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THE EXTENDED KALMAN FILTER

3.1 INTRODUCTION

As mentioned in chapter 1, one of the change detection methods proposed in this thesis is the Extende
Kalman Filter (EKF) change detection method. As the name suggests, the EKF is a critical componen
of the change detection method and this chapter consequently aims to give some background o
conceptual state-space filtering and in particular, the EKF. As will become more apparent in the
chapters to follow, the underlying idea of the EKF change detection method lies in modeling an NDVI

time-series as a triply modulated cosine function, and tracking the parameters of the model for eact
time-increment. The state-space filtering method is useful for this specific problem, as the parameter:
of the triply modulated cosine function could be characterized as a time-variant state-vector which
relates to an observation model via the non-linear cosine function. As change detection is our primary
objective, the near real-time nature of the state-space filtering method is also particularly useful, as the

time from when the change occurred to when change is detected should ideally be minimal.

The EKF framework works on the basis that the posterior density of the state vector given the observec
data is always assumed to be Gaussian, which makes for simple implementation and fast executio
time [85]. Approximate grid based methods and Gaussian sum filters do not have the limitation of
assuming Gaussian posteriors densities, but the computational complexity of these methods are vel
high which prevents their widespread use in practice [85]. The broader objective of this study is to
implement the change detection methods operationally. This requires that the specific non-linear stat
space filter that is chosen be well understood and lend itself to be easily implemented. The EKF was
consequently chosen as it is a well established method which is easily implementable [85]. The EKF
was also compared to a sliding window FFT approach (section 4.5) and was found to be superior for

the specific problem presented in this thesis (see chapter 6).
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Chapter 3 The Extended Kalman Filter

3.2 CONCEPTUAL STATE-SPACE FILTERING SOLUTION

In many applications, it is necessary to estimate the state of a dynamic system using only a time-serie
of noisy-measurements made on the system. In many cases, a discrete-time state-space approe
is used to model the dynamic system. The underlying idea is that difference equations are used t
model the evolution of the system over time and that measurements are available at discrete times.

is assumed that the state vector of the system contains a vector of state parameters that are able
accurately describe the behavior of a system. For example, in tracking systems, these parameters c;

be related to the kinematic characteristics of the target [85].

Using the state-space approach, at least two models are required to describe the noisy measureme
obtained from the dynamic system. The first model (process model) describes the evolution of eact
state parameter from time-stép- 1 to k. The second model (observation model) takes as input the
state parameters at time-stepobtained during the previous step, to produce an estimate of the output
of the system at time-stefa For many applications, an estimate of the state parameters is required
every time a measurement is received. The recursive nature of the state-space approach implies th
a recursive filtering approach can be used where received data can be processed sequentially. Suc
filter consists of two stages, namely predict and update. In the predict stage, the state PDF is predicte
forward from one time-step to the next, which effectively broadens the state PDF. In the update stage

the latest available measurement is used to tighten the state PDF. [85]

The two models can be described formally as

x; = f(xp_1) + Wi_1, (3.1)

and
yi = h(xg) + vi. (3.2)

Wherex,, is the state vector at time-stépn the form

X = [SCk,l Tg2 Tk,3 --- xk,SL (3-3)

with s being the total number of state parameters. The relation betweandx,_; is given byf, a
known but possibly non-linear function. The state vestprs related to the observation vectgy via
a known but possibly non-linear measurement functidhshould be noted thdt andh are allowed

to be time-variant, but the time-invariant assumption was assumed in this thesis.. Both these model
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Chapter 3 The Extended Kalman Filter

are possibly non-perfect, so the addition of prooegs; and measurememnt, noise is included.

The task at hand is to produce an estimatexgf given all available measuremen®, =
{y1,¥2,¥3, .-, Y&} Up to timek. It is thus required to construct the posterior PRE|Y). The
initial estimate ofp(x;) should be provided where-afte(x;|Y}) is estimated recursively using the
predict and update stages mentioned previously. The predicte¢h BRFY ;) is obtained by means

of the Chapman-Kolmogoroff equation [85]:

P(xk|Yio1) = /p(ch|Xk—1)p(xk—1|Yk—1)ka—1- (3.4)

Wherep(x|xx_1) is obtained using (3.1) and known statisticsagf ;. When the observation at time

k (y.) becomes available, the state PDF is updated via Bayes’ rule:

p(yrlxe)p(xe| Y1)

Xp|Yr) = , 3.5
Ple[Ye) P(Yk|Yi-1) (3:9)

where the normalization constasity,|Y,_1) can be written as
Pl o) = [ plyibxptal Yo i 3.6)

The likelihoodp(y|xx) can be obtained by using (3.2) and known statistice,ofkKnowledge of the
posterior density(x|Y}) enables one to not only compute the optimal state estimate with respect to
any criterion, but also to determine the measure of accuracy of the state estimate [85]. For example, i
p(xx|Y) is a multivariate Gaussian distribution, the covariance matrix can be used to determine the

state estimate accuracy.

