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A. J. Ouemba Tassé2 B. Tsanou 1,2,3,∗ J. Lubuma4 Jean Louis Woukeng 2

Francis Signing 2

1Department of Science, Mathematics and Applied Mathematics, University of Pretoria

Private Bag X20, Pretoria 0028, South Africa

2Department of Mathematics and Computer Science, University of Dschang,

P. O. Box 67, Dschang, Cameroon
berge.tsanou@up.ac.za, bergetsanou@yahoo.fr†

3 IRD Sorbonne University, UMMISCO, F-93143, Bondy, France

4 School of Computer Science and Applied Mathematics, University of Witwatersrand

Johannesburg, South Africa

Received (Day Mth. Year)
Revised (Day Mth. Year)

Abstract. To fight against Ebola virus disease, several measures have been adopted.

Among them, isolation, safe burial and vaccination occupy a prominent place. In this
paper, we present a model which takes into account these three control strategies as

well as the indirect transmission through a polluted environment. The asymptotic be-

haviour of our model is achieved. Namely, we determine a threshold value Rc
c of the

control reproduction number Rc, below which the disease is eliminated in the long run.

Whenever the value of Rc ranges from Rc
c and 1, we prove the existence of a backward

bifurcation phenomenon, which corresponds to the case where a locally asymptotically
stable positive equilibrium co-exists with the disease-free equilibrium, which is also lo-

cally asymptotically stable. The existence of this bifurcation complicates the control of
Ebola, since the requirement of Rc below one, although necessary is no longer sufficient

for the elimination of Ebola, more efforts need to be deployed. When the value of Rc is

greater than one, we prove the existence of a unique endemic equilibrium, locally asymp-
totically stable. That is the disease may persist and become endemic. Numerically, we

fit our model to the reported data for the 2018-2020 Kivu Ebola outbreak which oc-
curred in Democratic Republic of Congo. Through the sensitivity analysis of the control
reproduction number, we prove that, the transmission rates of infected alive who are out-

side hospital are the most influential parameters. Numerically we explore the usefulness

of isolation, safe burial combined with vaccination and investigate the importance to
combine the latter control strategies to the educational campaigns or/and case finding.
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1. Introduction

In December 2013 and August 2018, two deadliest Ebola virus disease (EVD)

outbreaks began in Guinea and DRC (Democratic Republic of Congo), respectively.

The first one caused the death of more than 11, 000 persons and the second of about

2, 299 persons.1,2

EVD symptoms generally include fever, severe headaches, muscle aches, weak-

ness, vomiting, diarrhoea, stomach pains, loss of appetite and at times hemorrhagic

bleeding, which can lead to death.3,4 It is documented that, some EVD infected

individuals may present moderate symptoms, while others severe symptoms.5–8 In

fact, the difference in immunological responses may be related to host genetics

and/or partial immunity due to previous infection with a related virus. EVD can

be transmitted through close contacts with susceptible individuals and bodily fluids

such as blood, stools, vomiting, saliva, urine, sperm, maternal milk, of infected ill

or dead.3

The Ebola-deceased individuals can transmit the disease during mourning or tra-

ditional funerals, which include rites and others practices on their corpses.9 Thus,

to impede the transmission by the deceased, the education of people to safe burial

has been at the center of all battles against EVD. However, due to the attach-

ment to cultural norms, many people have contracted EVD through manipulation

of Ebola-deceased bodies.10 Moreover, the lack of adequate equipment has caused

the infection of many health workers in the Ebola treatment units (ETU) and hos-

pitals. Thus, responding to the EVD spreading by isolating people has not been

always perfect.11,12 Furthermore, up to now, neither treatment nor vaccine is rati-

fied by the World Health Organization (WHO). But, there are two protocol treat-

ments approved by the U. S. Food and Drug Administration (FDA) against EVD.13

Moreover, an experimental vaccine named rVSV-ZEBOV developed in the course of

2013-2015 outbreak has demonstrated a great efficacy,14,15 and was used to control

the 2018-2020 Kivu EVD outbreak in DRC through ring vaccination.16–18 More

than 223, 000 persons received the vaccine during that Ebola outbreak.19 There-

fore, the public health officials and the scientific community should consider the

combination of vaccination and former control strategies such as isolation and safe

burial in the fight against EVD.16 Such a battle gives floor to a multi-disciplinary

research activity among which, mathematical modelling is concerned.

Essentially, mathematical models may help the medical community and decision

makers to evaluate the effectiveness of different approaches for bringing an epidemic

under control.20 In this regard, since 2014, many models for EVD focused on control

strategies such as contact tracing, isolation, safe burial and vaccination.

