
sequences are not needed until Corollary 3.1.2 (this means that in Definition
2.1.7 below one could in principle work with an arbitrary sequence (A,) of
Borel sets in G with 0 < p(A,) < 00). In Definition 2.1.1 and onwards, the
following notational agreement is used: If A is a unital x-algebra and 7 is a
mapping 7 : G — Aut(A), the 7, := 7(g) for all g € G.

Definition 2.1.1. Let w be a state on a unital x-algebra A. Let 7, be a
x-automorphism of A for every g € G such that 7,07, = 7, for all g,h € G,
and such that 7, is the identity on A and G — C : g — w(a7,(b)) is Borel
measurable for all a,b € A. Then we'll call (A,w, 7, G) a x-dynamical system.
If in addition w o7, = w for all g in G, we say that (A, w,7,G) is a state-
preserving dynamical system. If we further have that A is a C*-algebra, then
the state-preserving dynamical system (A,w, 7, G) is called a C*-dynamical
system.

Remark 2.1.2. As noted in Section 1.5, we can use the GNS representation
to represent 7 on the Hilbert space H by

Uyi(a) := u(ry(a))

for all a € A and g € G, and then extending each U, uniquely to H. We

31
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then have that U,U), = Uy, since

Ugnt(a) = Utgn(a)) = 1(7g(1n(a))) = Uy(1(Tn(a)))
= Uy (Un(e(a))) = UgUnt(a)

Furthermore, since 7, is a *-homomorphism and wo 7, = w,

1Ty (e(a))[I* = (Uy(e(a)), Uy(e(a)))
= (11y(a), t7y(a))
= w(7y(a) 7y(a))

= w(ry(a*a))
= w(a*a) = ((a),u(a)) = [lu(a)]*.
Hence U, is an isometry, satisfying the requirements of Theorem 1.5.3.

Remark 2.1.3. We also note that the measure theoretic definition of a
dynamical system is a special case of this definition. For a c-algebra on
a set X, Boo(X) denotes the C*-algebra of all bounded complex-valued -
measurable functions on X, with sup-norm, its operations defined pointwise
and its involution given by complex conjugation.

Now, given a measure theoretic dynamical system (X, %, u, T'), we obtain
a *-dynamical system (B (X), ¢, 7) where we have that ¢(f) = [ fdup and
7(f) = foT for all f € By(X). We will denote the equivalence class [g]
of all measurable complex-valued functions on the measure space that are
almost everywhere equal to g, simply by g. A cyclic representation (Q, , §2)
of (Bo(X),,7) is given by Q = {g : g € B(X)}, 7n(f)g = fg for all
f,9 € Boo(X) and © = 1. Note that ¢ becomes ¢(f) = f. The completion of
Q is L*(u) by the following Proposition in [11]:

Proposition 2.1.4. Let p be a measure on a o-algebra ¥ on X. Then
Q=1{9:9 € Bo(X)} is dense in L*(y).

Proof. Clearly Q C L?(u). Let g € L?*() with g > 0. Then there exists a
sequence (s,) C Bso(X) of simple functions such that 0 < s; < sp < ... <g
and s,(z) — g for all z € X. Now since g € L*(u1) and clearly |s, — g|* <
|g]?, we have that |s, — g|?,|g|* € L*(n). Hence by Lebesque’s Dominated
Convergence Theorem it follows that

lsn — gll2 = / s — g — 0

implying that ¢ € @Q in L?(x). For an arbitrary g € L*(u), we let g =
ut —u” 4 (vt —v7). We then have 0 < u*,u™, v, v~ € L*(u). So, as
shown above, u™, v~ ,v", v~ € @ and hence also g. ]
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Remark 2.1.5. Suppose that (A,w, T,G) is a *-dynamical system. Then so
is (A,w, 7, G) where @(a) = w(a), while A is the x-algebra A with the original
scalar multiplication replaced by a - a = @a for all « € C and a € A. Let
A ® A denote the algebraic tensor product of A with A. When A is normed,
we assign the same norm to A, and on A ® A for our purposes any norm
satisfying ||a ® b|| < ||a]| ||6]] will do, for example the spatial C*-norm when
A is a C*-algebra. However, even in the normed case, A ® A will denote the
algebraic tensor product; we will not work with the completion in the norm.

The following will be useful in Chapter 3.

Proposition 2.1.6. Suppose that (A,w,7,G) is a x-dynamical system. If
A ® A denotes the algebraic tensor product of A with A, then (A ® A,w ®
W, 7T, R) is also a x-dynamical system, where (T ® T>g = T,®T7,. Moreover,
if (A,w, 7, Q) is state-preserving, then so is (A® A,w @0, 7R T,G).

Proof. A® A is clearly a x-algebra with unit 1® 1. Also, w @@ is a state on
A®A, since wRW(1®1) = 1, w@w(c*c) > 0 for all c € AR A (see [27] Theorem
6.4.5) and w ® W is linear (see [27] Section 6.3). Also, (T®7T), =7, ® 7, is
indeed a #-automorphism for all g € G ([27], Section 6.3). Furthermore,

(T®7),0(T®T)), =T @Tgn = (TR T), ,

for all g, h € G since for any a € A ® A we can write

n
a = Z a; X bl
i=1
for some positive integer n and aq,...,a,,b1,...,b, € A and

(r@7),0(r®7),(a)=(r@7),((T@7),(a))

=(r®T), <<T ®7), (Z a; ® b))

= Z(Tg ® 7y (Th(ai) @ mh(b;))

= Z Ton(ai) @ Tgn(bi)
= (Tgh ® Tyn) (Z a; ® bz->

— (r@Tpmla)
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for all g,h € G. From linearity and the fact that 7. is the identity on A,
(T®T)e. is clearly the identity on A® A. Since G — C : g — w(at,(b)) is Borel
measurable for all a,b € A it follows that the maps g — w ® W(a(T ® 7)4(D))

are Borel measurable for all a,b € A ® A. To see this, use a,b € A ® A with
a=> 1" ,a;®c¢and b=>" b ®d; and the fact that

w®w<<iai®ci> (T®T), (ibj(@dj))

= Z Zu) (aiTg(b]‘)) w (Ci7_9<dj)) )

i=1 j=1

which is Borel measurable. Finally, if (A,w, 7, G) is state-preserving, then
clearly also (A,@, 7, Q) is state-preserving and hence for each a = > a; ®
b; € A® A we have that

WwRW(TAT),(a) =w®w(a)
for all g € G. m

For a group G, let Hom(G) denote the set of all group homomorphisms
G — G.

Definition 2.1.7. Let (A, w, 7, G) be a x-dynamical system and consider an
M C Hom(G) such that G — C : g — w(aty4) (b)) is Borel measurable for
all p € M.

(i) (A,w,7,G) is said to be M-weakly mizing relative to (A,,), if

i 1
11m
w0 a(A,)

/ }w(ar‘p(g)(b)) — w(a)w(b)| dg=0
for all a,b € A, and for all ¢ € M.
(i) (A,w, T, G) is said to be M-ergodic relative to (A,), if

) 1
r}l—{go ] /An w(at,g)(b))dg = w(a)w(b)

for all a,b € A, and for all p € M.

Remark 2.1.8. If (A, w, 7, G) is a *-dynamical system, then so is (A, W, T()5 G)
for any ¢ € M. So essentially we're looking at a set of systems indexed by
M, and one can therefore expect that the known properties of weakly mixing
and ergodic systems will extend to the situation in Definition 2.1.7, as we’ll
review in the rest of the Section. In the case of G = Z, A,, = {1,...,n} and
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with M = {idz}, Definition 2.1.7(i) corresponds to the usual definition of
weak mixing for an action of the group Z. Since all homomorphisms of Z are
of the form n — kn for some k € Z, one can then easily show that {idz}-weak
mixing implies Hom(Z)-weak mixing. Note that if a homomorphism given
by ¢o(g) = e for all g € G is in M then the system is not M-weakly mixing,
hence we wouldn’t want (g to be in M. We mention this simply because g
does appear in the theory to follow, but not as an element of M.

We will work with asymptotically abelian systems, e.g. in Proposition
3.3.3, Theorem 3.3.4 and our final result, Theorem 4.2.6.

Definition 2.1.9. Let (A,w,T,G) be a x-dynamical system where A has
a submultiplicative norm. Such a *-dynamical system is said to be M-
asymptotically abelian relative to (A,), where M C Hom(G), if G — A :
g+ Tu(e)(b) is continuous, and

1

lim —/ a, Ty(g)(0)][|[dg = 0

for all a,b € A, and for all ¢ € M, where [a, b] := ab — ba.

We will need the following in our discussion of compact systems in Section
4.1 and beyond.

Definition 2.1.10. A set V in a pseudo metric space (X,d) is said to be
e-separated, where ¢ > 0, if d(z,y) > ¢ for all x,y € V with z # y. A set
B C X is said to be totally bounded in (X,d) if for every € > 0 there exists
a finite set M. C X, called a finite e-net, such that for every x € B there is
ay € M, with d(z,y) < e.

Definition 2.1.11. Let w be a positive linear functional on a *-algebra A,
K a semigroup, and 7, : A — A a linear map for each g € K such that

Tg OTy = Tgh
and
I7g(a)llw = llall.
for all g,h € K and a € A. Assume that the orbit
B, :={1y(a) : g € K}

is totally bounded in (A, || - ||,,) for each a € A. Then we call (A,w, 7, K) a
compact system. If furthermore A is a C*-algebra and ||7,(a)|| < |||l in A’s
norm for all @ € A and g € K, then we refer to (A,w, 7, K) as a compact
C*-system.
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In particular, if the orbits of the *-dynamical systems and C*-dynamical
systems in Definition 2.1.1 are totally bounded in (A, | - ||.,), then those
systems will be called compact.

