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ABSTRACT. In order to widen the scope of the applications of deterministic
homogenization, we consider here the homogenization problem for a family of
integral functionals. The homogenization procedure tending to be classical, the
choice focused on the convex integral functionals is made just to simplify the
presentation of the paper. We use a new approach based on the Stepanov type
spaces, which approach allows us to solve various problems such as the almost
periodic homogenization problem and others without resorting to additional
assumptions. We then apply it to obtain a general homogenization result
and then we provide a number of physical applications of the result. The
convergence method used falls within the scope of two-scale convergence.

1. INTRODUCTION

We study the asymptotic behaviour (as 0 < & — 0) of the sequence of solutions
to the problems

min{FE(v) (v € W&’p(Q;R")}
where the functional F, is defined on W, *(€;R") by
— z Lpo. pn
F(v) = / 7 (w2, Do) de (v e WET(:R"), (1.1)
Q

Q) being a bounded open set in RY (integers n, N > 1), D denoting the gradient
operator in €2, and the function f : RN x RY x R*™N — [0, +00) satisfying the
following conditions:
(Hy) There exist a continuous positive function w : R — Ry = [0, +00) with
w(0) = 0, and a function a € L}, (R}) such that

loc

(2,9, 0) = f(@", 9, V] < w(lz = 2])(aly) + [ (2,9, ) (1.2)

for all z, 2’ € RV, XA € R™" and for almost all y € RY,
(Hy) f(z,-, ) is measurable for all (x,\) € RY x R*V,
(H3) f(z,y,-) is strictly convex for almost all y € R and for all z € RV,
(H4) There exist three constants p > 1 and ¢1, co > 0 such that

et [A7 < fm,y,A) < eo(1+]A]) (1.3)
for all (z,\) € RY x R™Y and for almost all y € RV.
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Since the function f(x,y,-) is convex, it comes from (1.3) (see in particular the
right-hand side of the inequality in (1.3)) that

@) = f@y N < a4 P+ NPT DN
for all z € RN, X\, € R™ and for almost all y € RY.

Consequently, for any fixed ¢ > 0 and for w € LP(Q;R™Y), the function z
f(z,x/e,w(z)) of Q into Ry (denoted by fe(-,-,w)), is well defined and lies in
LY(Q) (see [28]), with

Cc1 ||w||ip(9)nN < ||f€(7 '7w)||L1(Q) < 0/2 (1 + ||w||1[)/p(9)nN>

where ¢ = ¢y max(1,[Q|) with [Q| = [, dz. Indeed due to the inequalities (1.2)
and (1.4) the mapping (z,2’,y) — f(z,y,w(z’)) (for any fixed w in C(;R"Y))
from Q x Q x R} to Ry, lies in C(Q x Q; L>(R}")), and so one can naturally de-
fine the trace (x,y) — f(x,y,w(z)) of @ x R} into Ry as follows: f(x,y,w(z)) =
f(z,y,w(z"))|, _,, which belongs to C(Q; L>(RJ")). Therefore, due to [27, Propo-
sition 1.5], one can easily define the trace function z — f(z,z/e,w(x)), of Q
into Ry, as an element of L>°(; R ); and by density, owing to [28], the function
z s f(z,2/e,w(z)) (for w € LP(;R™Y)) is well defined and lies in L'(£2). Hence,
assuming the vector space W, (; R™) to be endowed with the norm ||U||W3,p(9)n =
[Dv|l 15(q)nnv (Which makes it a Banach space), we have in particular

1 018 gyn < 15 DOy < ¢ (T4 lolpanggy, ) (15)

0
which allows us to justify the definition (1.1). Therefore, using together the inequal-
ity (1.4) (which implies the continuity of the functional F.) with the strict convexity
of F (see (H3)) and the left-hand side of the inequality in (1.5) (which means the
coercivity of F.), we deduce [13, 31] the existence of a unique u. € W, 7 (Q;R™)
solution to the minimization problem

F.(uc) = min F.(v). (1.6)

vEWOI’p(Q;]R")

Under an abstract structure assumption (to be specified later), the homogeniza-
tion of functionals F. amounts to finding a homogenized functional F' such that
the sequence of minimizers u. converges to a limit u, which turns out to be the
minimizer of F.

From a physical point of view, e.g., in elasticity theory, the term F.(v) can be
viewed as the energy under a deformation v of an elastic body whose microstructure
behaves realistically. In the case where the microstructure has a periodic behav-
iour, the functionals F. have been attracted the attention of a great number of
researchers. We refer, e.g., to [1, 2, 7, 14, 31]. In [7], the functionals of the type
(1.1) have been studied by Braides under assumptions (Hj)-(Hy). Recently, Baia
and Fonseca [2] have studied this problem under hypothesis (H4) and requiring
continuity on (y, A) and measurability in z. It is to be noted that in [1, 14, 31], the
authors have considered functionals of the form

/Qf (g,Dv(m)) da. (1.7)

The main references for functionals of type (1.7) are Marcellini [24] and Carbone-
Sbordone [10].
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Apart from [1], all the works cited above have two common points : (1) they
have been studied under the periodicity hypothesis on the fast variable y; (2) the
convergence method used is that of T'-convergence [15]. In [1], under a periodic hy-
pothesis, and a differentiability hypothesis on f with respect to A\, Allaire recovers
some explicit results via the technique of two-scale convergence. Concerning the
results beyond the periodic setting, Kozlov [20] was the first to prove an homog-
enization result for functionals of the form (1.7), with f being a quadratic form
in its second occurrence and almost periodic in the first one. Later on, Braides
[8], using the I'-convergence techniques, studied functionals (1.7) under the almost
periodicity assumption with respect to the fast variable y and the quasiconvexity
hypothesis on f with respect to the second variable.

Our goal in this paper is to study the asymptotic behaviour of F. under an
abstract assumption covering a wide range of concrete behaviours such as the peri-
odicity, the almost periodicity, the convergence at infinity, and many more besides.
We present here a new approach to solve deterministic homogenization problems.
This new approach is based on the generalized Stepanov type spaces, and widely
opens the scope of applications of our result, Theorem 3.1, as can be easily seen in
Section 4. In particular this approach allows us to work out the almost periodic
homogenization problem without any further assumption on the function f as is
usually the case in all the previous works dealing with deterministic homogeniza-
tion theory; see for instance [28, 29]. The homogenization approach followed here
is the Y-convergence method proceeding from two-scale convergence ideas and use
of the so-called homogenization algebras; see [25] for more details.

The paper is framed as follows. Section 2 deals with notations and preliminary
results. In Section 3, we study the homogenization of problem (1.6) under an
abstract hypothesis on f(z,y,\) (for fixed z,A). Finally, in Section 4, we solve
some concrete homogenization problems for (1.6).

Unless otherwise specified, vector spaces throughout are assumed to be complex
vector spaces, and scalar functions are assumed to take values in C (the complex).
This permits us to make use of basic tools provided by the classical Banach algebras
theory. For basic concepts and notation about integration theory we refer to [6].
We shall always assume that the numerical spaces R™ and their open sets are each
equipped with the Lebesgue measure.

