Appendix A

CORRELATED MULTIVARIATE
GAMMA DISTRIBUTION

In mobile communication systems the most frequently used statistical models to describe the amplitude
fading process are Rayleigh, Rician and Nakagami distributions. When the power of the fading amplitude
is of interrest, these statistical fading models are all related to the gamma distribution. In diversity based
systems the correlated multivariate gamma distribution is of interrest.  With reference to Figure 3.1, this
appendix presents a very general result when arbitrary Nakagami fading, arbitrary correlation and arbitrary
signal powers are present on each MRC receive diversity branch.

The constant correlation model is applicable to closely spaced diversity antennas. When the diversity signals
are taken from a configuration which, in some physical sense, is equi-spaced (either in space, time, frequency,
etc), the correlation model can be exponential. The validity of this model stems from the assumption that,

given the stationary nature of the overall diversity process (assuming statistical equivalence of the signals),



the correlation between a pair of signals decreases as the separation between them increases (see Chapter 2
for a more detailed discussion on this issue).

For a fixed set of received fading amplitudes {,B(k)},the random variables Xck and Xsk are normally assumed

Gaussian, with received power given by

MD MD MD
S=LB~ =L {Xk +X;d = LSk
k=1 k=1 k=1
, MD MD
rb = LB~ =L rk,
k=1 k=1
pmvok  (f1)
pvok  {m-%
PRI - k 2.1,
~ mk

12, Mo-



1
M -1 <P<a1.
D

The multivariate gamma distribution is finally obtained by taking the inverse Fourier transform of <B(t)
w.rt. t,

ps(s) = ik 1 <ps(t)e-itsdt.

It is emphasized again that the characteristic function of (A.7) is very general and valid within the constraints
of (A.I0) and (A.ll).

In this example we show how to calculate the pdf for the sum of Mp =4 MRC receive diversity signals. We

begin by calculating the characteristic function given in (A.7), and then taking the inverse Fourier transform
as shown in (A.12).

In our calculations it is important to adhere to the constraints given by (A.I0) and (A.l). For our example
the fading parameters on the k diversity branches is arbitrarily chosen as {md = 4 with average received
power on each branch {Dd = 1. The correlation matrix is given by
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In general pij = pji due to symetry (i.e. pi2 = p21 etc.). In our example, let p21 = p31 = pa1 = p32 = p31 —
ps2 = pa3 = 0.65. The correlation matrix J therefore reduces to
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the characteristic function is obtained with the pdf shown in Figure A.l. Figure A.l also displays the pdf
for different values of p.
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For the special case where the received signal strength is constant, i.e. Nk = N, and the fading on the
branches is constant, i.e. mk = m = 1, and we make use of the constant correlation model given by (A.1),
the characteristic function of (A.7) reduces to
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Appendix B

CONVOLUTIONAL AND TURBO
CODE TRANSFER FUNCTIONS

In this appendix, the transfer functions, T(L, I, D) for the rate-1/2 and 1/3, constraint length Lee = 9 codes
are considered as required in Chapter 4. The exponents of I, i, and d of the monomial L'Ii DY indicate,

respectively, the path length, input word weight and output word weight.

For the rate-1/2 code, characterised by the generator polynomials 91 = (561)8 and 92 = (753)8, the coef-
ficients of the transfer function have been found through computer search and they are tabulated in the
literature  [245]:

where D and | are the distance and information error weight operators, respectively. Differentiating the

transfer function with respect to I and setting 1 = 1, the following expression is obtained

Jrd. D) |l 1 = 33D%? + 281D + 2179D'¢ + 15035D* + ...
J1 =

Similarly, for the rate-1/3 code, characterised by the generator polynomials 91 (D) = (557)8, 92 = (663)s
and 93 = (711)8, the coefficients of the transfer function are given by [245]:

JI~: D) 11=1 = up*® + 320 + 195D* +564D* + ...