Remark 2.1.12. In Section 1.1 we noted that a measure-theoretic dynamical
system (X, X, v, T) is said to be compact if the orbit {f oT™:n € Z} of
every f € L?(v) is relatively compact in L?(v). Using the GNS construction,
we will now briefly show that the L? definition of compactness is a special
case of Definition 2.1.11. Given a *-dynamical system (A,w, 7, G), the GNS
construction provides us with a representation of (A,w), namely an inner
product space ), a linear surjection ¢ : A — @, and a linear mapping
m: A — L(Q), with L(Q) the space of all linear maps @) — @ (not necessarily
bounded), such that (c(a), (b)) = w(a*b), w(a)(b) = t(ab) and w(ab) =
m(a)m(b) for all a,b € A. Then

Ug: Q = Q:fa) = 17y(a))

is a well-defined linear operator with ||U,x|| = ||z|| for all z € @ and g € G.
It is then straightforward to show that (A,w, 7, G) is compact if and only if
all the orbits

B, ={Uyr:g € G} (2.1)

with x € @), are totally bounded in ). However, U, has a unique continuous
extension to the completion H of (), and one can show that all the orbits
B, x € H, again defined as in 2.1, are totally bounded if and only if they
are totally bounded for all x € ). Hence (A,w, 7, G) is compact if and only
if all the orbits B,, x € H, in the Hilbert space H are totally bounded. The
measure theoretic definition is a special case of this simply because L*(v) is
a Hilbert space obtained exactly as H above through the GNS-construction
applied to the state w = [(-)dv on the C*-algebra B.,(X) of all bounded
complex-valued ¥-measurable functions on X, or on L>(v) (also see Remark
2.1.3).

Recall that B(H) denotes the algebra of all bounded linear operators in
the Hilbert space H, and let S’ denote the commutant of aset S C B(H). We
say that a state w on a Von Neumann algebra A is normal if w(sup,(aq)) =
sup(w(aq)) for all increasing nets a, C A, with an upper bound. Also, a
state is called faithful if w(a) > 0 for all nonzero a € A,.

The definitions below are needed for Section 4.2.

Definition 2.1.13. A W*-dynamical system (A,w,T,G) consists of a Von
Neumann algebra A on which we have a faithful normal state w, and where
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7 : G —Aut(A) : g — 7, is a representation of any abelian group G as *-
automorphisms of A (i.e. 7. =idy and 7,07, = 7y,), such that wo 7, = w
for all g in G.

Note that the existence of a faithful normal state on A in this definition
implies that A is a o-finite Von Neumann algebra (see for example Proposi-
tion 2.5.6 in [7]). Also recall that a vector x is called separating for a Von
Neumann algebra R if ro = 0 for r € R implies »r = 0. It is convenient to
work in the GNS representation of such a system and for certain intermediate
results the group G need not be abelian, therefore we will mostly work with
the following:

Definition 2.1.14. A represented system (R, wq, «) consists of the following:
Firstly a Von Neumann algebra R on a Hilbert space H, a unit vector 2 € H
which is cyclic and separating for R, in terms of which we define a state wq
on R by wq(a) = (©2,a2). Furthermore we have a unitary representation
U:G — B(H) : g — U, of an arbitrary group G (i.e. U, is a unitary
operator, U, = 1 and U,Uy = Uy,), such that U,Q = Q and U,MU; C M
for all g € G, and in terms of which o : G —Aut(R) : g — «, is defined by
ag(a) = UgalU;.

The notation in these two definitions will be used consistently, for example
reference to a represented system will imply the notation (R,wq,a), H, G
and U, and throughout the rest of this Section (R,wq,«) is a represented
system. Note that the GNS representation (H,m, ) of a W*-dynamical
system (A,w,T,G) gives us a corresponding represented system (R, wq, )
where R = m(A) (where m(A) is a Von Neumann algebra by Theorem 2.4.24
in [7]) and o,(m(a)) = 7(7,(a)) in terms of which U is uniquely defined.

Also keep in mind that 7 is faithful in this situation. To see this, let
7m(a)Q =0 for an a € A. Then

w(a’a) = [lm(a)Q|* =0

and since w is faithful we have a*a = 0, so a = 0, implying that 7 is injective.

For a represented system an eigenoperator of ais an a € A\{0} such that
there exists a function A\, : G — C with o,(a) = A\.(g)a for all g € G. Note
that in this case |[A\,(g)| = 1 for all g, i.e. A, is unimodular. Similarly an
eigenvector of U is an x € H\{0} such that there exists a function A, : G — C
with U,z = A\,(g)x for all g. Again note that A, is unimodular.

For a represented system we will denote the Hilbert subspace of H spanned
by the eigenvectors of U by Hy. The Hilbert subspace of H spanned by the
eigenvectors x with A, = 1 will be denoted by H;. Note that C{) C H; C H,,
with equality allowed.
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Definition 2.1.15. A represented system is called ergodic (respectively weakly
mizing) when dim Hy; = 1 (respectively dim Hy = 1). A W*-dynamical sys-
tem is called ergodic (respectively weakly mizing) when its corresponding
represented system is ergodic (respectively weakly mixing).

When G is as in Section 1.2, then ergodicity and weak mixing of the
dynamical system (A,w,«) as given in Definition 2.1.15 are equivalent to
{id¢g }-ergodicity and {idg}-weak mixing as given in Definition 2.1.7. For
ergodicity this follows from the mean ergodic theorem, and for weak mixing
it can be shown to follow from the general theory in Section 2.4 of [25].

For a represented system we define a norm ||-||, on R by ||al|, = wa(a*a)Y/? =
||a?|| where ||| denotes the norm of H.

Definition 2.1.16. A factor (N,w, T) of a W*-dynamical system (A, w, 7, G)
consists of a x-algebra N C A and the restrictions of w and 7, to IV, such that
7,(N) C N for all g . Similarly a factor (N,wq,a) of a represented system
(R, wq, a) consists of a x-algebra N C R and the restrictions of wq and «,
to N, such that a,(N) C N for all g. Such factors are called compact if re-
spectively every orbit 7¢(a) = {74(a) : g € G} is totally bounded in (N, ||-||)
or every orbit ag(a) = {ay(a) : g € G} is totally bounded in (N, ||-|o). A
factor will be called nontrivial if R strictly contains C1.

To avoid confusion we stress that the term factor here refers to a sub-
system of a dynamical system as defined below, and not to a von Neumann
algebra which is a factor (i.e. has trivial center).

For a represented system the orbit of x € H will be denoted by Ugx =
{Ujz : g € G}.

Definition 2.1.17. A W*-dynamical system (A,w, 7, G), with G as in Sec-
tion 1.2, is said to have the Szemerédi property if there exists a Fglner
sequence (A,) in G such that for any & € N and m4,...,m; € N with
my < ...<my and for all a € A" with w(a) > 0,

w (a H Tyms (a))

1
liminf—/ dg > 0.
n=oo fi(An) Ja,

2.2 Examples

Although the focus in this thesis is mainly on structure, a few basic examples
are included for completeness and as an illustration of some of the definitions
above.
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2.2.1 A noncommutative compact system

In this thesis, weakly mixing systems and compact systems appear as part
of the structure of ergodic systems, so concrete examples of weakly mixing
systems and compact systems are not essential for our ultimate goal. Nev-
ertheless, it is interesting to look at an example of a compact C*-dynamical
system in which the C*-algebra is noncommutative. To do this we need a
few simple tools, which we now discuss.

First note that if a set in a C*-algebra A is totally bounded in A (i.e.
in terms of A’s norm), then it is also totally bounded in (A4, ||-||,) for any
positive linear functional w on A, since ||-|| , < ||uJH1/2 [|]| (keep in mind that
w is bounded, since it is positive and A is a C*-algebra). Hence, if we can
prove that the orbits of a given C*-dynamical system (A, w, T, K) are totally
bounded in A, then it follows that the system is compact. Of course, this is
then a stronger form of compactness, but Example 2.2.2 happens to possess
this stronger property, and it turns out to be easier to prove than to prove
compactness directly in terms of ||-|| , since A’s norm is submultiplicative,
which makes it easier to work with than ||-||_.

In Lemma 2.2.1 and Proposition 2.2.2 below, we work with a C*-algebra
A, an arbitrary set K, and a *-homomorphism 7, : A — A for each g € K.
When we say that an “orbit” (ay) = (an),cx is totally bounded in a space,
we mean that the set {a, : ¢ € K} is totally bounded in that space. For
any subset U C A we will denote the set of all polynomials over C generated
by the elements of U and their adjoints, by p(0), i.e. p(A) consists of all
finite linear combinations of all finite products of elements of U U U* with
P* := {a* : a € V}. We will use the notation XY = {zy:2€ X,y €Y}
whenever X and Y are sets for which this multiplication of their elements is

defined.

Lemma 2.2.1. If (7,(a)) is totally bounded in A for every a in some subset
U of A, then (14(a)) is totally bounded in A for every a € p(U).

Proof. The following easily verifiable fact will be useful in this proof: Let
|| - || be a seminorm on a vector space X. A set B C X is totally bounded in
X if for every € > 0 there exists a finite set M. C X such that for all y € B
there is a z € M, with ||y — z|| < e.

Consider any a,b € A for which (7,(a)) and (7,4(b)) are totally bounded in
A, and any € > 0. By the hypothesis there are finite sets M, N C A such that
for each g € K there is an a, € M and a b, € N such that ||7,(a) — a,]| < ¢
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and ||7,(b) — by|| < e. Clearly

|74(@)74(D) — agby |l < [IT4(a)[[l74(b) = byll + [[74(a) — agll||by|
< e(lrg(a)ll + llbgll)

but note that ||7,(a)|| < ||a||, since 7, is a *-homomorphism and A is a C*-
algebra, while ||by|| < ||7,(b)|| +¢& < ||b]| + €. Since M N is a finite subset of
A, and a,b, € M N, it follows that (7,(ab)) is totally bounded in A. Similarly
(14(a*)) and (7,(aa + (b)) are totally bounded in A for any a, 3 € C, and
this is enough to prove the lemma. O]

Proposition 2.2.2. Now assume that A is generated by a subset U C A
for which 7,(0) C p(V) for every g € K. Also assume that (14(a)) is totally
bounded in A for every a € 0. Then (1,(a)) is totally bounded in A for every
a e A.

Proof. Firstly it is easily shown that if Y is a dense subspace of a normed
space X, U, : Y — Y is linear with ||U,|| < 1 for all ¢ € K, and (U,y) is
totally bounded in X for every y € Y (or in Y for every y € Y'), then for the
unique bounded linear extension U, : X — X the “orbit” (U,x) is totally
bounded in X for every z € X. (We also used this fact when we discussed
the GNS-construction above.)