In the case thatv,_; andv, in (3.1) and (3.2) are Gaussian distributed and Ho#_,) andh(x;,)
are linear functions, the functional recursion of (3.4) and (3.5) is the Kalman filter [86]. The Kalman

filter will be discussed in further detail in the following section.

3.3 KALMAN FILTER

The Kalman filter is named after Rudolf E. Kalman and is a well-established method that was
published in 1960 [86]. Since the algorithm was proposed, it has been widely used, especially in

military and space applications.
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As stated previously, the Kalman filter assumes that the psoaad observation noise is Gaussian
distributed and that both theandh functions in (3.1) and (3.2) are linear. It follows that (3.1) and
(3.2) can be written as:

X = Fxp1 + Wiy, (3.7)
and
yr = Hx + vy, (3.8)

whereF andH are known matrices defining the linear functions [85]. It is assumedwhat and
v}, are zero-mean Gaussian distributed with covariafges andR, respectively. The distributions

p(xk—1|Yr_1), p(xx|Yr_1) andp(xx|Y) given in equations (3.4) and (3.5) can then be expressed as:

p(Xk—1|Yk—1) = N(Xk—1§§k71|k717Pk71|k71) (3.9)
P(Xk| Y1) = N(xk; Xpjp—1, Prjg—1) (3.10)
p(xk|Yr) = N(xx; Xnp: Prjr), (3.11)

whereN (x; m, P) is a Gaussian distribution with argumegtmean {n) and covarianceR) given as:

N(x;m,P) = /|27P| =2 ()P (eom), (3.12)

The mean and covariance parameters in (3.9)-(3.11) is given as [86]:

Xik—1 = F Xp_1jk-1 (3.13)
Piior = Qe +F P FT (3.14)
Xik = Xpp—1 + Ki(yr — HXpjp—1) (3.15)
Pir = Prpo1 — KiSiKL, (3.16)
where

Sy = HPy H” + Ry, (3.17)

is the innovation term and
K =Py H'S; ", (3.18)

is the Kalman gain. The Kalman filter thus effectively computes the mean and covariance of the

Gaussian posterign(xx|Y) and is optimal in the linear Gaussian environment. Unfortunately, many

Department of Electrical, Electronic and Computer Engimeger 50
University of Pretoria



UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

=

&

ﬂ UNIVERSITEIT VAN PRETORIA
Qe

Chapter 3 The Extended Kalman Filter

real world applications are non-linear and quite often natienary. In this case, approximation
methods have to be used. A popular extension of the Kalman filter to the non-linear case is the Extende

Kalman Filter, which will be discussed in more detail in the following section.

3.4 EXTENDED KALMAN FILTER

The extended Kalman filter (EKF) is the nonlinear version of the popular Kalman filter. Similar to
the standard Kalman filter, for every incrementtofthe discrete time) a state vectgy is defined
containing the parameters to be estimated. If one were, for example, to estimate the ya@aplitude
(o) and phased) of a cosine function, the state vector could be in the fasm= [, o ¢1]7. The
state vector can be estimated over tikngy recursive iteration based on the observation §gtaip to

time k. For the EKF, equations (3.7) and (3.8) can be reformulated as:

X = f(xp—1) + Wi1, (3.19)

and
yi = h(xy) + vy. (3.20)

In this formulation, either or both functiorfsandh are non-linear functions. The basic idea is that
these non-linear functions can be sufficiently described using local linearization. The posterior PDF
p(xx|Y) is approximated by a Gaussian distribution which implies that (3.9)-(3.11) are assumed to

hold. Equations (3.13)-(3.18) can then be rewritten as:

ﬁk\k—l = f(ﬁk—uk—l) (3.21)
Pipo1 = Q1+ FPy_F" (3.22)
Xie = Xip—1 + Ke(yr — h(Xgp-1)) (3.23)
Pir = P — KiSiKY, (3.24)
where
Sy = HkPk|k71H£ + R (3.25)
K, = Py HS, (3.26)

andF andH are the local linearization of the non-linear functibandh respectively. They are defined

as Jacobians evaluatedgt ;;—; andxy;_, respectively [85]:
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Chapter 3 The Extended Kalman Filter
]/;\‘ = H Vxi-1 fT<Xk*1>T”xk71:§k—1\kfl (327)
H = | Vo b7 () st s (3.28)
where
0 0
o = ) 3.29
v k [69%1 81‘]9,8} ( )

The EKF is referred to as an analytical approximation because the JactbantsH are computed

analytically.