Now consider the transfer functions of proposed low-rate codes for combined coding and spreading are
considered. These codes are the orthogonal, bi-orthogonal and super-orthogonal convolutional codes [13J.
Here, Loe = L is used to denote the constraint length of orthogonal encoders considered.
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Performing a series expansion of (B.2), the number of bit errors corresponding to an error event of length d
is obtained as the multiplicity term of DY The results from the series expansion can then be applied to the
BEP bounds discussed in Section 4.2.
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The distance spectrum of the super-orthogonal encoder can be obtained in the same way as for the orthogonal
scheme, namely through a series expansion of the differentiated transfer function. This produces [13J
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The upper bounds for the BEP for the orthogonal and super-orthogonal convolutional codes can then be

written, respectively, as

4 exp (-CTOe L 2L- 1), (B.6)

21 exp (croe (L +2)2L-3) , (B.7)

The notation and terminology introduced by Divsalar et al. in [176] are used. The turbo code is the parallel
concatenation of the constituent rate Re = 1 components, which is referred to as constituent code fragments.



The constituent non-trivial 4-state (2™ code fragment is completely characterized by its state transition

matrix, A(L,l, D), where
L LID 0
0 0 LD f
1

LID L 0
0 0 LI L

For a given constituent code the number of paths of length |, input weight i, and output weight d, starting
in the all-zero state, denoted by t(l, i,d). Then the corresponding transfer function, or complete path
enumerator, is defined by [246]
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For a constituent code, the path input/output  weight index is used to determine the output weight proba-
bility distribution function. For the constituent encoder, the path input/output  weight index, is

t(l, i,d) tl - 1,i-1, d) +t0 - 1,i,d) +t0 - 3,i- 3,d- 2)-tl - 3,i- 2,d)
tl - 3,i-1, d) +t1 - 3,i,d- 2)- t(- 4,i-4,d- 2+t - 4,i-2,d- 4)
+ ot - 4,i- 2,d) -t - 4,i,d- 2)+<5(,i,d) - <5(01- 1,i-1, d)
<5(- 2,i-1, d) - <5(- 3,i,d- 2)+<5(1- 3,i- 2,d) (B.13)
with initial conditions such that t(l, i,d) = O for any negative index, where <5(,i,d) =1ifl =i =d =0 and

<5(li,d) = O otherwise.

In this section the conditional probability of producing a codeword fragment of weight d given a randomly
selected input sequence of weight 1 is evaluated. This is given by

pd li)y = tNe i d)
L:d' t(Nee, i,d")



The conditional pdf (cpdf) of the constituent recursive convolutional encoder is shown in Figure B.1, for an
interleaver size of Nt = 100. Since the code fragment only produces even output weights, the uneven weight
probabilities are not shown. Similar distributions are obtained when the interleaver size is increased. In
this thesis the latter is refered to as the Divsalar cpdf. It was shown in [176J that, given a sufficiently large
input codeword weight i, the cpdf approaches a binomial distribution. Given a balanced source with Ny,
sufficiently large (typically>  100), this condition will always be met. Thus, in addition to the calculated
weight distributions  the cpdf, described as a binomial probability distribution with probability 1/2 (taken
over Nt = 100 trails) is also shown for reference purposes.
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Figure B.1.  Conditional probability density function (cpdf) as a function of the output weight d of the constituent  recursive

convolutional ~ encoder, given input weight I, with interleaver size Nt = 100

If the interleavers of the encoder are selected randomly and independently, the cpdf p(d |i) that any input
sequence u of weight i will be mapped into code fragments of weights d°® d° is

R. = 1/2 :p@d i) ps@s i) * PP, i),
R. = 1/3: p(d i) pSs i) * Pp, |i)* PP, i),

In (B.15), pS(ds | i) corresponds to the systematic output weight probability, and PP(d, |i) corresponds to
the non-punctured parity output weight probability. Therefore, the total codeword output weight relative
to the all-zero codeword isd = ds +do and d =ds + 2dp, for the rate-1/2 and rate-1/3 coders, respectively.

The extension to the low-rate code, e.g. R = 1/6 follows in a similar manner.

In the calculation of the BER for turbo codes of different code rate we have to integrate over the total
code input-output  weight probability distribution, denoted by p(do, di, ... .dz |i). This is achieved by the
introduction  of the conditional expectation Edli¢f3 which should be taken over the probability distribution
p(do, di .. dz |i). Here, Z constitutes the number of constituent code fragments.
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