Now simply set X = A, Y = p(Y) and U, = 7, then by our assumptions
and Lemma 2.2.1 all the requirements in the remark above are met. ]

Example 2.2.3.

We consider a so-called rotation C*-algebra, and use Proposition 2.2.2
to show that we obtain a compact C*-dynamical system. As described in
Chapter VI of [8], let $ := L?*(R/Z) and define two unitary operators U and
V on $ by

(Uf) () = f(t+0)
and
(V) (1) = e f(t)

for f € 9, where # € R (though the interesting case is # € Q). These
operators satisfy ‘
UV =™V, (2.2)

Let 2 be the C*-algebra generated by U and V. Note that 2 is noncom-
mutative because of (2.2). Then, as shown in Chapter VI of [8], there is a
unique trace w on A, i.e. a state with w(ab) = w(ba). Define 7 : A — A
by 7(a) = U*aU for all a € 2, then 7 is a *-isomorphism and therefore
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l|7(a)|] = ||a||, since A is a C*-algebra. Also, since w is a trace and U is
unitary, ||7(a)|l. = ||a]l. for all a € A. Hence (A, w, 7,N) is a C*-dynamical

system, where by slight abuse of notation 7 here denotes the function n — 7"
as well, to fit it into Definitions 2.1.1 and 2.1.11’s notation.

We now show that (2, w, 7, N) is compact: It is trivial that (7"(U)) = (U)
is totally bounded in 2. Furthermore, 7"(V) = (U*)"VU" = e~ 2"V by
(2.2). Since the unit circle is compact, it follows that (7"(V)) is totally
bounded in . From Proposition 2.2.2 with ¥ = {U,V'} we conclude that
(7™(a)) is totally bounded in 2 for all @ € 2. In particular (A, w,7,N)
is a compact C*-system. Similarly (2, w,7,7Z) is a compact C*-dynamical
system.

2.2.2 A counterexample

The following example is drawn from [28]. Let H be a Hilbert space with
orthonormal basis {{o} U {n; : j € Z}. Let U be the unitary operator on H
defined by

U = &o and Unj = nj41
for all j € Z. Define

7:L8(H)— L(H):zw— UxU".

Then 7 is a x-automorphism of the C*-algebra £(H). Indeed it is easily
checked that 7 is linear and injective. Surjectivity of 7 follows from the fact
that any y € £(H) can be written as U(U*yU)U*, with U*yU € £(H). It
is a *-homomorphism since 7(zy) = UzyU* = UzU*UyU* = 7(z)7(y) and
7(x*) = Uz*U* = (UzU*)* = 7(x)*. We have that

w:L(H)— C: 2w (2, &)

is a state since it is clearly linear, w(z*z) = (x* 2o, &) = (o, &) > 0 for all
r € L(H)and w(l) = (£, &) = 1. Also, 7 leaves w invariant since w(7(x)) =
wUzU*) = (UzU"&o, &) = (xU§, U"&o) = (2o, &o) since Uy = &. Also,
Z > n — w(zt"y) is clearly Borel measurable. Hence (£(H),w,7,Z) is a
state preserving C*-dynamical system. We next show that (£(H),w, 7, Z) is
weakly mixing. For any linear combinations

k k
£ = apbo + Z g, N = Poo + Z Ging
j=—k j=—k

we have, by orthonormality and for n > k that,

(U™,m) = apfBo = (£,&){&,n) =0
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and hence
lim (U"€,m) = (€, &) (o, ) (2.3)

for all £, € H. Consequently, from 2.3

i w(ery) = lim (20" (U, 60
= Jlrglo(U"yfo, &)
= (&0, §0) (€0, T"60)
= w(y)w(z),

ie. (£(H),w,T,7Z) is strongly mixing, and hence also weakly mixing. The
system is however not weakly mixing of order 2 (see equation 1.1). To see
this, let x5 denote the partial isometry which carries &, to n9 and vanishes
on the orthogonal complement of &,. Let xy = x} and let x; be the unitary

on H defined by
1180 = &o and z1n_; = n;

for all j € Z. It then follows that

<$OT (z1)7 Zk(952)§0,§0>

= (Ura (U Uy (U)o, 260)
<Uk-731U 1980, 1260) = <Uk$1Uk770,770>
= (U*z1mi, mo) = (U n_,mo) = (mo, mo) = 1

w(moTk(:z;l) ae ))

and so

1 n
1' k 2k — 1
Jim - kzow (:1307 (x1)T (:EQ))

while
w(zo)w(xy)w(ze) =0

as w(wz) = (2280, &) = (M0, &0) = 0.

In the next Chapter we will show that under the assumption that certain
dynamical systems are asymptotic abelian we can prove weakly mixing of all
orders.
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2.2.3 An asymptotic abelian and weakly mixing sys-
tem

Consider the C*-algebra A = Q),,., An, where A, := M,(C), i.e. A, is the
C*-algebra of complex 2 x 2 matrices, for each n € Z. Set B, := A,
and let 6, : A, — B, be a x-isomorphism for each n. The tensor product
0 = @,,cz0n is then a x-automorphism of A (see [23] Section 11.4, and
particularly Theorem 11.4.5). Since there exists a unique tracial state wy,
on each A, (see [30] Theorem 6.4.3) we have that the tensor product w =
&),,cz wWn is also the unique tracial state ([23] Theorems 11.4.6 and 11.4.7).
Since the composition of any *-isomorphism with a trace is again a trace,
it follows from the uniqueness of the tracial state that w is invariant with
respect to # (and also that each w,, is invariant with respect to 6,,). Since
also Z — C : n +— w(ab"(b)) is Borel measurable for all a,b € A, we then
obtain a state preserving C*-dynamical system (A,w,0,Z). We next show
that this system is “strongly asymptotically abelian” in the sense that
lim_|[[a, 0" (D)]|| = 0

|n|—o0
for all a,b € A and also “strongly mixing” namely

| l|im w(ad™ (b)) = w(a)w(b)
for all a,b € A and hence weakly mixing. Since A is generated by elementary
tensor products of the form

o R®a o ®a 1 RagR®a1 Q...

where only a finite number of the a;’s are not 1, we will first confirm that
the strong asymptotically abelian and strong mixing criteria are satisfied
for these type of elements. Let a = ... ® a1 ®ay®a; ® ... and b =
. ®b1®by®b ® ... be such elements of A. Then clearly for |n| large
enough 0™(b) = ... ®c_1 ® ¢g ® ¢; @ ... will be such that for each i, either
a; = 1 or ¢; = 1 or both, for all |m| > |n|, hence clearly a and ™ (b) commute
for all |m| > |n|, so limy, |-« [|[a, 0" (D)]|| = O for these type of elements in
A. It can be shown in a similar way that all finite linear combinations of
elements of the form ... ®a_1®ag®a; ®... where only a finite number of the
a;’s are not 1 are also strongly asymptotically abelian. Hence we have that
lim,| oo ||[@, 0™ (D)]|| = 0 for all a,b in a dense subset, say B, of A (see [23]
Theorem 11.4.3). To show that it holds for all of A, let a and b be arbitrary
elements of A. For any € > 0 there are elements ¢,d € B such that

la —c|| < eand ||b—d| <e.
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Noting that
Iz, yll| = llzy — yz|| < 2[jz]|||y]

for all z,y € A and ||c|| < e+ ||a]|, we then have that

lfa, 0" (O)]I| = [lla = ¢, 6"(b)] + [¢, 0" (b)]

[a = ¢, 0"(0)] + [c, 0" (b — d)] + [¢, 6" (V)]

[a = ¢, 0" O)]I] + llle, 0" (b = d)]|| + |[[c, 6" (O]
(la = clllioll + liellllo = dll) + ll[e, 6™ (B

([blle + (e + llall)e) + ll[e, 6" (O)I]I-

VAN VANRVAN
N

Since ||[¢, 0" (b)]|| can be made arbitrarily small (in fact 0) for |n| large enough,
we have lim, o [|[a, 0™(b)]|| = 0 as required.

In a similar way we can show that (A,w,0,7Z) is strongly mixing (and
hence also weakly mixing). Again, for elements a =...®a_1 Q@ e ®a; & ...
and b= ...®b_1®by®b;®...with only a finite number of tensor components
not equal to 1, consider w(af™(b)). For a and b, suppose that

Ajyy Ajgy - - - alk7&1andbjl,b]2,...,bjl7£1

for some positive integers k and [, and that all other tensor components of
a and b are equal to 1. Then, as before, there is an |n| such that for all
|m| > In|, 0™(b) = ... ®c_1 ® ¢y ® ¢; & ... will shift b such that for each i,
either a; = 1 or ¢; = 1 or both. Since 6; leaves w; invariant for all ¢+ we have

i ai1)wi2 (ai2> T Wi (aik>wbj1 +m(0;‘?(bj1))wij-l-m(Q;‘Z(bh)) T Why, +m(0;7(bjl)>

= Wi, ai1)wi2 (ai2> T Wiy (aik>wbj1 +m(bj1>wbj2+m<bj2) o 'wbjl-l—m(bjz)

Similar to the asymptotically abelian case, we can then show that this prop-
erty extends to all elements a,b in A. We may note that since w is a factor
trace ([23] Section 11.4) strong asymptotically abelianness implies strong
mixing.
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Chapter 3

Weakly mixing systems

3.1 Characterizations of weak mixing

The characterizations of weak mixing given below will set the stage for our
study of weak mixing of all orders in Section 3.3. In this section G need not be
abelian and the properties of Fglner sequences are only needed in Corollary
3.1.2. The material in this Section is fairly standard, except that we work
with the notion “M-weak mixing” (and “M-ergodicity”), which is important
in Section 3.3. Also note that throughout this Chapter, the operator ¢ and the
Hilbert space H are those obtained from the GNS construction as discussed
in Section 1.4.

Recall that for a group G, Hom(G) denotes the set of all group homo-
morphisms G — G.

Proposition 3.1.1. Let (A,w,7,G) be a x-dynamical system and M C
Hom(G) such that g — w(at, (b)) is measurable for all a,b € A and all
w € M. Then the following are equivalent:

(1) (A, w, T,G) is M-weakly mizing relative to (A,,).
(2) (A® A,w®w,7®71,G) is M-weakly mizing relative to (A,,).
(3) (A® A,w®w,7®71,G) is M-ergodic relative to (A,,).