2. NOTATIONS AND PRELIMINARY RESULTS

2.1. Homogenization algebras: an overview of basic results. We recall that
B(Rf)’ ) denotes the space of bounded continuous complex functions on Rév (the
space R of variables y = (y1,...,yn)). It is well known that B(R}) with the sup
norm and the usual algebra operations is a commutative C*-algebra with identity
(the involution is here the usual one of complex conjugation).

Throughout the present Section 2, A denotes a separable closed subalgebra of
the Banach algebra B (Rév ). Furthermore, we assume that A contains the constants,
A is stable under complex conjugation (i.e., the complex conjugate, @, of any u € A
still lies in A), and finally, A has the following property : for any u € A, we have
u® — M (u) in L>®(RY)-weak * as € — 0 (¢ > 0), where M (u) € C and

u®(z) =u (E) (x € RM).

9
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The complex mapping u — M (u) on A, denoted by M, is a nonnegative continuous
linear form with M (1) = 1; so that M is a mean value (see [26]).

A is called an H-algebra (H stands for homogenization). It is clear that A is
a commutative C*-algebra with identity. We denote by A(A) the spectrum of A
and by G the Gelfand transformation on A. For the benefit of the reader it is
worth recalling that A(A) is the set of all nonzero multiplicative linear forms on
A, and G is the mapping of A into C(A(A)) such that G(u)(s) = (s,u) (s € A(A)),
where ( , ) denotes the duality pairing between A’ (the topological dual of A) and
A. The appropriate topology on A(A) is the relative weak * topology on A’. So
topologized, A(A) is a metrizable compact space, and the Gelfand transformation
is an isometric isomorphism of the C*-algebra A onto the C*-algebra C(A(A)). See,
e.g., [21] for further details concerning the Banach algebras theory. Since the mean
value M is a nonnegative continuous linear functional on A with M (1) = 1, this
provides us with a linear nonnegative functional v +— M; (1)) = M(G~1(¢)) defined
on C(A(A)) = G(A) which is clearly bounded. Therefore, by the Riesz-Markov
theorem, M (1)) is representable by integration with respect to a Radon measure 3
(of total mass 1) in A(A), called the M-measure for A. It is evident that we have
M(u) = fA(A) G(u)dp for u € A.

Before we go any further, it seems necessary to render more explicit the notion
of the spectrum of an H-algebra in some well-known cases. If A is the periodic
H-algebra C,e;(Y) of Y-periodic continuous functions on RY, then A(A) can be
identified with the period ¥ = [~1/2,1/2]". Let R be a countable subgroup of
RY. Let APg(RY) denote the algebra of functions on R that are uniformly
approximated by finite linear combinations of the functions in the set {v, : k €
R} where 7, is defined by 7,(y) = exp(2irk - y) (y € RY). It is known that
APr(RY) is an H-algebra [25, Example 2.2] and its spectrum A(APgr(RY)) is a
compact topological group homeomorphic to the dual group R of R consisting of
the characters v, (k € R) of RY; see [27, Propositions 2.2 and 2.6] for details.

The partial derivative of index 7 (1 < ¢ < N) on A(A) is defined to be the
mapping 9; = G o D,, o G~ (usual composition) of D'(A(A)) = {¢ € C(A(A)) :
G '(p) € A'} into C(A(A)), where A' = {¢ € C'(R])) : v, g—i €eA(1<i<N)},

D, = 8%_. Higher order derivatives can be defined analogously (see [25]). Now,
let A be the space of ¥ € COO(R{JV) such that Dgy = % € A for every
Yo Oy

multi-index o = (g, - - -, an) € NV, and let D(A(A)) = {p € C(A(A)) : G Hp) €
A*}. Endowed with a suitable locally convex topology (see [25]), A> (respectively
D(A(A))) is a Fréchet space and further, G viewed as defined on A is a topological
isomorphism of A onto D(A(A)).

By a distribution on A(A) we mean any continuous linear form on D(A(A)).
The space of all distributions on A(A) is then the dual, D’'(A(A)), of D(A(A)). We
endow D’(A(A)) with the strong dual topology. The following result permits us to
view the space LP(A(A)) (1 < p < 00) as a subspace of D’'(A(A)) and so will allows
us to define the Sobolev type spaces associated to the spectrum of an H-algebra.

Proposition 2.1. Let A be an H-algebra. Assume A is translation invariant, that
is, Tqu € A for any a € RN, where 7,u = u(- —a), and moreover that each element
of A is uniformly continuous. Then the space A is dense in A.
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Proof. Let u € A; then for all ¢ € D(RY) we have ¢ * u € C®(RY) where ¢ * u
stands for the product of convolution defined by (¢ * u)(y) = [(Qu(y — {)d¢
(y € RY). Now, since u and ¢ are uniformly continuous, there exist, for every
e >0, some Y1, ..., ¥, € RY and some positive real numbers jy, ..., i, such that

u(z —yi)e(yi)p:| <e,

1

sup
zERN

/ u(z — y)o(y)dy —

n

K2

i.e.

pru— Y o(y)mryul| <e

i=1

oo

where 7,,u(r) = u(z —y;) for + € RY. But A is translation invariant, hence
Tyu € A and so Y Ty up(y;)pu; € A, and therefore p x u € A, A being closed
with the sup norm topology. Since D®(pxu) = D*px*u for all & € NV, we conclude
that D*(p xu) € A, and so, p xu € A,

Now let (6,)n>1 be a mollifier on RV, ie. (6,),>1 € DRY) with 6,, > 0,
[ 6.(y)dy = 1, 6,, has support contained in %EN, where By is the closed unit
ball in RY. Set u, = 6, *u (n > 1); clearly u, € A>® and u,(z) — u(z) =

J(u(@ —y) — u(2))0n(y)dy, hence

|un —ull < sup sup |u(z —y) —u(x)].
TERN |y|< L

But u is uniformly continuous and bounded since A is an H-algebra. One deduces

that sup,egn supjy <1 [u(z —y) —u(z)| — 0 as n — oo, ie. u, — uin A as
n — o0o. The proposition follows thereby. [

It will be an easy exercise (left to the reader) to see that all the H-algebras
encountered in this paper are translation invariant. Any H-algebra A verifying
the property that A is dense in A will be termed of class C*>°. The above result
provides us with a large class of H-algebras of class C*.

Proposition 2.1 is equivalent to say that D(A(A)) (= G(A>)) is dense in C(A(A))
(= G(A)), so that one can easily see that LP(A(A)) C D'(A(A)) (1 < p < o) with
continuous embedding. Hence we may define the Sobolev space

WHP(A(A)) = {u € LP(A(A)) : diu e LP(A(A)) (1<i<N)} (1<p<o0)
where the derivative 0;u is taken in the distribution sense on A(A) (exactly as the

Schwartz derivative in the classical case). This is a Banach space with the norm

N P
ullwreacay = <|u||ip(A(A)) +> ||3iu|’£p(A(A))> (u e WHP(A(4))).
=1

However, in practice the appropriate space is not W?(A(A)) but its closed sub-
space

WP(A(A))/C = {u € WIP(A(A)) : /A(A) u(s)dB(s) = 0}
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equipped with the seminorm

i=1

N ¥
ullwrr(acayc = (Z ||8iu||ip(A(A))> (u e WHP(A(A))/C).