For instance, in,21 the authors proposed a model which includes vaccination and

heterogeneity of the risk of becoming infected with EVD. Contrarily to,21 in,22 the

authors proposed an EVD model with isolation, where the Ebola-deceased indi-

viduals are divided in two compartments: those who can transmit the disease and

those who can not transmit it, since they are safely buried. They computed the ba-
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sic reproduction number and evaluated the efficiency of different control strategies

to reduce its value. But, it seems confusing to separate the compartment of hospi-

talized individuals from that of isolated, since infected people in both classes are

settled in a treatment center (which are not opened to the general public23). Fur-

thermore, in24 the authors investigated the usefulness of quarantine and isolation

to mitigate EVD outbreaks. They showed numerically that, a good implementation

of quarantine and the reduction of contacts between quarantined and infectious

individuals can extensively reduce the level of the disease and may eliminate it.

However, in their work, the authors assumed that the recovery rate of infected in-

dividuals is the same whether they are in hospitals or not. This may be not always

the case, and we believe that, this assumption should be relaxed. Beside, in,25,26

the authors proposed models with vaccination and isolation, where in their first

paper, isolated individuals can transmit the disease but in a lesser rate compared

to infected non-isolated individuals. They computed the basic reproduction number

and performed the sensitivity analysis of the model. Their analysis suggested that,

the efficacy of isolation and the time from death to burial have the most influence

on the basic reproduction number than all others parameters. In their second paper,

the same authors assessed the efficiency of vaccination and quarantine in the fight

against EVD. The modelling concern we have about25 is the fact that, the authors

assumed that, the latent and symptomatic individuals are isolated and gathered

in the same epidemiological compartment, knowing that EVD is unlikely be trans-

mitted during the incubation period. The authors in27 proposed a model with a

fear-dependent transmission rate. They showed the existence of a forward and a

backward bifurcations and numerically determined the direction of these bifurca-

tions. Moreover, they fitted their model to the reported data for the 2018-2020 Kivu

EVD outbreak and proved the decrease of the number of infected individuals as the

level of fear due to EVD increases. In the other hand, in,26 the authors did not take

into account the infectivity potential of Ebola-deceased individuals. The same draw-

backs can equally be highlighted in the models with isolation proposed in.28–32 In,6

the authors proposed an innovative model with isolation which takes into account

the transmissibility of individuals with moderate symptoms, severe symptoms and

Ebola-deceased. However, they neglected the fact that, some infected may progress

from moderate symptoms to severe symptoms,33 and the transmission through the

environment. Moreover, it is not clearly explained/motivated why individuals with

moderate symptoms can not recover.

In this paper, we focus on the above mentioned three main prevention strategies

which are: vaccination, imperfect isolation and safe burial by combining them in a

single model, with the aims to fill many (if not all) of the drawbacks highlighted the

above-mentioned papers. However, one should not lose sight that, contact tracing

is another efficient control measure for Ebola which has already been investigated

by us and other authors.34,35 Our propounded model is qualitatively and quantita-

tively analyzed. Qualitatively, we prove the existence of a threshold value Rcc of the

control reproduction number Rc, below which the disease-free equilibrium (DFE)
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is globally asymptotically stable (GAS), that is EVD is eliminated. Whenever the

value of Rc is between Rcc and 1, we prove the existence of a backward bifurcation.

While, when the value of Rc is greater than one, we show that our model admits a

unique endemic equilibrium, locally asymptotically stable (LAS). That is the disease

may persist and can be endemic. Quantitatively, we fit our model to the real data

for the 2018-2020 Kivu EVD outbreak. Through the sensitivity analysis, we derive

the most influential parameters at the beginning of the outbreak. Furthermore, we

investigate numerically the impact of the transmission through the environment,

the efficacy of the isolation, safe burial and vaccination, and the usefulness to com-

bine these control strategies with the case finding and the educational campaigns

(not initially addressed by our model). We stress that, the initial idea of this work

started with a preprint36 titled differently, yet not fully developed to incorporate

the environmental transmission and to estimate model parameters of our model.

Thus, the two manuscripts share some similitude in their introduction and model

formulation parts.

The rest of this paper is organized as follows. In Section 2, the model is built

in a comprehensive manner and a corresponding system of ordinary differential

equations is derived. The asymptotic behaviour of the model is provided in Section

3, through the global asymptotic stability of the disease-free equilibrium (DFE)

and the local stability of the endemic equilibrium. The local sensitivity analysis of

the control reproduction number is presented in Section 4. Numerical simulations

are used to investigate different isolated and combination of control strategies in

Section 5, and the discussion and perspectives are provided in Section 6.