Proof. (2) = (3): Follows immediately from Definition 2.1.7.

45
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(3) = (1): Let a,b € A and ¢ € M. We have

li !
im
n—00 ,UJ(An)

/ w(at,qg)(b))dg
An

o _
:JLH(}OM/Anw®w((a®1)(7'®7')¢(g)(b®1)) dg

=wRWe Hwew(b® 1)
= w(a)w(b).

Furthermore,

Therefore by Lemma 1.3.6 we have that

lim ﬁ /A ol ) - w(a)w(b)|* dg =0,

n—oo

and it follows from Corollary 1.3.5 that (A,w, 7, G) is M-weakly mixing rel-
ative to (A,).

(1) = (2): Given any p € M and a,b € A® A, with a = > -1 a;®cj and
b= Yo by ®@dy, where aq, ..., ay,b1,... by, € Aand ¢y, ..., ¢, dy, ... dy €
A, then
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w @@ (a(T ® T)p(g)(b) — w @ W(a)w R W(D))]

= W@@(Z a; ® ¢;) 0 (0r) ® Tp(g)(di)) —W®W(Zaa‘®(3j)w®w(zbk®dk)>|

Ms

j=1 k:l J=1 k=1
= DD w00 (457009 (00)) © (e57009) (dh)) = w(a ) (e )w(br)@(dn)
j=1 k=1
S ZZ |w AjTo(g) (b ) (CJT</J 9)(dk)) W(“J'Tcp(g)@k‘)) w(%‘)w(dk)’
j=1 k=1
+ |w ((IJTSO (bk)) W(cj)w(dy) —w(aj)w(cj)w(bk)w(dk)b
< Z qu (asto(g)(bk’))‘ |w (Cij(g)(dk» - w(cj)w(dk’)‘
+ [w(ej)@(di)] |w (aj7p09) (br)) — w(az)w(by)))
< ZZ (lasllolitnlle @ (eiTp) (dr)) — w(es)w(dy)|
< (Nl 1ol |o (cj7p) (dr)) — wlcs)w(dy)]
j=1 k=1

+ @)@ o (a0 (1)) — wla)w(Bi)])

hence (2) follows from Definition 2.1.7(i), as |w (¢;7p(g)(dk)) — w(c;)w(dy)| —
0 and |w (a;7p(g) (b)) — w(a;)w(by)| — 0 as n — oco. O

We can now show that the definition of M-weak mixing relative to a
Folner sequence, is independent of the Fglner sequence being used:

Corollary 3.1.2. If a state preserving x-dynamical system (A,w,T,G) is
M -weakly mizing relative to some Folner sequence in G, then it is M-weakly
mizing relative to every Folner sequence in G

Proof. By the Mean Ergodic Theorem the M-ergodicity of a x-dynamical
system is independent of the Fglner sequence being used (see [9]). Hence

M-weak mixing is also independent of the Fglner sequence by Proposition
3.1.1(1 and 3). O
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3.2 A Van der Corput lemma

This Section is devoted to proving a Van der Corput lemma, stated in The-
orem 3.2.5. Our proof of this lemma will roughly follow that of [19] over the
group Z.

As noted in Section 1.5, we define Hilbert space-valued integrals as fol-
lows. For (Y, ) a measure space and $) a Hilbert space, consider a bounded
f:A— 9 with A C Y measurable and u(A) < oo, and (f(+), x) measurable
for every x € §). Due to the fact that f is bounded and A has finite measure,
Jy (f(y), ) du(y) is a bounded linear functional in z, and we can use the
Riesz Representation Theorem to define | A Jdp by requiring

([ ine) = [ )0 auto)

for all = € $. If there is no ambiguity in the measure being used (as is often
the case) we will use the notation [, f(y)dy = [, fdu. Iterated integrals
(when they exist) will be written as [, [, f(y, 2)dydz, which of course simply
means [, [ [ f(y, 2)dy] dz, and similarly for triple integrals.

For second countable topological spaces X, Y, and their Borel o-algebras
S, T, the product o-algebra obtained from 5,7 is the same as the Borel o-
algebra of the topological space X x Y. This is needed in order to apply
Fubini’s theorem, which requires measurability in the product o-algebra.

Proposition 3.2.1. Consider a bounded f : G — $ with $ a Hilbert space,
such that (f(-),z) is Borel measurable for every x € $). Then

i || i [ iy [ S| =0

for every n.

Proof. By (2.1) and Fubini’s theorem

/Am /An (f(gh), ) dhdg = /AWXAH (F(gh), ) d(g, h)

-/ n / (F(gh). ) dgdh

which by definition means that

| stomands = [ [ stomagan
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and in particular these iterated integrals exists. From this and the fact that
( is a right invariant measure, we have

et 1w

i /.

fdp —

1

- <in> /
1

(

1
A,
1

(

=
— 5;;‘5

=
= =

n

(

=
= >
g
T

A,
1

=
=
<
=

Amm)

r

=

n

; /Amf<g>dg] ﬁﬁ/ L, sos] o

: /A oy [ f(gh)dg] th
| g [ g th

/ f(g)dg —/ f(g)dg} th-
L A\ (A (A ) (A P\ (A (A )

But if b € R is an upper bound for ||f(G)|| , we have

flordg— [ f(g)dgH
A \(AmN(Amh)) (Amh)\(AmN(Amh))

< bp (A \ (A N (Arh))) + b (Amh) \ (A N (Ar)))
= b (A A(Ah))
< bsup p (A, A(ALR))

hEAn
therefore
- M(Am)
— 0
as m — 0o.

-

b sup u (A, A(A h)
heAn

O

Lemma 3.2.2. Let $ be a Hilbert space, (Y, i) a measure space, and A C'Y
a measurable set with p(A) < oco. Consider an f: A — 9 with ||f(-)|| mea-
surable, and (f(-), ) measurable for every x € $, and with [, ||f(y)|| dy < oo
(which means [, fdu exists). Then

/Afdu SM(A)/AIIf(y)II dy
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Proof. By definition of [, fdpu,

‘/Afdu 2:</Afd%/Afd/~‘>:/A<f(y>v/Afdu>dy
- [ . e ae] .

For any a,b € § we have 2Re (a,b) < |a]|* + ||b||>, and since the object

above is real, we have
\ [ s - / { [ me <f(y),f<2)>dz] dy
<3 [ e+ s ] a
=) [ 111 dy

]

Proposition 3.2.3. Consider the situation in Proposition 3.2.1. Assume
furthermore that F : G x G — C: (g, h) — (f(g), f(h)) is Borel measurable,
and that Ay, Ay C G are Borel sets with p(A;) < oco. Then

' /A | Hanyandg
<uln) [ | / | / UF(ah). S(gha)) dodhudns

2

and in particular these integrals exist.

Proof. The double integral exists as in Proposition 3.2.1’s proof. Let’s now
consider the triple integral. Since F' is Borel measurable and G ’s product is
continuous, (g, h1) — (f(gh1), f(ghz)) is Borel measurable on G x G = G?
and hence measurable in the product o-algebra on G2. By Fubini’s theorem
we have

/ / (F(gh), f(ghs)) dgdhy = / (F(gh), fghs)) d(hs, g)
A J Ao

A1 XAQ

and in particular the iterated integral exists. Furthermore, G x G? —
G? : (ha, h1,9) — (ghi, ghs) is continuous, so G x G* — C : (hy, hy,g) —
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(f(gh1), f(ghs)) is measurable in the product o-algebra of G' and G*. Hence
by Fubini’s theorem

/A / {Flgh). flghs) dlt, g)dhs ~ / (flgh). Fgh) d(ha )

and in particular, the triple integral exists, and we can do the three integrals
in any order. By Lemma 3.2.2 it follows that

< M(A2)/A2

2

/ f(gh)dhdg
Ao J A1

2

f(gh)dh|| dg

Ay

f(ghi)dh, f(ghz)dh2> dg
Ay Ay

(
— (M) / | (stam). [ flaoyine ) dndy

Ay

/A (f(ghy), f(ghs)) dhodhydg

AQ / / / ghl gh2)> dgdhldhg
A JA1 JAs

and note in particular that the part of this argument after the inequality
2
proves that g — H / A (gh)th is measurable (and therefore its square root

t00), which means that Lemma 3.2.2 does indeed apply to this situation. [

Proposition 3.2.4. Consider the situation in Proposition 3.2.1. Assume
that F G x G — C : (g,h) — (f(g), f(h)) is Borel measurable. Then
Ly (f h))dg ezists for all measurable A C G with p(A) < oo, and all
h e G Assume that

1
e (A,

/A (f(9). F(gh)) dg

exists for all h € G. Then

lim ——— / / / ghl gh2)> dgdhldhg = / / ’}/hfthdhlth
m%oop, An J A, !

for all n, and in particular these integrals exist.
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Proof. The triple integral exists by Proposition 3.2.3. Let b be an upper
bound for (g,h) — |{f(g), f(h))|, which exists since f is bounded. Fix any
n € N, and set

A(ns ha) = / (F(gha), f(ghs)) dg

L
1(Ar) m
for all hy, hy € A, and all m. Note that A,,(hy, hy) exists and is a measurable
function of (hy, hy) by Fubini’s Theorem. Since F' is Borel, and G — G? :
g +— (g,gh) is continuous, the map G — C : g — (f(g), f(gh)) is Borel for
every h € G. Now,

1
At he) =] < i | [ (gtoma) slomada— [ (5to). tahiha))do
+ ‘M(% (f(9), f(ghi'hs))dg — VYhith
for all h; € G and hy € . But since p is a right invariant measure
H(/l\ )/A <f(9h1) f(ghz dg — / <f gh h2>>d9‘
- | ). ) dg - / (Fla). ot ha)) o
- Gse)a - [ () f(gh‘lhz)>dg‘
1(Am) (Amh1)\Am ’ ' Am\(Amh1) 7 '
1
(ghi*hy))|d (ghi'hy))| d
< | N e ) o [ (). soni ) g
1
= )/A ax h)l(f(g),f(ghflhz)ﬂdg
< N(AWA(Amhl))b

- ()
for all hy € G. Hence lim,, o Ay (hy, he) = Vhohy-
Furthermore, |A;,(hy, he)| < m | A, bdg = b, which implies that the

sequence A, is dominated by B : A, x A, — R : (hy, hy) — b. Hence
Ay x Ay D (hy, he) — Vs is in L'(A,, x Ay, p X p) and

lim Am(hl,hg)d(hl,hg) = / ’}/hl—lh2d(h1,h2)
00 J A xAn AnXAp

by Lebesgue’s dominated convergence theorem. The proposition now follows
by Fubini’s Theorem. O
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Now we can finally state the Van der Corput lemma. It is worth pointing
out again that the following result continues to hold even if GG is not abelian,
but still amenable, and p is right invariant. The placing of the g in (1.8)
is then of course important. Lemma 3.2.6 and Proposition 3.2.7 however
require u to be left rather than right invariant when G is not abelian, while
they do not directly use property (1.8).