Unfortunately, the space WP(A(A))/C is in general nonseparate and noncomplete.
We introduce the separated completion, W;’p(A(A)), of WHP(A(A))/C, and the
canonical mapping J of WP(A(A))/C into its separated completion. For 1 < p <
00, W;’p(A(A)) is a reflexive Banach space and W;’Z(A(A)) is a Hilbert space.
Furthermore, as pointed out in [25], the distribution derivative 0; viewed as a
mapping of W1P(A(A))/C into LP(A(A)) extends to a unique continuous linear
mapping, still denoted by 9;, of W;p(A(A)) into LP(A(A)) such that 9;J(v) = d;v
for v € WHP(A(A))/C and

P

||U||W1 P(A(A)) (Z 10; U|Lp(A(A))> for u € W#p(A(A))-

We will now recall the notion of X-convergence in L? (1 < p < 00) in the present
context. Before that, let us state another definition: the letter E throughout will
stand for any subset of positive real numbers admitting 0 as accumulation point.
When F is an ordinary sequence of reals (esn)nEN with 0 < ¢, <1landeg, — 0 as
n — o0, it will be referred to as a fundamental sequence.

Definition 2.1. A sequence (uc)..p C LP () is said to :
(i) weakly 3-converge in LP (2) to some ug € LP (2 x A(A)) ifas E > e — 0,

/ - (@) dm—>//QXA(A) (2,8) 1 (x, s) dedf (s) (2.1)

for all ¢ € LP' (Q; A) (1% =1- %) where ¢° (z) = ¢ (z, %) and (z,7) =
G (x,7)) ae. in z €

(ii) strongly ¥-converge in LP () to some ug € LP (2 x A(A)) if the following
property is verified :

Given >0 and v € L (5 A) with [lup — V|| 1»xa(a)) < 7, there
is some o > 0 such that [lue — v°|[ 1, ) <7 provided £ > e < a.

Remark 2.1. The existence of such v’ s as in (ii) above results from the density
of LP (;C(A(A))) in LP (2; LP(A(A))).

We will briefly express weak and strong Y-convergence by writing u. — wug in
L? (Q)-weak ¥ and u. — ug in LP (Q)-strong X, respectively.

For the main results regarding >-convergence, we will draw the reader’s attention
to [25]. However, we recall below one fundamental result and the notion of proper
H-algebra which play crucial roles in Y-convergence theory.

Theorem 2.2. Let 1 < p < o0o. Given a fundamental sequence E and a sequence
(tue)ecr which is bounded in LP(Q), a subsequence E' can be extracted from E such
that the sequence (uc)eepr weakly X-converges in LP ().
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Proof. Set L.(f) = fQ u.fedx (f € Lp’(Q;A))7 where f¢ € Lp’(Q) is defined by
fé(z) = f(z,z/e), € Q. Then

[Le(N < ellfllo eay (€€ B,

hence (Lc(f))eer is bounded in C and therefore, there exist a subsequence E’(f)
and a complex number L(f) (fz G(f), G the Gelfand transformation on A) such
that, as F'(f) 2 ¢ — 0, one has L.(f) — L(f) Using the separability of LPI(Q; A)
(note that A is separable) and the diagonal process, one gets the existence of a
subsequence E’ from E such that, as £/ 3 ¢ — 0,

L.(f) — L(f) for any f € L¥ (; A).
But one also has the inequality |Le(f)[ < c[|f*[|1 (o) and further, as E' 3 ¢ — 0,

170 Lo ) — Hf‘ Lo (A (see e.g. [25]), so that the following holds:

zp] <]

Hence the linear form L : f — L(f), from L¥ (Q;C(A(A))) to C, extends by
continuity to an element of L?' (Q x A(A)) (because LP (€;C(A(A))) is dense in
LY (Q x A(A))). Therefore there exists a function u € LP(€2 x A(A)) such that

L' (Q2x A(A))

Lf = [ [ ufdsae (fe (@),
QJA)
This completes the proof. ([

The notion of W1P-proper H-algebras will be of fundamental interest in the
ensuing sections.

Definition 2.2. The H-algebra A is said to be WP-proper for some given real
p > 1 if the following conditions are fulfilled :

(PR)1 D(A(A)) is dense in WHP(A(A));

(PR), For any bounded open set Q in RY, W1P(Q) is Y-reflexive in the following
sense: Given a fundamental sequence E and a sequence (u.)ccr which
is bounded in W1P(Q), one can extract a subsequence E’ from E such
that as £/ > ¢ — 0, we have u. — gy in WP(Q)-weak and %i —
g—qx + Ojuy in LP(Q)-weak ¥ (1 < i < N), where ug € WHP(Q) and vy €
LP(Q; W, (A(A))).

We give here below a few examples of W P-proper H-algebras.

Example 2.1. Let A = Cpe(Y) (Y = (0,1)V) be the periodic H-algebra of Y-
periodic continuous functions on RY. Then A is W P-proper for any real number
p > 1; see [28].

Example 2.2. Let R be a countable subgroup of RY. Let A = APp(RY) be
the algebra of complex almost periodic continuous functions defined earlier in this
subsection. Then following the same line of reasoning as in [12]) we see that the
H-algebra A is W'P-proper for any real number p > 1.
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Example 2.3. Let R be as in Example 2.2. One define the H-algebra of perturbed
almost periodic functions as the direct sum A = AP (RY)®Co(RY) where Co(RY)
denotes the space of continuous functions in RV that vanish at infinity. Then it
can be shown using [28] and Example 2.2 that A is a WP-proper H-algebra for
any real number p > 1. Indeed A is the space denoted by Boo = (RY) defined in
[25] as the closure in B(RY) of the space of all finite sums

Z piti (p; € Boo(RY), u; € APR(RY)),

finite
where Bo,(RY) is the space of all continuous complex functions on RY that have
finite limit at infinity. In particular for R = {0} we have that A = R ® Co(RY) =
Boo (RY) is WlP-proper for any real number p > 1.

2.2. The abstract problem and preliminary results. Let 1 < p < oo, and let
Y = (-3, %)N be the unit cell. We denote by (LP,¢>)(RY) [18] the space of all
u € LY (RYN) such that

loc

P
lull, . = sup ( / |u<y>|de) < +oo.
kezZN k+Y

This is a Banach space under the norm |- [, ..