3.5 EXAMPLE OF AN EKF TRACKING APPLICATION

In this section, an example of tracking a cosine function with varying amplitude and phase using an
EKF is shown. Assume that noisy observations are made of a process that is governed by the following

function:

Yp = acos(wk + @) + ng, (3.30)

wherew = 27 f. Itis assumed that the fundamental frequeficy known and that the task at hand is to
estimate the value af and¢ for each time-step given observations up to time-stéplt is proposed

that this non-linear problem be solved using an EKF. The state vector can be defined as:

xi = [ag dx]" (3.31)

The process and observation models can be formulated as:

Xk = Xg-1 + Wk-1, (3.32)

and

Y = h(xx) + v, (3.33)

whereh(xy) = xy 1 cos(wk + zx2). In the process model (3.32), it is assumed that the state vector
remains constant from one time-step to the next with an additive process noise component. This implie:
that:

f(x) = Fx = Ix, (3.34)
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wherel is a 2< 2 Identity matrix. It is assumed that the noise comporent; is Gaussian distributed

having zero mean and covarian@g i, i.e. p(wi_1) = N ([0 0|7, Qx_1)

The observation model (3.33) is based on (3.30) with the amplitude and phase parameter bein
replaced by the state parameters representing each of these variables and the noise compone
v, also being assumed to be Gaussian distributed with zero mean and vaRanee o2, i.e.

p(vii) = N (0, 07).

The state parametéx; ;) prediction given in (3.21), can be re-written for this specific problem as:

Xpk-1 = f(k\k—uk—ﬂ (3.35)
= IxXp 11 (3.36)
= Xg-1/k—1- (3.37)

The predicted covariance ter ), as calculated in (3.22) can also be re-written as:

Piyr-1 = Q1 +F Pk71|k71FT (3.38)
= Q1 +IP_ g I" (3.39)
= Qi1+ Proqpp-1- (3.40)

In the state vector update phase of the EKF (3.23), the observatioris used to update the current

state vectoky,_; and can be written as:

Xpk = X1 T Kie(yr — h(Xgp-1)) (3.41)
= X1 + Ki(yr — ﬁﬁk%*l)v (3.42)

whereH is the local linearization of functioh(x) given as:

H = H Vi h(xk>HXk:§k\k—1 (343)
0 0
= h(xk) h(xx) ; (3.44)
8:%1 8:6,?,2 xk_;(k“Pl

where

0 h(xg) = 0 T cos(wk + T 2) (3.45)

Y k) = Y k1 k,2 .
= cos(wk + xx2), (3.46)
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and
0 h(xy) = 0 Ty 1 cos(wk + Ty 9) (3.47)
Dirs k) = Drrs k1 k,2 :
= 0 Tp.1 | cos(wk) cos(xg o) — sin(wk) sin(zy2) (3.48)
Orpo ’ ’
= —Ty lsin(wk:) cos(xg2) + cos(wk) sin(xm)} : (3.49)

The termS;, in the parameter covariance update equation (3.24) can also be rewritten for the presen
case as:

Sy = HyPyHi + Ry (3.50)

A time-series was generated with a Signal-to-noise Ratio (SNR) of 5 dB (Figure 3.1A). Figures 3.1B
and 3.1C show the corresponding amplitude and phase being tracked using the EKF framework. Ir
Figure 3.1A, the noisy observations as well as the actual signal is shown together with the filtered EKF
estimate. It can be seen that the filter requires an initial number of observations before the EKF state
parameters start to stabilize. The stabilized state vector corresponds to the accurate tracking of th
underlying signal by the EKF, i.e. as soon as the state parameters start to stabilize, the value of thi

underlying signal is very accurately tracked by the EKF.
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FIGURE 3.1: FigureA shows the noisy observation, actual signal and EKF output. FigersdC
show the estimated amplitude and phase state parameter for each time-step.
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