Theorem 3.2.5. Consider a bounded f : G — $, with $ a Hilbert space,
such that (f(-),z) and (f(-), f(-)) : G x G — C are Borel measurable (for all
x €9). Assume

= Jim s [ (1(0).£la) do

n

exists for all h € G. Also assume that

lim ——— / / Vn-tnydhadhy =0 (3.1)

n—oo /,L

(note that the integral exists by Proposition 3.2.4). Then

lim

. 1
A / Jelu=10.

Proof. By Proposition 3.2.1 and Proposition 3.2.3 we only have to show that
for any € > 0 there is an n and myg such that |A,, ,,| < ¢ for all m > m, where

An,m = — / / / ghl gh2)> dgdhldhg

But this follows from Proposition 3.2.4 and our assumptions, namely

lim lim A4, ,, = lim ———— / / Vst hy dh,dhy = 0.
n—oo m—oo n—oo :u’

We still need a few refinements regarding condition (3.1):

Lemma 3.2.6. Let A C G be Borel and u(A) < oo, and S C G Borel such
that A=*A C S. For a Borel f : G — R™ we then have

/A/Aﬂhll}h)dhldh?SM(A)/Sfdu.
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Proof. Let x denote characteristic functions, and set ¢ : A x A — G :
(hi,hy) — hi'hy. Then f o is Borel on A x A, and therefore measurable
in the product o-algebra on A x A obtained from A ’s Borel o-algebra, since
¢ is continuous. Let Y C A7'A be Borel in G. For W C G x G, let
W, = {h:(g9,h) € W}. Then, since p*(Y) is Borel in A x A and hence
Borel in G x G, it follows that go_l(Y) is in the product o-algebra on G x G,
hence we can consider (u x ) (¢ = [ 1 (e '(Y)y)dg. Now

e (V) ={(g.9h) :heY,ge AN (Ah—l)} c{(g,gh) :heY,ge Ay =V

but V, = gV, therefore p (o~ 1(Y),) < u(Vy) = p(gY) = u(Y), since p is left

invariant. Hence

/A X ol ) = () (¢ 1(Y)
< p(A)p(Y)
= p(A) /S Xy dp

There is an increasing sequence f, : S — R of simple functions converg-
ing pointwise to f. From the above we know that

fnopd(px 1) < p(A) / fndp
AxA S

and by applying Lebesgue’s monotone convergence first on the right and then
of the left of this inequality, we obtain

| [ 5 tha) dnan, = [ fopdux < p(a) [ o
AJA AxA S

as required, where we have used Fubini’s theorem, which holds in this case,
since f is non-negative. O]

Proposition 3.2.7. Consider a Borel measurable function v, : G — C. Also

assume that .
n—00 M(An) /AnlAn

lim ——— / / Vnr 1, dhidhy =0
n—»oolu

if the iterated integral exists for all n > ng for some nyg.

Then
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Proof. Since A,, is compact, A,, x A,, is also compact and from the continuity
and surjectivity of the function A, x A, — A 1A, : (g,h) — g 'h, it follows
that A 1A, is also compact and hence Borel. So

1 1
g [, ettt < i [ [ | v
ol
< | dh
:U’(An) AﬁlAn| h|
by Lemma 3.2.6. -

3.3 Weak mixing of all orders

Under the assumption that a x-dynamical system is asymptotically abelian,
we show that weak mixing implies weak mixing of all orders. For elements of
A we’ll use the notation H;?:l a; to denote the product a,...a; in this specific
order. Our approach is strongly influenced by that of [20] for the case of
a measure theoretic dynamical system and the group Z. The proof is by
induction, two steps of which are given by the following:

Proposition 3.3.1. Given M C Hom(G), let (A,w,T,G) denote any C*-
dynamical system such that G — A : g — T, (b) is continuous for all
a,be A, and for all o € M. We are going to work with a collection of such
systems, but with G, (A,) and M fized. Given k € N, let o1, ...,y denote
elements of M and ay, . .., a, elements of A. Set po(h) = e for all h € G.

Consider the following statements (where the existence of the integrals
contained in each statement forms part of that statement):

1[k]: The integral [, w (H?:o T%(g)(aj)) dg exists for alln > ng for some
ng, and

k k
Jim u(/l\n) /An w (Jl;[o %(g)(%)) - j];[ow(aj) dg = 0.
1 k k
2[k]: lim. A /Anw jl;[o%(g)(aj)> dg = gw(%‘)
3[k]: For k := H?:ﬁd(aj); we have
1 k
nhjEO () /An L (E T%(g)(aj)> dg — k2| = 0.
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Then
(1) 1[k] implies 2[k].

(2) If 3[k] holds for all M -weakly mizing (A, w, T, G) which are M -asymptotically
abelian relative to (A,), and all ay, ..., ax and all @1, ..., o, with @; # ¢
when j # 1 for j,l € {1,....,k}, then 1[k| also holds for all M-weakly
mizing (A,w, T, G) which are M-asymptotically abelian relative to (A,,)
and all ag, ..., ax and all 1, ..., o with @; # ¢ when j # 1 for j,l €
{1,...,k}.

Proof. (1) Trivial.

(2) The strong convergence in 3[k] implies weak convergence, i.e.

lim <L<az>,u 1K <H (@) dg>> (a). - )

Furthermore, by the definition of the integral, and from the assumption that
Too(h) = Te = id, we have that

i (v 2 [ ([Troion ) )
1 *
“ <L<%>=L (H mj<g><aj>> > dg

k
1
= 1 w H%@)(%)) dg,
n—oo ,u(An) An (jO

hence

n;oo ,U (H Tej(9) a] ) dg = Hw(aj) (32)

and in particular the mtegral on the left exists for all n > ng for some ng. It
also then holds that

n—00 H (H T‘P] (9) aJ ) d.g = Hw(aj)- (33)
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To complete the argument we need to show that
1 k 2 k 2
lim / AT (@) )| dg = Tw(ay) (3.4)
n—oo M(An) A <JHO wi(g)\Uj ) J:HO J

First note that Proposition 3.1.1 (1 and 2) imply that the product system
(AR A,w®w,7®7,G) is M-weakly mixing. Since ||a ® b|| < |la|| |||, it is
also straightforward to verify that (A® A, w®w, 7®7, G) is M-asymptotically
abelian relative to (A,). Hence by (3.3), which applies to all systems which
are both M-weakly mixing and M-asymptotically abelian, we obtain

RS ,U(/l\n) /A wew <H(T ® T)e;(9) (a5 ® aj)) dg

J=0

=0
Since
k 2 k
W (H ij(g)(aj)) =wRw (H(T ® T)pj(0) (@ ® aj)) )
j=0 Jj=0
(3.4) follows, proving 1[k] by Corollary 1.3.5 and Lemma 1.3.6. O

Note that the only property of M-weak mixing and M-asymptotic abelian-
ness which is used in Proposition 3.3.1’s proof, is that if a system is M-
weakly mixing, then so is its product system, and similarly for M-asymptotic
abelianness. Proposition 3.3.1 would still hold if we just considered M-weakly
mixing systems for example, or systems with some abstract property, call it
E as long as the product system is again an F dynamical system. M-weak
mixing and M-asymptotic abelianness will be used more directly in subse-
quent steps.

In order to complete the induction argument, we need 1[1], and that if
2[k — 1] holds for all relevant systems, then the same is true for 3[k|. The
latter requires some more work, and we will need to specialize the M that we
will allow. Firstly note that for an abelian group GG and any homomorphisms
¢1 and @9 of G, the function ¢’ : G — G defined by

¢'(9) = p2(9) ' 1(9) (3.5)
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is also a homomorphism of G.

Definition 3.3.2. Let M C Hom(G). We call M translational if for all
1, p2 € M with ¢ # g, the homomorphism ¢ defined by (3.5) is also in
M.

Proposition 3.3.3. Let (A,w, 7,G) be a C*-dynamical system which is M-
asymptotically abelian relative to (A,,), with M translational. Set ¢o(g) = e
for all g € G. Assume that for some k € N

Jm s / (Hm >d9—£[0 (ay) (3.6)

for all ag,...,a—1 € A and @1, ..., 01 € M with ¢; # ¢ when j # 1 for
gl € {1,....k — 1}, and in particular the existence of the limit is assumed.
Now set

= (H T@j(h)(aj)> — k2

for all h € G, where k := H?:l w(a;), for a given set of a; € A and ¢; € M
with @; # ¢, when j # 1 for j,1 € {1,...,k}. Then

v = lim —)/ (ug, ugn) dg
exists (where (-,-) is taken in H), and
Yh = HW Tso (h) aj))) - |’f|2

forall h € G.
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Proof. We have

(Ug, Ugh)

= <L (H Tes(9)(a5) — K- 1) ol <H Tes(gh) (a5) = K- 1>>
=w <<H T@j(g)(aj) — k- 1> (H Tcpj(gh)(aj) — kK- 1))
=w ((H %(g)(%)) (H Teo;(gh) (%))) — Rw (H Tw(g)(@j))

— Kw <HT% aj> + | k|2

We now consider the terms in the last expression each separately:

(a) We see that

Jj=1
k
=W < H TSOU(Q)(bj))
j=—k

ay,  Hk<j<-l
where b; = ¢ 1, if 7 =0;
T¢j(h)(aj), if1 <j<k.