Now, let A be an H-algebra on RY which is assumed to be translation invariant.
We define BY (RY) to be the closure of A in (LP, ¢>°)(RY). Provided with the norm
[Ml,.00» B (R™) is a Banach space. It is a generalized Stepanov type space. Since
its properties are very closed to those of the generalized Besicovitch type spaces
[11, 12] we refer the reader to [11, 12] for the documented presentation of these
spaces. Moreover Propositions 2.3-2.4 and Corollaries 2.1-2.2 of [25] are still valid
in the present context. In particular we have the following fundamental results:

1) The mean value M as defined on A, extends by continuity to a positive
continuous linear form (still denoted by M) on B (RY). Furthermore, for
each u € BY(RY), we have u* — M (u) in LP(Q)-weak as ¢ — 0, where
u® € LP(Q) is defined by u®(z) = u (x/e) for z € Q;

2) If 1 < p,q,r < oo are such that %—i—% = L and if u € BY(RY) and
v € BY(RYN), then uv € B, (RV);

3) Property (2.1) (in Definition 2.1) still holds for ¢ € C(€; BZ’OO) where
Bﬁ/’oo = BZ (I/RN) NL>®RYN) and p’ = p/(p—1). Furthermore, if we provide
the space B> with the L°°(RY)-norm, it can be shown that, for u €
B>, we have G(u) € L>(A(A)) and 1G]l Lo (agay) < 1l poo -

4) The Gelfand transformation G : A — C(A(A)) extends by continuity to
a unique continuous linear mapping, still denoted by G, of BY(RY) into
LP(A(A)).

This being so, the main purpose of this section is to investigate the asymptotic
analysis, as € — 0, of u. (see (1.6)) under the abstract structure hypothesis

f(x,-, ) € BY(RY) for any 2 € Q and all A € R™Y. (2.2)

where p’ = p/(p—1) with 1 < p < 0.
Now, let Ap = ANC(R);R) and AR = A N Ag. The following result will be
fundamental in the homogenization process.
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Proposition 2.3. Assume (2.2) holds true. Then, for every ¥ € (Ar)™N and

every x € Q, the function y — f(z,y,¥(y)) denoted below by f(z,-, W), lies in
BL (RYN).

Proof. Let K ¢ R™ be a compact set such that U(y) € K for all y € RY. By
viewing f as a function (z,\) — f(z,-,\) of Q@ x R™™ into BL(RY), we have
that f belongs to C(Q2 x R™V; BY (RY)) (combine (2.2) with (1.2) and (1.4)). Still

denoting by f the restriction of this function to 2 x K, it immediately follows
that f € C(Q x K;BL(RY)). Hence using the density of C(Q x K) ® B4 (RY) in
C(Q x K;BY(RY)), one may consider a sequence (¢, )n>1 in C(Q x K) ® B (RY)
such that

sup sup ||qn($7 7>‘) - f(xv 7)‘)H1 0 7 0 as n — oo.
reQ AEK ’

As

||qn($, ) \Ij) - f(xa ) \II)”LOO § SUB sup an((E, ) )‘) - f(x7 ) )\)Hl,oo
zeQAEK

we have g,(z,-,¥) — f(z,-, V) in BY(RY) as n — oco. Thus, the proposition is
shown if we can verify that each g, (x, -, ¥) lies in BY (RY). However this will follow
in an obvious way once we have checked that for any function ¢ : Qx Ré\f X Rf\‘N —R
of the form

q(z,y,)) = x(z,\)®(y) (y e RY, X e RV, 2 € Q) with x € C(AxK) and & € BL(RY),

we have ¢(z,-,¥) € BLY(RY). But given ¢ as above, we know by the Stone-
Weierstrass theorem that there is a sequence (fy,),>1 of polynomials in (z,)) €
Q x K such that f, — x in C(Q x K) as n — oo, hence f,(z,¥) — x(z,¥)
in B(R)') as n — oo. Therefore, it follows that x(x,¥) lies in Ag, since the
same is true for each f,(x,¥) (recall that A is an algebra). We conclude that
q(z,-,¥) = x(z,¥)® € BL(RY) as the product of an element of A by an element
of B4 (RY). This concludes the proof. O

Now, let ¥ € C(Q; (Ag)™V). It is worth recalling that using inequalities (1.2) and
(1.4), one can easily define the function y +— f(z,y, ¥(z,y)) of RY into R, denoted
by f(z,-, ¥(z,-)), which lies in LOO(RéV), and hence the function z — f(z,-, ¥(x, "))
of € into L>*(R}’) (denoted by f(-,-,¥)) as element of C(Q; L°(R))). Therefore,
for fixed ¢ > 0, we define the function = — f(x,z/e, U(z,z/c)) of Q into Ry
(denoted by fe(-,-, ¥¢)) as element of L>°(€;R). This function will be of particular
interest in the rest of this work. Moreover, in view of (1.2), (1.4) and (2.2), we have

f(, ) € (4 BY(RY)) for all ¥ € C(Q; (Ar)™Y).

Before going any further, however, we require a few preliminary notions and

results. To this end, let 1 < p < oo. Set
Fo? = WP (QR™) x LP(Q; WP (A(A);R)™),

where W;&’p(A(A);R) ={u e W;p(A(A)) :Ou € LP(A(A)R) (1 <4< N)}is
provided with the W;p (A(A))-norm (which makes it a Banach space). We equip

Fy? with the norm

Pl = (0l e + 1901 sy ) (8= (i) € EE)



10 GABRIEL NGUETSENG, HUBERT NNANG, AND JEAN LOUIS WOUKENG

where ||~HW01,p(Q)n is defined in Section 1, and

n N
”ul”LP(Q;W#”(A(A))") = ZZ 101,

i=1j=1

IiP(QxA(A)) for uy = (u1,i)1<i<n-

With this norm, Fy” is a Banach space. In the sequel we assume that D(A(A)) is
dense in WP(A(A)). Then F§° = D(Q;R)" x [D(Q;R) @ J(D(A(A);R)/C)"] is
dense in Fy”, where D(A(A);R)/C = {u € D(A(A);R) : [44,udB = 0}.

In all that follows, we assume that (2.2) holds. Then f(z,-,¥) € By®(RY) =
BL(RN) N L2(RY;R) for all z € Q and for all ¥ € (Ag)"". Consequently
G(f(z,,¥)) € L®(A(A)) for all x € Q (see [25, Corollary 2.2]). This being so, for
0 € C(A(A);R)™ and = € Q, let

b(.Z‘, 90) = g(f(.fl,‘, ) g71¢))
where G~ 1y = (Qilcpj)lngnN. Then, for fixed z € Q, one defines a transformation
b(x,-) from C(A(A); R)™Y into L>°(A(A)).
The following result will allow us to rigorously set the homogenized problem.