2. Model formulation

2.1. Main assumptions

1. The isolation is not always effective. Moreover hospitals and Ebola Treat-

ment Unit (ETUs) are isolation settings.

2. Some EVD infected individuals who succumb to EVD are safely buried by

well-trained personal, when their family members are educated accordingly.

3. The asymptomatic infected individuals do not transmit EVD (even though

there is evidence of asymptomatic carriers,37 the very low level of virus

detected in them do not indicate a significant source of transmission38,39).

2.2. Model variables

Our population is subdivided into the following mutually exclusive classes:

• S(t): Individuals at risk of becoming infected i.e the susceptible individuals.

• J(t): Infected individuals with moderate symptoms who are outside hos-

pitals/ETUs. We recall that those symptoms include fever, sore throat,

muscular pain and headaches.40
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• I(t): Infected individuals with severe symptoms (i.e vomiting, bloody diar-

rhoea and rash) who are outside hospitals/ETUs.3,4, 40

• H(t): Infected individuals who are under treatment (in hospitals/ETUs).

We call them interchangeably isolated or hospitalized individuals.

• D(t): Dead bodies of Ebola infected individuals who did not survive (did

not recover). This is actually an infectious class which gathers all the Ebola

infected individuals who die inside and outside hospitals/ETUs. The ratio-

nale of considering this class is the fact that, it is well documented that

Ebola-deceased individuals are infectious if not properly handled.34,41

• R(t): Recovered individuals. Even though, up to now, there is no available

treatment for EVD, some patients have recovered after receiving support-

ive treatments,42 but the chances of surviving decrease as the symptoms

increase (thus, the recovery rate in compartment J is greater than the one

of the compartment I). Moreover, since it is documented that recovered in-

dividuals develop antibodies that last for at least 10 years,34,43 we assume

that they are permanently immune.

• V (t): Concentration of the Ebola viruses in the environment at unit time t.

This class is replenished by the Ebola viruses shed by infected alive or dead.

The introduction of this compartment is motivated by the persistence of

the Ebola virus in the environment, through which some individuals con-

tract the infection (see for instance44 and references therein).

Let N(t) denote the total human population including dead individuals. That is:

N(t) = S(t) + J(t) + I(t) +H(t) +D(t) +R(t). (2.1)

Remark 2.1 Despite the fact that, individuals of the compartment J can caused

more contacts with susceptible individuals than those of compartment I, it is well

known that, the infectivity of Ebola virus disease patients increases as the disease

symptoms increase. Furthermore, Ebola-deceased individuals are highly contagious

than alive infected.45 However, under isolation the contact rate between susceptible

and isolated individuals is minimal. Thus, though the infectivity of isolated individ-

uals increases with disease symptoms, their effective transmission rate is less than

those of the compartments J and I.41

2.3. Derivation of model equations

Susceptible individuals in S are recruited at a constant rate π by immigra-

tion/births, and vaccinated at rate τ . Among vaccinated individuals, a proportion

θ acquires immunity (since no vaccine is 100% effective46). The other susceptible

individuals can be infected (i)-through contact with individuals in J and I classes

at rates β and βν1 respectively, (ii)-through contact with (1−σ1)H individuals who

are not effectively isolated (where σ1 represents the proportion of infected who are

effectively isolated) at rate εβ, (iii)-through contact with (1−σ2)D Ebola-deceased
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individuals who failed safe burial (where σ2 is the proportion of Ebola-deceased

individuals safely buried) at rate βν2, or (iv) through contact with a contaminated

environment, at rate βv. Since human immune system reacts differently, a propor-

tion p of infected individuals may present moderate symptoms while the remaining

proportion exhibits severe symptoms. The individuals in class J can recover (with-

out being in at hospital/ETU) at rate γj ; die due to the disease at rate δj ; go to the

hospital at rate ηj or progress to compartment I at rate α.33 Those in compartment

I can pass away due to EVD at rate δi, be hospitalized at rate ηi or can recover at

rate γi (with γi ≤ γj), by any other means than medical treatment. Hospitalized

individuals recover at rate γh or die due to EVD at rate δh. The uninfected popu-

lation is affected by the natural mortality rate µ, with µ ≤ min{δj , δi, δh}. Infected

in compartments J, I,H and D shed viruses in the environment at rates q1, q2, q3

and q4 respectively, but these viruses deplete naturally or through environmental

decontamination techniques at a constant rate u.