For T_y, ..., Ty € A with [|T}|| < ¢, one has (see Lemma 7.4 in [28]) that

k k
HTj—TO(H(T_jT> <c%12 Z 1T, TH]||

j=—k j=1 r=1 l=—(r—

and applying this to T = 7, () (b;) with ¢ := max_j<;< Hij, and keeping

in mind that ||7,(a)|| = ||a||, it follows that
k
k-
H Te151(9) H 7'@](9 ? 12 Z H [bfraTcpT(g Lop(9) (bz)} H
j=—k Jj=1 r=1l=—(r—1)
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Since M is translational, and (A,w, T,G) is asymptotically abelian relative
to (A,), it follows that

n—00 H T"D\ﬂ(g ) dg
'u (j—k

i d
g (II7¢ w(® ) g
w ( To1(g) 7—901 (ij(g)(bjbj»)) dg

=1

n—oo /jj

An
=1 wl T Tor(g y(b—;b; dg
i (o (T i)
. (

H ) (0—(i+1) J+1>> dg

=[]« (@7em(@)

j=1

by using (3.6), where ¢;(g) := ¢1(9) " '¢;j41(g) forallg € Gand j = 0,... k-
1,50 ¢ € Mfor j=1,...,k—1since M is translational. Note that ¢’ # ¢
when 7 # [ for j,l € {1,...,k — 1} and ¢[(g) = e for all g € G, as required
in our assumption. Hence

n—o0 u(l / ((H Testo (% ) (H T“”J‘(g")(“j>>> dg = HW (@570, (a5)) -

J=1

(b) It follows as in (a) that

n;,oo (A (H Teo;(9) ) (a; ) n'_m (A (H Tl (g CLJ+1 ) g

w(a;i1)

T
L

I
.
I
o

I
=l
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by assumption.
(c) Lastly, using similar arguments as before,

k
1
lim / | IT : a;) | dg
n—o00 M(An) An <]’:1 wj(gh)( j))

k—1
1
HLIEO M(An) /An w (g T‘Pj(g) (TWJJrl(h) (a’]+1))) g
k—1

= H W(T@jﬂ(h) (aj-i-l))

= HW(%‘H)

=TT 5 () =

and in particular v, exists. [

Next we prove that weak mixing implies weak mixing of all orders. This is
where our Van der Corput lemma is finally applied, along with Propositions
3.3.1 and 3.3.3.

Theorem 3.3.4. Assume that there exists a Folner sequence (A,) in G,
satisfying the Tempelman condition, and such that (A;'A,) is also a Fglner
sequence in G. Let M C Hom(G) be translational. Let (A,w,T,G) be an M-
weakly mixing C*-dynamical system which is M-asymptotically abelian with
respect to (Ay,). Assume furthermore that G — A : g /= T4 (a) is continuous
in the norm topology on A for all o € M and all a € A. Then

o ‘ :
iy (Ho ij(g)mj)) AL

for any a; € A and any @1, ..., o € M with ¢; # ¢ when j # 1 for j,1 €
{1,...,k}, and with po(g) = e for all g € G.

dg =10
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Proof. We need to complete the induction argument started in Proposition
3.3.1, and we will continue using its notation and that of Proposition 3.3.3.
Since G — A : g T,y (a) is continuous, so is G — A : g — H?Zl Tei(e)(a))
in the norm topology on A. We then also have that G — H : g —

L (H?Zl Te,(g)(@;) ) is continuous, since ||¢(a)| < [la||. It follows that

o ) )

is continuous. Keep in mind that w ((Hle fioT,, (g)> (H;?:l fjo T@j(h)>> —
k k )
<L <Hj=0 Tw(g)(aj)) )L (szo Tgoj(h)(aj)) > Now we write

=1t (H T@j(g)(@j)) — ki)

for all g € G, where K := Hlew(aj). It follows that G x G — C : (g, h) —
(ug,up) is continuous and therefore Borel measurable. Note that g — (ug, z)
is also Borel measurable for all + € H. Furthermore, G — H : g — wu, is
bounded. (We need these properties, since we will be applying Theorem 3.2.5
to the function g — wu,.) Since p(A;'A,) < cu(A,), and we have M-weak
mixing relative to (A 'A,) by Corollary 3.1.2, it follows that

Jim, M(/l\n) /AIA |w (aTp(g) (b)) — w(a)w(b)| dg =0 (3.7)

forall a,b € A and ¢ € M. By Proposition 3.3.3, assuming 2[k— 1] for all M-
weakly mixing C*-dynamical systems, which are M-asymptotically abelian
relative to (A,,) (for the given G and (A,)), and of course for all ag, ..., ax_1
and all ¢y, ..., 0p—1 € M with ¢; # ¢, when j # [ for j,l € {1,...,k — 1}, we
have

k

_ 1
v, := lim /A Ug, Ugh) d Hw T%(h a]))) - H |w(aj)]?

j=1

for any ay,...,a; and all ¢, ..., € M with ¢; # ¢; when j # [ for j,1 €
{1,...,k}, for all h € G. Using the following identity (also see Section 4 in

( H d,) (3.8)
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which holds in any algebra and is easily verified by induction, it follows that

/ Il dh < ;Ale (el / [ (a5 (7,0 (@3))) = lw(a,) | dh

—1
=j+1 Am Am

1 1
where A; = supyeq | [T @ (07 (o (@) | < Tl
Note that [, A, [l dh exists, since the integrand is continuous. Hence

lim

1
dm oy [, a0

by (3.7). From Proposition 3.2.7 and Theorem 3.2.5 we then have

. 1
B /A ugdg =0
i.e., 3[k| holds for all M-weakly mixing C*-dynamical systems, which are M-
asymptotically abelian relative to (A,,), and all ay, ..., a; and all ¢y, ..., ¢k €
M with ¢; # ¢ when j # [ for j,1 € {1,...,k}. But 1[1] holds for all
ap,a; € A and all ¢ € M for all M-weakly mixing C*-dynamical systems,
which are M-asymptotically abelian relative to (A,), by Definition 2.1.7(i),

completing the induction argument started in Proposition 3.3.1, and proving
1[k] for all k € N. O

Note that if (A,;'A,) is also Fglner in G, then the assumption that the
system be M-weakly mixing relative to (A;'A,) can be dropped because of
Corollary 3.1.2. If (A,;1A,,) does not have the properties required in Theorem
3.3.4, for example if the system is not M-weak mixing relative to (A, 'A,,),
but there is some other uniformly Fglner sequence (A’) such that (A/71A!)
does have the required properties, then we can replace (A,,) by (A]) because
of Corollary 3.1.2, to get weak mixing of all orders relative to (A/).

We now briefly consider examples of Fglner sequences with the required
properties.

In the simple case where G = Z with the counting measure p, and A,, =
{—n,...,n} which is uniformly Fglner in Z, we have A 'A,, = {—2n,...,2n},
so u(Ay) < p(ASPA,) < 2u(A,) for n > 1, and if the dynamical system is
weak mixing relative to {A,}, then it is also weak mixing relative to A,;'A,, =
As,. Hence the conditions of Theorem 3.3.4 are satisfied. Furthermore, if
the system is only weak mixing relative to {0, ..., n} (so we are working over
the semigroup NU{0}) and T is injective, then it is easily seen that it is also
weak mixing relative to A,,. This implies the usual version of weak mixing of
all orders when working on the semigroup N U {0}, for an injective 7.
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As another example of a sequence with the properties in Theorem 3.3.4,
let A,, be the closed ball of radius m in R? for any positive integer gq. Note
that (A,,) is a Fglner sequence in R?. Then A 'A,, = Ay, which means
that M-weak mixing relative to (A,,), implies M-weak mixing relative to
(AAL), while p(ALAL,) = 29u(A,,), as is required in Theorem 3.3.4.

Concerning the assumption that M is translational, a simple example
would be of the following type: Use the group G = R?. Let M be all ¢ X ¢
non-zero diagonal real matrices acting as linear operators on RY. (We exclude
the zero matrix simply because this would make M-weak mixing impossible.)
Then M is a translational set of homomorphisms of R%. The same is true if
we drop the condition that the matrices be diagonal. Similarly if we work
with Z? instead of RY and use matrices over the integers.
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Chapter 4

The Szemerédi property

4.1 Compact systems

The notion of compactness can be extended to noncommutative dynamical
systems consisting of a x-algebra A, a positive linear functional w, and an
evolution of A over a general semigroup G, as seen in Definition 2.1.11.
A generalization of Furstenberg’s Theorem to C*-dynamical systems was
initiated in [28] which included a discussion of compact systems in the case
of an evolution over N. In this Section we prove the Szemerédi property (see
Definition 2.1.17) for a compact system for which A is a C*-algebra, w is
tracial, i.e. w(ab) = w(ba) for all a,b € A, and G is, as before, a group with
a right invariant measure containing a Fglner sequence.

In this Section we obtain some recurrence results in seminormed spaces
which are used in Theorem 4.1.6 to prove the Szemerédi property for compact
systems. Our proof of the Szemerédi property follows the basic structure of
the one given in [20], but we have to take into account certain subtleties aris-
ing from working in a noncommutative C*-algebra rather than in the abelian
algebra L>(v) used in [20], and with more general groups and semigroups
than Z and N. Also, since we work via abstract seminormed spaces, the
structure of the proof becomes clearer. We first introduce some notation and

terminology.
A linear functional w on a *-algebra A is called positive if w(a*a) > 0 for
all a € A. This allows us to define a seminorm | - ||, on A by

lalle == vw(a*a)

for all @ € A, as is easily verified using the Cauchy-Schwarz inequality for
positive linear functionals.

Proposition 4.1.1. Let X be a metric space and B C X totally bounded

65
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(see Definition 2.1.10). For any ¢ > 0 there exists a mazimal set V C
B (mazximal in the sense of cardinality or number of elements) that is e-
separated. Furthermore, if B # &, then V is finite with |V| > 0.