Proposition 2.4. Suppose that (2.2) holds. For V € C(Q; (Ar)™Y), let b(x, \/I\l(m)) =
G(f(x,, U(z, ")) (x € Q) where U = (G o)) 1<jcnn with ¥ = (¢,)1<j<un. This
defines a mapping © — b(z, U(z)), denoted by b(-, V), of Q into L=(A(A)). Fur-
thermore, the following assertions are true:
(i) b(-,¥) € C(Q; L=(A(A))) and
FECy - W8) — b(-, U) in LY(Q)-weak £ as £ — 0. (2.3)

(ii) The mapping ® — b(-, ®) of C(;C(A(A); R)™Y) into L' (2 x A(A)) extends
by continuity to a mapping, denoted by b, of LP(Q2x A(A); R)"N into L' (2x
A(A);R) such that

160, 1) = b( V)l 1 axacay <

Lt s v T =i 24
¢ Ulir@xaa)y T IIVILe@xaa))ny U = VilLr(xa(A)nN

for allu,v € LP(Q x A(A);R)"V.

Proof. Let ¥ € C(; (Ar)™Y). Thanks to the preceding proposition, assuming
(2.2) holds, then the function (z,y) — f(z,y, ¥(x,y)) is defined as an element of
C(Q; 8114’00) denoted by f(-,-, ¥) or explicitly by f(z,y,¥). Now, since property
(2.1) (in Definition 2.1) still holds for v € C(€;B%>) and thanks to the result
1) stated previously, the convergence result (2.3) follows at once. On the other
hand, by the definition of the function f(-,-, ¥) it is immediate that this function
verifies property of the same type as in (1.4), so that arguing as in the proof of [29,
Proposition 3.1] we get the remainder of the above proposition, that is, (ii). O

Remark 2.2. We have in particular
(1) c1[A" <b(z,A) oL+ [A) (2 € Q, A eR™);
(ii) b(z,-) is strictly convex for all z € ;
(iii) b(-,\) is measurable for all A € R™V.
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The next corollary will be of great interest in the proof of the main result of the
paper.
Corollary 2.5. Let
b, = 1!}0 + 51/1? (25)

ie., P(x) = Yo(z) + ey (z,x/e) for x € Q, where Yy, € D(;R)™ and ¢, €
(DS} R) @ AR)™. Then, as e — 0,

fe(, -, D®.) — b(-, DYy + 5@1) m Ll(Q)—weak »
where 87:;1 = (8j1$1)1§j§1v.

Proof. Since D®, = Dipy + (Dy1h1)® + (D)%, it is immediate by (1.4) (where we
have taken there y = /e, A = Dy + (Dy11)¢ and X' = D®., and after integrating
the resultant inequality over ) that, as ¢ — 0,

fE(.’ K DQE) - fs('v K Di/’o + (Dy¢1)€) — 0 in Ll(Q) (26)
Thus by the decomposition (for v € L>®(Q; A))

‘/Qfg('? '7D¢’5)'U6dx — /:/QXA(A) b(7 D¢0 + 6’(/)1)6615(}616
- /Q[fe('v'vD(I)E)_fa('a'aD’@[JO"_(Dywl)E)]vadx
+/ FECs Dby + (Dyrpy)*)v da
Q
[ oD+ 05 yodeas,
QXA(A)

the result follows at once by (2.6) and by [part (i) of] Proposition 2.3. O

Now, for v = (vg,v1) € Fy?, set Dv = Dug + dvy € LP(Q x A(A))™N and define
the functional F' on Fy? by

F(v)= //QXA(A) b(-, Dv)dzdf.

Thanks to Remark 2.2, there exists a unique function u = (ug,u1) € IE‘(I)’p that
minimizes F on F}”, i.e.,

F(u)= inf F(v). (2.7)

veRy?

2.3. Regularization and partial results. Let 6,, € D(R™Y) (integer m > 1)
with 0 < 6,,,, suppb,,, C %EnN (B the open unit ball in R™N . B, its closure
in R"™) and [ 6,,,(\)d\ = 1. We regularize the integrand f in F. in order to get an
approximating family of integrands (fy,)m>1 satisfying standard growth conditions

of order p and differentiability as follows:

Py, N) = / B () (2,9, A — m)dn (2,9, )) €RY x RN x R™N),

The main properties of this new integrand are the following:
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(Hy),, We have
| fr (2,9, A) = frn (2, 9, M| < w(lz = 2])(a(y) + fn(z,9,N))

for all z, 2’ € RV, X\ € R™ and for almost all y € R, where the functions
w and a are as in (H;) (see Section 1),

(H2)m fm(x,-, A) is measurable for all (z,\) € RV x R™N

(H3)m fm(x,y,-) is convex for almost all y € R and for all z € RV,

(Hy)m There exist 0 < ¢3 < ¢4, c3 depending or not to m and ¢4 independent to
m, such that

cs NP < fnlz,y, N) a4+ AP) (2 e RV A€ R ae. y e RY) (m > 1)

(Hs)m %L;\"(ac, y, ) exists for all (z, A) and for almost all y € R, and there exists

a constant ¢ > 0 depending on m such that

afm p—1
2| e (L)

for all (x,\) € RY x R™™ and for almost all y € RN (m > 1).

Properties (Hy)m-(Hs),, come easily from properties (H;)-(Hy4) and from the
Riemann-Lebesgue theorem.

Lemma 2.6. Assume (2.2) holds. Then for any integer m > 1 and any function
U e (Ag)"™Y we have f,,(z,-, W) € BY for all x € Q.

The proof of the preceding lemma strongly relies on the following proposition
whose proof can be found in [6].

Proposition 2.7 ([6, Chap. III, Sect. 3, no 3, Proposition 7]). Let F' be a locally
convez topological vector space which is separated, and let X be a locally compact
topological space provided with some Radon measure p. Finally let f : X — F be a
continuous function with compact support. If the range f(X) of f is contained in
a complete convex subset of F, then the integral of f, [ fdpu, lies in F.

We can now prove the previous lemma.

Proof of Lemma 2.6. Fix an integer m > 1. Since the function f,, satisfies proper-
ties (Hy)m-(Hyg)m, as a result of Proposition 2.3 we only need to check the following:

fm(z,-,\) € BY for all (z,)) € Q@ x R™M. (2.8)
For that purpose, set g(y,1) = 0,m(n)f(x,y,A — 1) (y € RN, n € R™V) for x and A
arbitrarily fixed. Then by (2.2) one has g(-,n) € BY for any n € R®" | and moreover
combining (1.4) with the fact that 6,, € D(R"Y) we easily deduce that the function

n+— g(-,n), is an element of (R™Y; BY) (the space of continuous functions of R
into BY with compact support). Thus, by virtue of Proposition 2.7 above, we get