Let

λ(t) =
β (J + ε(1− σ1)H + ν1I + ν2(1− σ2)D)

N
+ βvV

The model parameters and their biological meanings are summarized in Table 1,

the transmission diagram of the disease is displayed in Figure 1, and the resulted

system of ordinary differential equations is as follows:

Ṡ(t) = π − λS − (τθ + µ)S,

J̇(t) = pλS − (α+ γj + δj + ηj)J,

İ(t) = (1− p)λS + αJ − (δi + ηi)I,

Ḣ(t) = ηjJ + ηiI − (δh + γh)H,

Ḋ(t) = δjJ + δiI + δhH − bD,
Ṙ(t) = τθS + γjJ + γiI + γhH − µR,
V̇ (t) = q1J + q2I + q3H + q4D − uV.

(2.3)

In order to simplify the notations and avoid lengthy expressions, we define the

parameters:

σh = ε(1− σ1), σd = ν2(1− σ2), θ1 = θτ, θ2 = µ+ θτ,

φ1 = (α+ δj + γj + ηj), φ2 = (δi + ηi), φ3 = (γh + δh),

Thus, Model (2.3) becomes

Ṡ(t) = π − λS − θ2S,

J̇(t) = pλS − φ1J,

İ(t) = (1− p)λS + αJ − φ2I,

Ḣ(t) = ηjJ + ηiI − φ3H,

Ḋ(t) = δjJ + δiI + δhH − bD,
Ṙ(t) = θ1S + γjJ + γiI + γhH − µR,
V̇ (t) = q1J + q2I + q3H + q4D − uV.

(2.4)

The mathematical proofs of our theoretical results are provided in the Appendix

so that the interested reader is refereed to it for details.
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Fig. 1. Transmission diagram of the model

3. Analytical results

3.1. Well-posedness of model (2.3)

Proposition 3.1 The positively orthant R7
+ is positively invariant under the flow

of (2.3). Namely, if

S(0) > 0, J(0) ≥ 0, I(0) ≥ 0, H(0) ≥ 0, D(0) ≥ 0, R(0) ≥ 0, V (0) ≥ 0,

then for all t > 0,

S(t) > 0, J(t) ≥ 0, I(t) ≥ 0, H(t) ≥ 0, D(t) ≥ 0, R(t) ≥ 0, V (t) ≥ 0.

Proposition 3.2 Let’s denote

M(t) = S(t) + J(t) + I(t) +H(t) +R(t), ∀ t ≥ 0.

Λ1 =
bπ(q1 + q2 + q3) + q4π(δj + δi + δh)

ub(µ+ δj + δi + δh)

Λ2 =
bπ(q1 + q2 + q3) + q4π(δj + δi + δh)

ubµ
.
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Table 1. Parameters and epidemiological interpretation of Model (2.3).

Parameter Epidemiological interpretation units

π Number of susceptible individuals recruited. indiv.week−1

µ Natural mortality rate. week−1

p Proportion of infected with moderate symptoms. -

τ Vaccination rate. week−1

θ Proportion of vaccinated individuals with livelong immunity. -

β Effective transmission rate of individuals in compartment J. indiv.week−1

βv Effective transmission rate through the polluted environment. week−1

ν1 Modification parameter for the transmission of individuals
with severe symptoms. -

ν2 Modification parameter for the transmission of
the Ebola-deceased individuals. -

ε Modification parameter for the transmission
of hospitalized individuals.

σ1 Proportion of hospitalized individuals who are
effectively isolated. -

σ2 Proportion of safely burial Ebola-deceased individuals. -

ηj Hospitalization rate of individuals in compartment J. week−1

ηi Hospitalization rate of individuals in compartment I. week−1

δi Mortality rate due to EVD in compartment I. week−1

δj Mortality rate due to EVD in compartment J. week−1

δh Mortality rate due to EVD in compartment H. week−1

γj Recovery rate in compartment J. week−1

γi Recovery rate in compartment I. week−1

γh Recovery rate in compartment H. week−1

α Proportion of individuals in compartment J who progress to

the I-compartment. week−1

b Burial rate of Ebola-deceased individuals. week−1

u Decay rate of viruses in the environment. week−1

q1 Deposition/shedding rate of viruses in the environment by

infected of compartment J47 cells.(ml.week.indiv)−1

q2 Deposition/shedding rate of viruses in the environment by

infected of compartment I. cells.(ml.week.indiv)−1

q3 Deposition/shedding rate of viruses in the environment by

infected of compartment H. cells.(ml.week.indiv)−1

q4 Deposition/shedding rate of viruses in the environment by

infected of compartment D. cells.(ml.week.indiv)−1

The Model (2.3) is a dynamical system on

Ω : =

{
(S(t), J(t), I(t), H(t), D(t), V (t)) ∈ R7

+/
π

(µ+ δj + δi + δh)
≤M(t) ≤ π

µ
,

,
π(δj + δi + δh)

b(µ+ δj + δi + δh)
≤ D(t) ≤ π(δj + δi + δh)

bµ
and Λ1 ≤ V (t) ≤ Λ2

}
,

which is positively invariant and absorbing with respect to the flow of System (2.3).
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3.2. Equilibria of Model (2.3)