Proof. If B is empty we are done, so assume that B # &. Let M: C X be

£__

an $—net for B, i.e.
£
B C N(x,=).
:CEM%
Let n := [Mc| be the number of elements of M:. If we choose m > n

elements of B, the drawer principle (also the pigeonhole or Dirichlet’s box
principle) states that two of them are in the same ball N(z,5), z € M s and
hence at distance less than € from one another. Without loss of generality
we can assume that m is finite. Hence any $-separated subset of B contains
at most n elements. Let V be the collection of all e-separated subsets of B.
Let V' be any one of V’s elements with maximum cardinality. Also note that
V contains all the 1-point subsets (which are e-separated) of B. [

Proposition 4.1.2. Let K be a semigroup, (X, | -||) a seminormed space,
and Uy : X — X a linear map for each g € K such that U,U, = Uy, and
\Ugz|l > ||z|| for all g,h € K and x € X. Suppose that By, = {Uyxy : g €
K} is totally bounded in (X, || - ||) for some xog € X. Then for each e > 0,
the set

E:={g€ K :||Ujzg— x| <e}

1s relatively dense in K.
Proof. Since B,, is totally bounded in (X, || - ||), there is a maximal
V ={U,,x0,....,Uy 20},
with Uy, xg # Ug o whenever j # [, which is e-separated. But
||U9/99jx0 — UgrggTol| > ||Ugj$0 — Ugol|
for any ¢, ¢ € K, hence
Vg = A{Ug g0, s Uggg, To}

is e-separated, with r elements. Since Vy, C B,,, it is also maximally e-
separated in B,,. But Uyxzy € B,,, therefore

HUggij — zo| < HUg’ggﬂ:O —Ugaol| < ¢
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for some j € {1,...,r}. Hence, for each g € K there exists an h €
{991, ...,99-} such that |Upzo — x0|| < €, i.e.

En{gg,....99.} # @

for all g € K, and so E is relatively dense in K. [

Corollary 4.1.3. Let (A,w, 7, K) be a compact system and let my, ..., my €
NU{0}. For anye >0 and a € A, the set

E:={ge K :|rmi(a)—all, <e forj=0,..k}
is then relatively dense in K, where we write Tp(a) = a.

Proof. Without loss we can assume that none of the m; ’s are zero. Then the
result follows from Proposition 4.1.2 with € replaced by e/ max{mey, ..., my},
since for every 7 =0, ...,k we have

I7gmi (a) = all

< l7gmi (@) = Tgmi=1 (@)l + 17gmi=1(a) = Tgmi=2(a)llo + - + lI7g(a) — all.
= [I7gmi—1lrg(a) = alllo + I7gm;2[7g(a) = alllu + ... +[ITy(a) = all,

= mj|[ry(a) = all

<€

for all g € K for which ||7,(a) — a||, < ¢/ max{my, ..., my}. O

A positive linear functional w on a C*-algebra A is bounded, and without
loss we can assume that ||w|| = 1 (the case w = 0 being trivial), i.e. w is a
state on A. By the Cauchy-Schwarz inequality we have

wlad)| < [la”l, [Ioll, < Vllaa*[[ 1ol = llal[ o], -

A trace is defined to be a state w on a C*-algebra 2l such that w(ab) = w(ba)
for all a,b € 2. Note that from the previous inequality we then have

jw(abe)| = |w(cab)| < lalllbl. ¢l

for all a,b,c € A. This fact is used in the proof of Lemma 4.1.4. The set of
positive elements of A will be denoted by A™.
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Lemma 4.1.4. Let A be a C*-algebra and w a trace on A. Suppose that
be AT, ||Ib]] <1 and w(b) > 0. Let k € N U {0}, then w(*™) > 0 so we
can choose € > 0 such that e < w(b*). Consider cy,...,c, € A such that
lleill <1 and ||c; —b||l, <e/(k+1) for j=0,....k. Then

“(11)

Proof. We have w(b**1) > 0 by using the Gelfand representation of the
abelian C*-algebra B generated by b, restricting w to B and then using
Riesz’s theorem to represent w by a positive measure on the locally compact
Hausdorff space appearing in the Gelfand representation. Furthermore,

)

w(é (1) (L))

Jj—1 '
ncj—bnwnbk-fu)

w (bk“) —e>0.

Cl

IA
> H Mw

IN

llej = bl

w

AN
[Q) B
cHD

where we’ve used (3.8). Hence

Corollary 4.1.5. Let (A,w, T, K) be a compact C*-system with w a trace.
Suppose that a € AT, and w(a) > 0. Take any my,...,m; € NU{0} and
any € > 0 with e < w (ak“). Then there exists a relatively dense set E in K

such that

> w(F) — e > 0.

]

w(ad*™) —e>0

forall g € E.
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Proof. Since w(a) > 0, ||a|| > 0, so we can set b := a/ ||al|. For ¢; := 7,m;(b)
we have ||¢;|| < ||b]] = 1, so from Lemma 4.1.4 it follows that

w (H Tymi (b))

for every g € K for which ||7,m; (b) —b||., < e/ lla|** (k+1) forall j = 0, ..., k.
By Corollary 4.1.3 this set of g ’s is relatively dense in K. ]

£
lal|***

> W (karl) o

So far in this Section we have not used Fglner sequences. However, for
the remainder of this Section we again make use of such sequences, so let
G and (A,) be as in Section 1.2. We can make a simple refinement without
complicating the proofs, namely in the rest of this Section let K be a Borel
set in G which forms a semigroup and contains each A,. We then say that
(A,) is a Folner sequence in K. (A trivial example is G = Z, A,, = {1, ...,n}
and K = N.) This is just to make clear that only semigroup structure is used
in this Section. In the next Section, where Theorem 4.1.6 below is applied,
we will of course take K to be GG. Let X denote the o-algebra of Borel sets
of G that are contained in K.

Remark. It is also interesting to note that the arguments below do not
require the semigroup K to be abelian, however this would require the ex-
istence of a slightly different type of Fglner sequence. Namely, if G were
non-abelian, and p right invariant, one would have to assume the existence
of a sequence (or a net) of Borel sets (A,) of G (which are contained in
K) with 0 < p(A,) < oo such that lim,, . p (A A(gA,)) /u(A,) = 0 or all
g € K. Note that g is to the left of the set despite u being right invariant.

Finally we reach the goal of this Section, namely a ‘Szemerédi property’
for compact C*-systems:

Theorem 4.1.6. Let (A,w, 7, K) be a compact C*-system with w a trace
and K a Borel measurable semigroup in G such that A, C K for every
n, where G and (A,) are as in Section 1.2. Let a € AT with w(a) > 0.

Take any mo,...,m; € NU{0}. Assume that g — w (Hf:o Tymi (a)) and
g — ||7ymi(a) — all, are X-measurable on K for j = 0,1,... k. Then there

exists a Folner sequence (A]) in K such that

hq{rii)lgf wu( A’ / (H )

w(g) > 0.
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Proof. This follows from Lemma 1.2.12(3) and Corollary 4.1.5, since F =
{g€ K :||1mi(a) —all, <€ for j =0,...,k} is X-measurable. O

Note that if for example K is a topological semigroup and we assume
that g — 7,(A) is continuous in A’s norm, then both g — w (H?:o Tymi (A))
and g — ||7ym:i (A) — A|,, are continuous and hence Borel measurable.

The Szemerédi property for a compact measure preserving dynamical
system (X, 3, v, T) with evolution over N is a special case of this theorem,
but note that 7" need not be invertible in this case. Just let w(f) := [y fdv
and 7(f) == foT for all f € A := B(X¥), let 7, = 7" for n € N, set
Ay == {1,...,N} for all N € N, and let A = f be a positive function
in B, (X) which is not v-a.e. zero. Keep in mind that the conclusion of
Lemma 1.2.12 (and hence that of Theorem 4.1.6) holds for this choice of
(An), as is well known. The condition ||7(f)|| < ||f|| follows directly from
7’s definition, while ||7(f)||, = ||f]|, expresses the fact that T" is measure
preserving, namely v o T-! = v as set functions on X. More specifically
(1.2) is obtained for these assumptions by taking f to be the characteristic
function xy of a set V € ¥ with v(V') > 0 and setting m; = j.

4.2 Compact factors and ergodic systems

In measure theoretic ergodic theory it is well known that a system is weakly
mixing if and only if it contains no nontrivial compact factors. Compactness
means that the orbits of the system in the corresponding L2-space are totally
bounded.

In this Section we show that the measure theoretic result can be extended
to noncommutative ergodic theory, where the measure space (and its alge-
bra of L*>°-functions) is replaced by a o-finite von Neumann algebra and a
faithful normal state. The two main ingredients of the proof are a so-called
“proper value theorem” due to Stgrmer (Theorem 2.5 in [32]), and the split-
ting theorem of Jacobs-Deleeuw-Glicksberg (see Section 2.4 in [25]). Once
this is done, we prove our final result regarding the Szemerédi property in
ergodic systems.

Note that Definitions 2.1.13 to 2.1.17 are used in the results and discussion
below. Let B(H) denote the algebra of all bounded linear operators in the
Hilbert space H, and let S" denote the commutant of a set S C B(H). Let
B denote the set of all eigenoperators of «a together with the zero operator,
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and let C' be the x-algebra generated by B. Set N = C”, hence N is a Von
Neumann algebra contained in R.

Proposition 4.2.1. (N,wq, a) is a compact factor of (R,wq, a).

Proof. From the fact that ay is a *-homomorphism for all g € G, it follows
that B is closed under adjoints, products and scalar multiples, if we note
that _

ag(a”) = (ag(a))” = Aa(g)"a” = Aa(g)a®
and

ay(Bab) = 5ag(a)ag(ﬁb) = BAa(9)N(g)ab

for any scalar 3 and all a,b € B. Hence clearly

C= {Zaj :al,...,anEB,n>O} (4.1)
j=1

but for a € B we have ay(oy(a)) = Ai(h)ay(a), hence ay(B) C B and
a,(C) C C for all g. By Von Neumann’s density theorem C' is strongly dense
in N, hence there exists a net (a,) in C such that a,x — ax for all z € H.
Therefore

li£n (x, ay(ay)y) = li};n (Urz,a,Uy)

= (Urz,aU}y)

= (2, a(a)y)
for all z,y € H and all g € G. In other words «,(a,) converges in the weak
operator topology to a4(a). Clearly the x-algebra C' contains the identity
operator and, like B, it is closed under adjoints. Also ay(a,) € C C C" =N
so by the Von Neumann bicommutant theorem ay,(a) € N. This proves that
ay(N) C N, and therefore (IV,wq, @) is a factor of (R,wq, a).