[ g(-,n)dn € BY, ie., (2.8). -

Now, fix m > 1. We know by the preceding lemma that f,,(z,-, V) € BY for all
U € (Ag)™" and for all z € Q. Hence by setting

b (2, 9(2)) = G(fon (@, -, U(x,-))) for T € C(Q; (Ap)™) and 2 € Q,  (2.9)

we have the results similar to those in Proposition 2.4 mutatis mutandis. Moreover
the following result holds.
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Lemma 2.8. Let u € LP(Q x A(A);R)"N. Then, as m — oo,
b (- u) — b(-,u) in LY(Q x A(A)).
Proof. This will be done in two steps.
Step 1. Let ¥ € C(; (Ag)™V); then
Hb - b( \II)‘ L1(QxA(A)) = foXA(A) ‘bm(xv \/I}(m)) - b(x7@($))‘ dzdp
- foXA(A) |g (fm(xa ’7\Ij(x7 )) - f(‘ra *y \11(1'7 )))‘ dl’dﬂ
= Jo lIG (fm(z, - ¥(z, ) = f(2,, O(z, )| 11 (a(a) d@
< fQ Hfm(l" B \I/(x7 )) - f(l‘, ) \I/(:E, ))Hl,oo dx
= fQ SUPgecy fk+Y |f‘rn(x7yv \IJ(Z‘,y)) - f(xayv \Il(gj,y))‘ dy> dx
S fQ SUDPrecy fk+Y |f9m(77) [f(z,ya\:[j(z7y) - 77) - f(:c,y,\I/(:c,y))] d77| dy) dx

< Lloup sup sup (14 W(w,2) =l + [0z, 2) )
z€Q |n|<1/m zeRN

where Q| = [, dz. It is easily shown that the right-hand side of the last inequality
above goes to zero whenever m — oo.

Step 2. Now let u € LP(QxA(A); )"N andlet (¥;) bea sequence in C(Q; (Ar)™)
such that \I/J — uin LP(QxA(A))"N as j — oco. The sequence ( j); being bounded
in LP(Q2 x A(A))™V there exists a positive constant ¢’ such that

-1 »’
d > 2cs 14 )2 " JrH
jlelg H ”LP(QXA( N LP(QxA(A))nN ’

where the constant ¢ is as in (2.4). Finally, let § > 0, and let jo € N be such
that Hu < 6/2¢ (remind that \f/j — win LP(Q x A(A))™Y as

ollLr(@xA(A)nN
j — 00). In view of Step 1 there exists an integer mgy > 0 such that

[ T50) = b )

Whence for any m > mq large enough, we get [[by(-,u) = b(-,u)| 1 (gxa(ay) < 9
where we have used the inequality

< 0/2 whenever m > my.
L1(QxA(A))

b (-, 10) — b(-, )| 11 Hb ~ by,
() = b )3 sy O]
b (- W ) — (-, W
+H Wjo) = b, Wjo) Ll(QxA(A))
b(-,T,,) — b H
+H ( ) LOxA(A )
<2(1 p-1 H S
B c( Tl axacay LP(QxA(A))" llLe(@xaa))ny
+Hb T;,) —b(-, T,
Ll(QxA(A))
This completes the proof. ([l

Remark 2.3. Note that the way the function %{\T is defined implies that for
U € C(Q; (Ar)™)), the function z — %(x, - ¥(z,-)) from Q into L>(RJ) is well
defined. We denote this function by % af (e, 0.

We are now ready to prove one of the most important results of this work.
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Proposition 2.9. Let (v.).cr be a sequence in LP(Q; R)™Y which weakly ¥.-converges
componentwise to v € LP(2 x A(A);R)"N. Assume that (2.2) holds and that for
any integer m we have

%J;m( A) € Bp for any X e R™Y  for allz € Q and all 1 <i <nN. (2.10)
Then for any integer m > 1 we have
// b (2, v)dzdf < hmmf/ fm lz ,7, )) dz.
QxA(A) E3e—0

Proof. We follow an argument of Allaire [1]. Let ¥ € (D(;R) ® Ag)™Y and let
m > 1 be freely fixed. Since fp,(z,y,-) is convex and differentiable we have

/fm z, dm > /fm ,7 g))dx—i-
Ofm T T T
+/Q%<x,g,@<x,g>).<vg(x>_@<x,g>>dx.

In view of Lemma 2.6 we have

1. m\ Ly — - d* m \IJ dd
Jim [ g (o 20 (s x//M (2, 9 (x))dzdB

where by, (-, ¥) is defined by (2.9). On the other hand, thanks to (2.10) one has
%’;’;" (-, U) € C(Q; BY, ™) where %’;” (+,-, ¥) stands for the function z — %’;” (-, ¥(z,"))

from € into Bf{. Whence, when E 5 € — 0, as a result of [25, Proposition 4.5], one

has 5
0B (5 (2,2)) - (ve(0) — ¥ (2,2)) do
~ Slaeaca B @ ¥, ) - (0(a) — B(a))deds
where %(m, S U(z, ) = (g (%J;T (z,-, U(z, .))>)1§i§nN7 G being here the canon-

ical mapping of BZZ‘/ into L”,(A(A)). Therefore
léranaglfffl fm (2, %, v.(2)) do > T Jaxaca by (2, U (z))dxdf
+f foA(A) ag/\ (x, U (x, )) . (U(l‘) - \/I\l(m))dacdﬁ

But, we have to take into account property (Hy,)s

P 2, (2, ) - (0(2) — @<x>>dxdﬁ]

o= 7]
Thus, by choosing a sequence (¥;); in (P(:R) ® Ag)™™ such that ¥; — v in

LP (2 x A(A))™N as | — oo, it follows that for fixed § > 0, there exists [y € N such
that

1

o’

< 2bew [m + 9] ’ } .
LP(Qx A(A)"N LP(Qx A(A)"N

< foralll>l.

ey A
‘//QXA(A) 8)\ z,+ Vi(z,)) - (v(z) — ¥y (z))dzdS

Hence

liminf/ Fn (a: E,ve(x)) da > // b (2, U (2))dzd — § for all 1 > lo.
€ QOxA(A)

E3e—0 Jo
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Passing to the limit as | — oo, and using the continuity of A — b, (x, \) yield

x
hminf/ m |, —,v(x) ) dx > // b (z,v(x))dzdp — 6.
E>e—0 Qf ( € ( )> QxA(A) ( ( ))

Since ¢ is arbitrarily fixed, we are led to

xr
lim inf — dr > b dxd
iming [ (5. Zve@) o2 [ b Geoteinas,

which completes the proof. O

Remark 2.4. We shall see in Section 4 that hypothesis (2.10) will always be
satisfied for the concrete problems that we will consider.

As a consequence of the preceding proposition we have the following

Corollary 2.10. Let (u:)cer be a sequence in WHP(Q; R™). Assume that (Du.)cep
weakly X-converges componentwise to Du = Dug+0u; € LP(Qx A(A); R)™N | where
u = (ug,u1) € FyP. Further assume that (2.2) and (2.10) hold. Then

/ / b(z, Du)dzdf < lim inf / f (m,f,DuE(x)> dz. (2.11)
QxA(A) E3e—0 Jo €

Proof. For any n € R™ one has

f('ray7>\ - 7]) < f('rayvA) + 02(1 + |/\ - 77|p_1 + |)\|I)—1) |77| (See (14))7

hence
Fn(e,:0) < @y, + 2 [ On(n)+ 3= 0™ + ) ol
Thus
ey 2) € Sy )+ 2 sup (1 P+ P,
so that

fQ fm ( €, gyDue( )) dr < fo (l', E,DUE({E)) dx
+2 [ (511p|,,|§% (1 + | Duc(z) — )" + |Du5(x)\p_1>) dz.