For simplicity, we adopt the following notations.

k1 = ηjφ2 + ηiα, k2 = pα+ φ1(1− p), k3 = pk1 + (1− p)φ1ηi,

k4 = δjpφ2φ3 + δik2φ3 + δhk3, k5 = γjpφ2φ3 + γik2φ3 + γhk3,

k6 = pbφ2φ3µ+ k2φ3bµ+ k3bµ+ k4µ+ k5b,

k7 = q1pbφ2φ3 + q2k2φ3b+ q3k3b+ q4k4, A2 = πubk6φ1φ2φ3,

A1 = uπb2φ2
1φ

2
2φ

2
3θ2 + πk6θ2ubφ1φ2φ3 − βvπ2k7k6

−βπµubφ1φ2φ3(pbφ2φ3 + ν1k2φ3b+ σhk3b+ σdk4)

A0 = θ2
2ub

2φ2
1φ

2
2φ

2
3π − θ2βπµubφ1φ2φ3(pφ2φ3b+ ν1k2φ3b+ σhk3b+ σdk4)

−φ1φ2φ3π
2bβvk7θ2.

(3.1)

A0 can be written such as

A0 = πb2θ2
2uφ

2
1φ

2
2φ

2
3(1−Rc),

with

Rc =
βµ(pφ2φ3b+ ν1k2φ3b+ σhk3b+ σdk4)

bθ2φ1φ2φ3
+

βvk7π

buθ2φ1φ2φ3
.

Furthermore, let’s denote

Rcc = 1− A2
1

4A2πb2uθ2
2φ

2
1φ

2
2φ

2
3

.

The existence of the equilibria for the Model (2.3) are discussed in the theorem

below, whose proof is given in Appendix B.

Theorem 3.1 • If Rc ≤ Rcc, then the Model (2.3) admits a unique equilib-

rium: the disease-free equilibrium (DFE) E0, E0 = (S0, 0, 0, 0, 0, R0, 0) with

S0 =
π

θ2
, R0 =

πθ1

µθ2
.

• If Rcc ≤ Rc < 1, then the Model (2.3) has three equilibria: the DFE and

two positive equilibria.

• If Rc > 1, then our model admits exactly two equilibria: the DFE and a

unique endemic equilibrium (which will be denoted by E1).

3.3. Bifurcation analysis

The proof of the Theorem 3.1 in Appendix B shows that, the existence of positive

equilibria for Model (2.3) when Rc0 ≤ Rc < 1 is discussed through the roots of the

equation

A2λ
∗2 +A1λ

∗ +A0 = 0.

Thus, let’s define the function G(β;λ∗) by:

G(β;λ∗) := A2λ
∗2 + (B1 − βB2)λ∗ + C1 − βC2 = 0. (3.3)
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with

B1 = uπb2φ2
1φ

2
2φ

2
3θ2 + πk6θ2ubφ1φ2φ3,

B2 = πµubφ1φ2φ3(pbφ2φ3 + ν1k2φ3b+ σhk3b+ σdk4) + σvπ
2k7k6,

C1 = θ2
2ub

2φ2
1φ

2
2φ

2
3π,

C2 = θ2πµubφ1φ2φ3(pφ2φ3b+ ν1k2φ3b+ σhk3b+ σdk4) + φ1φ2φ3π
2bσvk7θ2.

Note that, the above parameters are linked by the following relations

A1 = B1 − βB2, A0 = C1 − βC2, with σv :=
βv
β
.

We focus in the solutions λ∗ for a given value of β. For λ∗ = 0, one has

β∗∗ =
C1

C2
=

1

Rc
.

We compute the bifurcation direction afterwards, defined by:

dλ∗

dβ∗∗
= −Gβ

∗∗

Gλ∗
, with Gβ∗∗(β∗∗, 0) = −B2λ

∗−C2, Gλ∗(β∗∗, 0) = 2A2λ
∗+B1−β∗∗B2.

and

Gβ∗∗(β∗∗, 0) = −C2 < 0, Gλ∗(β∗∗, 0) = B1 − β∗∗B2.