Next we show that (N,wq,a) is compact. First note that for a € B
we have ag(a) = A\(G)a or ag(a) = {0}, and both these orbits are totally
bounded in B with the pseudo metric obtained by restricting ||-||, to B, since
Ao(G) is a subset of the unit circle (which is compact) in C . From (4.1) we
can then conclude that ag(a) is totally bounded in (C, ||-||,) for every a € C.
Again by Von Neumann’s density theorem for any a € N and € > 0 there

exists some b € C such that ||a — b||, = ||aQ — 082|| < e. Now, if E is a finite
e-net in (C, ||-||o) for 7¢(b), then from

lag(a) = cllg < llagla) — ag(d)|lg + llag(b) — ¢l < 2

for some ¢ € E we see that E is a finite 2e-net for ag(a), i.e. the latter is
totally bounded. O
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Lemma 4.2.2. Let Hy be the set of all elements of a Hilbert space H with
totally bounded orbits under U (where U is as in Definition 2.1.15). Then
Hy is a Hilbert subspace of H.

Proof. Let x,y € Hy. Since Ugx and Ugy are totally bounded, for any € > 0
there are finite sets M and N in H such that for each ¢ € G there is an
x, € M and a y, € N such that ||U,(a) — z,|| < ¢ and ||U,(b) — y,|| < e. For
a scalar a we then have that

||Ug((m: +y) — (Cmg +yg)|| < |a|||Ug(I) - wg” + HUg(y) - ng <2

where ax 4+ is in the finite set aM + N. Hence Hy is an inner product space
with the inner product of H. To show that Hj is complete, note that as a
subspace of H every Cauchy sequence in Hj is convergent. We now show
that every convergent sequence in Hy has a limit with a totally bounded orbit
under U. Let (z,) be a convergent sequence in Hy with limit . Given any
e > 0, there is a positive integer N such that |z, — x| < § for alln > N. For
an x, with n > N total boundedness of its orbit under U implies that there
is a finite set M, C Hj such that for each g € G there is an z,, ;, € M,,, such
that [|[Ugz, — 24| < 5. From the fact that ||Ugz, — Uyz|| < ||z, — 2| < 5
we have that

||ng — Tng | < ||ngn - Jjn,g” + ||ng - ngn” <€

implying that the orbit of x is totally bounded under U. O]

Lemma 4.2.3. Let H be a Hilbert space. If G is abelian, then Hy is the set
of all elements x € H whose orbits Ugx in H are totally bounded.

Proof. This is essentially a special case of general results proven in Section
2.4 of [25]. We show how it follows from those general results. Let Hy be as
in Lemma 4.2.2.

Let E be the set of all eigenvectors of U, so Hy = spanFE. Clearly Ugz is
totally bounded for every x € E, since A\,(G) is a subset of the unit circle in
C. From this it follows that Ugx is totally bounded for every x € Hj. lLe.
Hy, C Hy.

Now suppose that Hy # Hj. Since we have from Lemma 4.2.2 that Hj
is a Hilbert subspace of H, it follows that there is an x € H;\{0} which is
orthogonal to Hy. So x € H, := H © Hy, but H, is the space of so-called
“flight vectors” which means that there is an .S in the weak operator closure
Ug of Ug in B(H) such that Sz = 0. This is the essence of the splitting
theorem in Section 2.4 of [25] as applied to a unitary group on a Hilbert
space. Now since any closed ball in H is weakly compact we have that Ugy
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is relatively weakly compact for every y € H. Hence according to Lemma
2.4.2 in [25] Ugzr = Ugz' where Ugz denotes the weak closure of Ugz in
H. The norm closure Ugz of the totally bounded set Ugx is compact and
therefore weakly compact and hence weakly closed, so Ugz C Ugz. We
then have

0= Sz € Ugr=Ugz C Ugrt,

contradicting x # 0 and the fact that U is a unitary group and hence norm-
preserving. [

Proposition 4.2.4. (1) If (R,wq,a) is ergodic but not weakly mizing, then
the factor (N,wq, a) is nontrivial.

(2) If (R,wgq, ) is weakly mizing and G is abelian, then every element
a € M with a totally bounded orbit ag(a) lies in C1. In particular (R, wq, «)
has no nontrivial compact factor.

Proof. (1) Since 2 is cyclic and separating for R, we have from Theorem 2.5
in [32] that the map a — af) is a bijection from the set of eigenoperators
of a to the set of eigenvectors of U. We then also note that our definition
of ergodicity of (R,wq,a) is equivalent to that of [32], Section 2, namely
ay4(a) = a for all @ € R and all g € G implies that a € C1. Since H, strictly
contains C(2 by Definition 6.3, it follows that B strictly contains C1, hence
N strictly contains C1. Therefore (N, wgq, ) is indeed nontrivial.

(2) Consider any a € R with totally bounded orbit, then from ||ay(a) — b||, =
|U,a2 — 082 we see that Ugaf2 is totally bounded in H. So a2 € CQ by
Lemma 4.2.3 and Definition 2.1.15. Hence a2 = AQ, i.e. (a — A1)Q2 = 0 for
some \ € C. Since () is separating for R, we have a — A1 =0, so a € C1. In
particular any compact factor of (R, wq, a) must be contained in CI. ]

Using these results, we can now prove

Theorem 4.2.5. Let (A,w, T, G) be an ergodic W*-dynamical system. Then
(A,w, 7, G) is weakly mizing if and only if it has no nontrivial compact factor.

Proof. Let (H,m, ) be the GNS representation of (A, w) and (R, wq, «) the
corresponding represented system. We show that a nontrivial compact factor
in (A,w,,G) gives one in (R,wq, @), and vice versa. First suppose that
(N,w, ) is a nontrivial compact factor of (A,w, 7, G). Consider the system
(m(N),wq,a). As noted earlier (after Definition 2.1.14), 7 is a faithful *-
homomorphism i.e. a x-isomorphism A — R. Since N is a x-subalgebra of A,
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m(N) is a *-subalgebra of R. For g € G let a € ay(n(N)), i.e. a = ay(m(n))
for some n € N. So

a = ay(m(n)) =m(ry(n)) € T(N)

since 7,(N) C N. Therefore (7(N),wq, @) is a factor of (R,wq, ). Further-
more, we have that each orbit 7¢(a) = {7,(a) : ¢ € G} is totally bounded in
(N,||]|,)- Hence for any € > 0 there is a finite subset M of N such that for
each g € G there is an a, € M such that ||7,(a) — a4||, < €. Consider the
orbit ag(m(a)) = m(1y(a)) in 7(N). We then have

17 (74(a)) = 7m(ag)lla < lImg(a) = aglla = [ITy(a) = agll, <&

Since the set w(M) is finite it is clear that (7(N),wq, a) is totally bounded
in (N, |||lg)- Since N strictly contains C1, clearly w(/N) must strictly contain
C1. It similarly follows that a nontrivial compact factor in (R, wq, «) yields
one in (A,w,7,G). Finally we note that, per definition, a (A,w,7,G) is
weakly mixing if and only if (R, wq, o) is weakly mixing. The Theorem then
follows from Propositions 4.2.1 and 4.2.4. O]

Theorem 4.2.6. Suppose that (A,w,7,G) is a nontrivial (i.e. A # C)
ergodic W*-dynamical system, with G locally compact, second countable, and
containing a Folner sequence (A,,) satisfying the Tempelman condition and
such that (A;'A,) is also a Folner sequence. Assume that (A,w,T,G) is
asymptotically abelian relative to (A,). Let w be a trace and g — 7,(a) be
continuous for every a € A. Suppose that for each m € Z\{0} there exist
two Folner sequences (') and (I')) and a ¢ > 0 such that

1 m c
i L e do < s | sty

/
n

for all Borel measurable f : G — [0,00) and all n. Then the Szemerédi
property holds for a nontrivial factor of (A,w, T, Q).

Proof. Set mg := 0 and ¢° := e. Let a € A with w(a) > 0. From Theorem
4.2.5 it follows that (A, w, 7, G) is either weakly mixing or it has a nontrivial
compact factor. If (A, w, 7, G) is weakly mixing then (A, w, 7, G) is M-weakly
mixing, where M := {¢,, : m € Z\{0}} and ¢,, : G — G : g — ¢™. This
can be seen from

1
ﬂ(rn) I'n

|w(atgm (b)) — wla)w(b)|dg < |w(aty (b)) — wla)w(d)[dg — 0

c
M(F%) r



EIT YAN PRETORIA
TY OF PRETORIA
ETORIA

-
I 0
s ITHI YA PRETO

4.2. COMPACT FACTORS AND ERGODIC SYSTEMS 5

as n — 0o. From Corollary 3.1.2 it then follows that

w(a)w(b)| dg = 0.

n—oo ILL

Since M is translational, it now follows from Theorem 3.3.4 that

(HTmJ ) _w(a)k—i-l
and therefore

E&M—/' (HT’”J >

If (A, w, 7, G) is not weakly mixing, it has a nontrivial compact factor (N, w, 7, G).

lim ———
n—oo [j,

dg = 0.

dg = w(a)*™ > 0.

Continuity of g — 7,(a) implies that g +— W(H?:o Tym (a)> and g +—
|7,mi (a) — al|., are also continuous. The Szemerédi property for (N,w, 7, G)
then follows directly from Theorem 4.1.6. O

We note that, since w is a faithful normal trace, the theorem above refers
to finite Von Neumann algebras (see [23] Section 8.1). It is easily seen that
for G = Z% and G = R? such (I',) and (I'}) exist: For G = Z9 let I';, =
{1,...,n}? and T, = {1,2,...,n|m|}, m € Z\{0}. It can then be seen
that (I',) and (I'}) are Fglner sequences satisfying the requirements of the
theorem. For RY, take (I',) = [0,n]? and (I")) = |m|T,,.

The assumption of asymptotic abelianness is rather stringent and in fur-
ther work it should be investigated if and how one can progress without it. If
it is not possible to get rid of this assumption, one might attempt to at least
soften the assumptions regarding asymptotic abelianness, e.g. that only a
C*-dynamical system is asymptotically abelian and that the W *-algebra in
the theorem above is the one obtained from such a system.
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