Therefore, using Proposition 2.9 we get

foxA(A (x, Du)dzdp < 11m1nfo fm (2,2, Duc(z)) dz <

<liminf [, f (2, 2, Duc(z ) dot
e2timing fo (supjyic (14 Duc(e) — "™+ Duc(@)" ™)) da

By letting m — oo, using Lemma 2.8 we are led to (2.11). O
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3. ABSTRACT HOMOGENIZATION RESULT

Our main purpose in this section is to prove the following homogenization result.

Theorem 3.1. Suppose (2.2) and (2.10) hold and further A is WP-proper (1 <
p < o0). For each real € > 0, let u. be the unique solution of (1.6). Then, as
e —0,

ue — ug in WHP(Q)"-weak, (3.1)
Ous 9% | g in LP(Q)"-weak © (1 < i < N) (3.2)
ox; ox; o - ’ '

where u = (ug,u1) € Fy? is the unique solution of the minimization problem (2.7).

Proof. In view of the growth conditions in (Hy), the sequence (u)e~¢ is bounded in
WP (€; R™) and so the sequence (f<(-, -, Du,))eso is bounded in L' (€2). Thus, given
an arbitrary fundamental sequence F, the properness of A and the compactness of
the embedding W, ?(Q;R) — LP(€;R) guarantee the existence of a subsequence
E' from E and a couple u = (ug,u;) € Fy? such that (3.1)-(3.2) hold when E’ 3
e — 0. The real sequence (F.(uc))., being bounded (since (uc)c>o is bounded
in WO1 P(Q;R™)), there exists a subsequence from E’ still denoted by E’ such that
limp/seo Fe(ue) exists. It remains to verify that u = (up,u1) solves (2.7). In
fact, if u solves this problem, then thanks to the uniqueness of the solution of
(2.7), the whole sequence (u.).>o will verify (3.1) and (3.2) when ¢ — 0. Thus our
only concern here is to show that u solves problem (2.7). To this end, in view of
Corollary 2.10, we have

/ /QXA(A)b(a:,]D)u)da:dﬁS lim | f (2,2, Du()) do. (3.3)

E’'5e—0 0
On the other hand, let us eAstablish an upper bound for fQ f (x, 2, Du. (x)) dx. To
do that, let ® = (g, J"(¢,)) € F§° with ¢y € D(QR)", ¥y = (Y1 )1<i<n €
DIGR) © (AF/C)], J"(B)) = (J 0 By Jicicn, where AP/C = {Y € AP :
M () = 0}. Define @, as in Corollary 2.5. Since u,. is the minimizer, one has

/Qf (x,g,Dug(:c)) dx < /Qf (x,%,D(PE(m)) dz

Thus, using Corollary 2.5 we get

lim [ f <1: f,Due(:c)) do < / / b(z, Dy + 0, )dzdf
€ QX A(A)

E'3e—0 Jo

for any ® = (1, J”(zzl)) € Fg°, and by density, for all ® in Fy”. From which,

x
lim z,—,Duc(z)) de < inf b(x, Dv)dzds. 3.4
Jim [ 1 (@ Epww) s e [ b b G

Inequalities (3.3) and (3.4) yield

// b(z, Du)dzdf = inf // b(z, Dv)dzdp,
QxA(A) veFy®? J JaxA(A)

i.e., (2.7). The proof is complete. |
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4. SOME CONCRETE HOMOGENIZATION PROBLEMS FOR (1.6)

This section deals with the study of some concrete homogenization problems for
(1.6). Thanks to Proposition 2.3, the way of proceeding will be very simple.

4.1. Problem I (Periodic setting). Our goal in this subsection is to study the
homogenization of (1.6) under the periodicity hypothesis :

For any k € ZV, for all z € Q and all A € R*V,

f(@,y+k A = f(z,y,\) ae. iny e RV, (4.1)

We express this by saying that the function f(z, -, \) (for fixed z, \) is Y-periodic,
where Y = (0,1)". The appropriated H-algebra here is the periodic H-algebra
A = Cyer(Y) (the space of Y-periodic continuous complex functions on RJ'). We
are immediately led to

fla,y + k&, U(y + k) = f(z,y,P(y) (v € Lk €ZY, ae. inyeRY)
for any ¥ € (Ag)™N.

Whence, thanks to (4.1) and the right inequality in (1.3),

f(fl?,’,)\) €Ly

per

(Y) for all A € R™ and for all z € Q,

so that, since L2, (Y) C L} (Y),

per

flz,,A) € LL (V) for all A € R™ and for all z € 9,

per

where L1 (Y) (resp. L, (Y)) denotes the space of Y-periodic functions in L{ (RY)

per per loc

(resp. L*(RYM)). But L (Y) = BY and the H-algebra Cpe,(Y) is W1P-proper

per
for any real number p > 1. Hence the conclusion of Theorem 3.1 holds with

A =Cper(Y), and with Y in place of A(A), dy in place of df and D, in that of 0
(see [25]). Precisely we have the following result.

Theorem 4.1. Let 1 < p < co. For each fixed € > 0, let u. be the unique solution
to (1.6). Then, ase — 0,

ue — ug in Wi (Q)-weak

and
Ou, Oug  Ouy
— +

in LP(Q)-weak ¥ (1 <i < N)

where the vector function u = (ug,u1) € Fé’p is the unique solution to the varia-
tional minimization problem

F(u) = inf // f(z,y, Dvg + Dyv1)dzdy
v=(vo,v1)€Fy? J Jaxy

where Fg? = Wy P (;R™) x LP(Q; WP (Y)") with WP (Y) = {u € WLE(Y;R) :

per

fY u(y)dy = 0}, WLP(Y;R) being the space of Y -periodic functions in VVIL?(RN; R).

per oc
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4.2. Problem II. We plan to study here the homogenization of (1.6) under the
hypothesis

f(z, - \) e Lclxg,ZN (RY) for all z € Q and all A € R™Y (4.2)

1
where LOO’ZJV

(RY) denotes the closure in (L', £>°)(RY) of the space of finite sums

Z i with ¢, € Boo(RY), u; € Cper (Y),

finite

Boo (RY) being the space of continuous complex functions on RY that converge at
infinity. Then the appropriate H-algebra for this study is A = By, z~ (RY) where
Boo 2 (R™) is defined as in Example 2.3 by taking there R = Z". Since A is W!?-
proper for any real number p > 1, the homogenization problem for (1.6) follows
under the assumption (4.2).