Thus,

Gλ∗(β∗∗, 0) < 0⇔ Rc <
B2

B1
.

Hence, ifRc <
B2

B1
, then the bifurcation is backward and ifRc >

B2

B1
, the bifurcation

is forward.

Let’s recall that, the bifurcation is a change of the topological structure of a sys-

tem when its parameters pass through a critical value.27 The biological consequence

of a backward bifurcation, is that, the requirement Rc < 1, although necessary is

no longer sufficient for a global elimination of EVD.23 Thus, the existence of a

backward bifurcation makes the effective control of EVD difficult, since the value

of Rc need to be less than its critical value Rcc. Figure 2(a) gives an example of the

construction of the backward bifurcation. We observe that a locally asymptotically

stable (LAS) DFE co-exists with a LAS endemic equilibrium (EE) when the value

of Rc is greater than Rcc and less than one. The Figure 2(b) gives an example of a

construction of a forward bifurcation, which means that the disease will persist in

the community for a value of Rc greater than one.

Remark 3.1 Rc defined above is the control reproduction number for Model (2.3).

That is the number of secondary infections, produced by one infectious, introduced

in a completely susceptible population during its entire infectious period, despite the

implementation of the vaccination, the isolation and the safe burial. Moreover, Rc
can be decomposed in the following form

Rc = Rh +Rv,
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Fig. 2. Figure (a): Backward bifurcation for β = 0.1130, µ = 6.1, ν1 = 14.67, v = 2.005, ε = 0.08,
b = 0.00001, γh = 1000.19366, δh = 0.00029, α = 10.25, u = 50.22, γ1 = 0.33 and Figure (b): Forward
bifurcation for µ = 14.10, β = 0.1130, v = 2.005, ε = 0.08, b = 1/2.01, γh = 0.19366, γi = 0.33.
(The other parameters are in Table 2).

where

Rh =
βµ(pφ2φ3b+ ν1k2φ3b+ σhk3b+ σdk4)

bθ2φ1φ2φ3
and Rv =

βvk7π

buθ2φ1φ2φ3
,

are respectively the contributions of the infections through direct contacts and in-

direct contacts, to the control reproduction number. Indirect transmission of EVD

refers to the transmission through contacts with the viruses shed in the environ-

ment, while direct transmission stands for the transmission through contacts with

infected individuals in classes J, I,H and D. Furthermore, with the latter in mind,

the expression of Rh can be also written as:

Rh = RJ +RI +RI +RH +RD,

with

RJ =
pβµ

φ1θ2
, RI =

βν1µk2

θ2φ1φ2

RH =
βσhµk3

φ1φ2φ3θ2
, RD =

βσdµk4

bθ2φ1φ2φ3
,

are the contributions of infected with moderate symptoms, severe symptoms, hospi-

talized individuals, and deceased who have been formerly infected by the Ebola virus,

respectively.

The relevance of the control reproduction number with regard to the elimination

of EVD is investigated in the following paragraph.

3.4. Global stability of the disease-free equilibrium

Theorem 3.2 If the control reproduction number Rc is less than Rcc, then the DFE

E0 of Model (2.3) is GAS and it is unstable when Rc > 1.
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The biological interpretation of the following result is that, EVD can be globally

eliminated if the control reproduction number Rc is less than one.

We have proven the existence of a unique endemic equilibrium if the control

reproduction number Rc is greater than one. It is therefore important to investigate

its stability, which unfortunately implies that, in this case, the disease cannot be

eliminated if additional mitigated actions are taken. This is mathematically stated

in the next result and proved in Appendix D.

3.5. Local stability of the endemic equilibrium

Theorem 3.3 If Rc > 1, then System (2.3) undergoes a trans-critical bifurcation

with Rc = 1 being the bifurcation parameter. Moreover, the unique endemic equilib-

rium E1 is LAS.

4. Sensitivity analysis of the control reproduction number

The sensitivity analysis is important in designing the control strategies that can

be chosen at the onset of EVD outbreak, since it may help us to identify among

parameters those which are most influential. In order to see how a small perturbation

made to a parameter q affects the control reproduction number Rc, we define the

forward normalized sensitivity index of Rc for q as follows:34

εRcq =
∂Rc
∂q

.
q

Rc
.

The sensitivity indices of Rc for our parameters are computed and their values

displayed in Table 2.