4.3. Problem III (Almost periodic setting). Before stating the problem to be
studied, let us however, recall a general notion of almost periodicity : A function
ue LP (RY) (1 <p< o0)is said to be almost periodic in Stepanov sense if u lies in
the amalgam space (LP, (*)(RY) and further the translates {7,u},cr~ form a rel-
atively compact set in (L, ¢>°)(R™). Such functions form a closed vector subspace
of (LP,¢>°)(RY) denoted by L% ,(RY™). It is worth recalling that (L?,¢>°)(RY) is
the space of functions u € LT (R") such that

[ull, o = sup (/ U(y)l”dy> < 0.
kezZN \ JE+(0,1)N

(LP,¢>)(RY) is a Banach space under the norm [|[l,00» and the appropriate norm
on L% o (RY) is the (LP, >°)(RY)-norm. It is also worth noting that AP(R™) (the
space of Bohr almost periodic continuous functions [27]) is a dense vector subspace
of L% p(RY). Let R be a countable subgroup of RY. If we set LY (RY) =
{u € LHpRY) : Sp(u) € R} where Sp(u) = {k € RY : M(F,u) # 0} with
ve(y) = exp(2itk - y) (y € RY), then LZRR(RN) is a Banach space under the
p.0o» Which admits APR(RN) = {u € AP(RY) : Sp(u) C R} as a dense
subspace. A = APr(RY)is an H-algebra which is W1 P-proper for any real number
p > 1; see Example 2.2.

After these preliminaries, we turn now to the goal of this subsection, which is to
study the homogenization problem for (1.6) under the hypothesis

f(x,-, ) € LY p(RY) for any = € Q and any A\ € R"Y. (4.3)

norm ||-||

But thanks to Corollary 4.1 in [29] we get the existence of a countable subgroup R
of RN such that

flz,-, ) € L114P7R(]RN) for any x € Q and any A € R™V.

Therefore the suitable H-algebra for our study here is A = AP (RY), and in view
of Proposition 2.3 the conclusion of Theorem 3.1 is achieved under hypothesis (4.3).

Remark 4.1. In almost all the previous papers dealing with deterministic homoge-
nization theory (see for instance [28, 29, 30, 32]) the almost periodic homogenization
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problem were stated by combining hypothesis (4.3) above with the following one:

For any x € Q and for any ¥ € AP(RM;R)"V,
SUPgeznN fk+(071)N |f($7y - \Il(y)) - f(x7ya \I/(y))‘ dy —0 (44)
as |r| — 0.

This being so, we observe that here we have two significant improvements: (1)
firstly, the hypothesis (4.4) on the uniform equicontinuity is purely dropped; (2)
secondly, the homogenization problem is stated here in general terms since the H-
algebra, is W1 P-proper for any real p > 1 and not only for p = 2 as considered in
the papers [28, 29, 30, 32]. This is a true advance as the applications in the almost
periodic setting are concerned.

4.4. Problem IV. Let AP(RY~!) be the space of all continuous complex almost
periodic functions on RV~1 (the space of all variables ' = (y1,...,yn_1)). Let
Boo (R; AP(RN=1)) denote the space of all continuous complex functions u : R —
AP(RN~1) such that u(yy) converges in AP(RVY~1) (with the sup norm) when
lyn| — +o0.

We mean to study the homogenization of (1.6) under the hypothesis

f(2,,A) € Boo (R; AP(RY™Y)) for all z € Q and all A € R™V. (4.5)
Arguing as in [29] we see that there exists a countable subgroup R’ of RV~ such
that
f(z,-,A) € Boo(R; APR/(RV™1)) for all 2 € Q and all A € R™Y,
It can be shown that A = B, (R; APr/(RV 1)) is a WP-proper H-algebra (indeed

A is translation invariant and satisfies all the requirements of [12]) so that the
homogenization of (1.6) is achieved under assumption (4.5).

4.5. Problem V (Perturbed almost periodic homogenization). The prob-
lem to be studied here states as follows: homogenize the variational minimization
problem (1.6) under the assumption

f(z, ) € Li, op(RY) for all z € Q and all A € R™Y (4.6)

where L ,p(RY) denotes the closure in (L', £2°)(RY) of the space of finite sums

Z pu; with @, € Boo(RY), u; € AP(RY).

finite

Then Arguing as in [29] we deduce the existence of a countable subgroup R of RY
such that

f(z, ) € LL, x(RY) for all z € Q and all A € R™Y

where L})O’R(RN) stands for the closure in (L1, £>°)(RY) of the space A = B, r(RY)
defined in Example 2.3, a W1 P-proper H-algebra for any real number p > 1. There-
fore having in mind Proposition 2.3, we see that the conclusion of Theorem 3.1
follows under hypothesis (4.6).

Other concrete assumptions can be considered, notably the following hypotheses
lead to the homogenization of (1.6) for suitable WP-proper H-algebras that can
easily be determined :
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(SH); f(x,-,A) is a piecewise continuous function, i.e.,

N
11
f(z,y,\) = c(z, k, \) for almost all y € k+Y (Y = (—2, 2> ) L kezV,
where ¢ : Q x ZV x R™V is a function with the properties (H;)-(Hy), and
satisfy the following structure hypothesis

c(x, -, \) € Boo(ZN) for all z € Q and all A € R™Y,
where Bo (Z™) is the set of all u : Z¥ — C such that lim ) u(k) € C.

per

5 A) € Bo(R;LL (V")) for all z € Q and all A € R™Y, with Y/ =
1

4.6. Conclusion. We have just shown that deterministic homogenization theory
also tackle variational minimization problems. It is worth recalling that in the pe-
riodic setting, problem (1.6) has been extensively studied. Here we make a brief
comparison between the already existing results and ours. In [1] Allaire considers
the periodic homogenization of functionals of the form [, f(x/e, Dv(z))dz, the in-
tegrand f being convex and of class C' in its second argument. In [2], problem (1.6)
is considered but with the continuity hypothesis with respect to the microscopic
variable y, restricting by this the scope of applications of their results. In the above
two works, the connection with our work is that they use the two-scale convergence
method to derive their results. In [3] Barchiesi use the multi-scale Young measures
to recover our results in the periodic framework. Here we just lay emphasis on
the fact that our results also apply in the periodic setting as a particular case. In
the almost periodic setting, our results are new. In fact, till now the only results
in that setting pertain to Braides [8] and to Kozlov [20] who considered, for the
first author, the almost periodic homogenization of functionals of the same type as
Allaire (see here above) with f being almost periodic in its first occurrence, and
for the second one, the almost periodic homogenization of functionals of the same
type, but with f being a quadratic form in its second occurrence. Apart from these
two problems (the periodic and the almost periodic ones) all the other problems
involved in this study lead to new results. Equally, the study carried out in this
paper can easily be generalized to the homogenization of the integral functionals of

the form
/ f (gn, E, %,Dug) dx
Q E €

where the integrand f is convex in its last argument, and to a certain extent, to
functionals of the form (1.1) but with f not necessarily convex in its last argument.
It would also be interesting to know whether our main result applies to a more range
of physical behaviours such as the case of weakly almost periodic [16] environment.
Indeed the algebra of weakly almost periodic functions is not separable since it can
be shown that the subalgebra of the algebra of weakly almost periodic functions
consisting of functions with quadratic mean value zero, is not separable. However,
it seems that Theorem 3.1 applies with that algebra. This is an open problem.
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