It is well known that, εRcq is positive if Rc is increasing with respect to q and

negative if Rc is decreasing with respect to q.34 Namely, the fact that εRcπ = 0.0023

means that, if we increase 1% in π, keeping the other parameters fixed, will produce

0.0023% increase in Rc.48 Similarly, εRcτ = −0.2725 means increasing the parameter

τ of 1%, keeping the value of the other parameters fixed, the value ofRc will decrease

of 0.2725%. Following Table 2, β and ν1 are the most influential parameters that

can contribute to the increase of the value of Rc; while δi, σ2, θ, τ are the most

influential which contribute to its reduction. The impact of the parameters β1 and

ν1 on the value of Rc add credit to the fact that reducing contacts early between

suspected and infected individuals can bring down the size of Rc to a value less than

one.6,41,49 Moreover, the usefulness of the parameters δi and τ to reduce the control

reproduction number and the size of EVD outbreaks would have been predicted by

the works34,50 and,21,51 respectively.

The results obtained in the sensitivity analysis suggest that, it is useful to ad-

dress the educational campaigns49 or/and the case finding in order to mitigate the

negative impact of the parameters β and ν1. Indeed through the educational cam-

paigns, the susceptible individuals will be able to recognize probable infected cases

and will avoid contact with them; while the case finding may help to isolate some
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infected with the aim of cutting the chain of transmission. Moreover, this analysis

highlights that, at the beginning of EVD, safe burial of Ebola deceased individuals

lead to less number of infected than vaccination does.

5. Numerical simulations

In this paragraph, we carried out few simulations in order to estimate model pa-

rameters and to explore the importance of control strategies (isolation, safe burial,

vaccination) implemented in Model (2.3) against EVD as well as other additional

measures such as the case finding or the educational campaigns.

5.1. Model validation for the 2018-2020 Kivu EVD outbreak

Some parameters of Model (2.3) are found in the literature (as indicated in Table

2). The other parameters such as the parameter p, the death rates or the recovery

rates can vary from one outbreak to another. To estimate these parameters, we fit

in Figure 3 our model to the weekly reported cases during the 2018-2020 Kivu EVD

outbreak,27 using the Nonlinear Least Squares method, which allows the determina-

tion of the set of parameters that minimizes the sum of the squares of the differences

between the cumulative number of infected predicted by the Model (2.3) and the

observed cumulative infected. To plot the fitting curve generated by Model (2.3)

we estimate the population of North kivu and South kivu at about 11, 000, 000 of

people.52,53 Moreover, we choose the initial conditions: S(0) = 11, 000, 000; J(0) =

300; I(0) = 300;H(0) = 300;D(0) = 400;R(0) = 200;V (0) = 5. The obtained

parameters are reported in Table 2.

In order to assess the accuracy of our predictions, we calculate two perfor-

mance metrics: The Mean Absolute Error (MAE) and the Root Mean Square Error

(RMSE), which are defined as follows:48

MAE =
1

Np

Np∑
i=1

|Y (i)− Ŷ (i)|

RMSE =

√√√√√ Np∑
i=1

(Y (i)− Ŷ (i))2

Np
,

where Y (i) represent original cases, Ŷ (i) are predicted values and Np is the size of

the data. The computation of these metrics gives: MAE = 0.1809 and RMSE =

1.3539. These weak values of MAE and RMSE prove that our model performs

excellently the case of the 2018-2020 Kivu EVD outbreak. Figure 3 shows that, our

model is a very good fit of the cumulative real cases during the 2018-2020 Kivu

EVD outbreak, and can then be used to predict the course of EVD outbreaks.

Remark 5.1 Note that, with the parameters values estimated for the 2018-2020

Kivu EVD outbreak, the value of the control reproduction number Rc = 0.33, with



February 2, 2022 21:29 WSPC/INSTRUCTION FILE EbolafinalJBS

14 Ouemba, Tsanou, Lubuma, Woukeng, Signing

Table 2. Parameters values for Model (2.3).

Parameters Values.weeks−1 References Sensitivity index

π 400 3 0.0023
p 0.5708 Fitted 0.107

τ 0.005 50 -0.2725

θ 0.9 54 -0.288

β 0.16 55 0.994
ν1 1.5267 Fitted 0.627

ν2 1.5 10 0.148

ε 0.3875 34 0.05859
γj 0.3796 Fitted -0.159
σ1 0.3074 Fitted -0.026
σ2 0.7086 Fitted -0.359
ηj 0.2311 Fitted -0.0433

µ 10.13/1000 34 0.3531

ηi 0.25 34 -0.2128
δi 0.3079 Fitted -0.436
δj 0.0152 Fitted -0.0014
δh 0.1808 Fitted 0.0082
γh 0.4594 Fitted 0.082
γi 0.0153 Fitted -0.0217
α 0.5723 Fitted -0.1413

b 1/2.01 10 -0.149
u 0.4019 Fitted 0.0023

q1 0.05 27 0.00024

q2 0.05 27 0.0006
q3 0.1173 Fitted 0.0008

q4 0.06 27 0.0012

βv 5.07 × 10−8 56 0.0023

the contributions of infected of compartments J, I,H,D and V to the control repro-

duction number equal to: RJc = 0.0528; RIc = 0.2071; RHc = 0.0193; RDc = 0.0488

and Rv = 7.6507× 10−4, respectively. This relatively low value of the control repro-

duction number may be due to the great experience DRC has in the fighting against

EVD, knowing that the country had faced many outbreaks and has developed efficient

means to protect its population. For instance, without the account of vaccination in

our model (that is for τ = 0), the control reproduction number were be equal to

0.48, which is near to 0.51, obtained after intervention in DRC in 1995.57 More-

over, the Rc contributed values estimated by RJc ,RIc ,RHc ,RDc and RVc suggest that,

to rapidly eliminate EVD in DRC, one should address control measures which target

the infected showing severe symptoms (because, among the five contributions, that

of RIc alone represents about 0.2071/0.33 = 62% of the value of Rc). However, in

the course of EVD, one shall show that the outcomes (model variables) are very

sensitive to the disease transmission rate (βv) through the environment.
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Fig. 3. Curve fitting to the real data reported during the 2018-2020 Kivu EVD outbreak.
The parameters values are in Table 2 and the initial conditions are assumed S(0) = 11, 000, 000,
J(0) = 300, I(0) = 300, H(0) = 300, D(0) = 400, R(0) = 200, V (0) = 5.

5.2. Sensitivity of the parameter βv

The environment compartment has been neglected in several EVD models. Despite

the fact that, the contribution of the environment to the control reproduction num-

ber is negligible, in this section, we deal on the potential impact of the transmission

through the environment in the course of EVD outbreak. In Figure 4, we assumed

that: (i) the value of βv is equal to 4.07 × 10−8 (blue curve); (ii) the value of βv
is equal to 5.07 × 10−8 (cyan curve); (iii) the value of βv is equal to 6.07 × 10−8

(magenta curve). Figure 4 shows that, a small variation of the parameter βv have a

great impact on the dynamics of EVD. Remarkably, when the value of βv increases,

the number of infected increases as well. This feature was also seen in.9 Thus, the

decontamination of the environment should be considered in order to control EVD.

However, to the best of our knowledge, this measure has not yet be experimented

against EVD.

5.3. Efficiency of control strategies addressed in model (2.3)

Let’s recall that, our model has addressed three main control strategies against

EVD: the isolation of infected cases, the safe burial of Ebola-deceased individuals

and the vaccination. The impact of these strategies on EVD outbreaks is numeri-

cally investigated in this paragraph. Firstly, in Figures 5, 6 and 7, we observe that,

the number of infected decreases as the control parameters σ1, σ2 and τ increase. In

fact, increasing the parameters σ1 and σ2 will reduce the number of infected hos-
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Fig. 4. Sensitivity of the parameter βv : (i) βv = 0.04× 10−6 (blue curve); (ii) βv = 0.08× 10−6 ;

(iii) (green curve) βv = 0.1× 10−6 (magenta curve). The other values for the simulations are in Table 2

pitalized, as well as the deceased who may continue to spread EVD, and increase

the vaccination rate τ is an efficient measure which targets the susceptible popula-

tion9 and which can mitigate the level of the disease.21 In particular, increasing the

parameter σ1 will reduce the impact of the modification parameter for the trans-

mission during isolation (which have significant impact on the disease burden24).

Note that, for σ1 = 0.03, σ1 = 0.5 and σ1 = 0.9, one has Rc = 0.3475,Rc = 0.33

and Rc = 0.3217, respectively. For σ2 = 0.03, σ2 = 0.5 and σ2 = 0.9, one gets

Rc = 0.4602,Rc = 0.3765 and Rc = 0.3052, while for τ = 0.001, τ = 0.01 and

τ = 0.05, one obtains Rc = 0.4533,Rc = 0.2573 and Rc = 0.0927 (the other pa-

rameters values are as in Table 2). This comforts the fact that, the safe burial and

the vaccination have more impact than isolation at the beginning of the outbreak.

Moreover, the Figures 5, 6 and 7 suggest that, even in the course of EVD, safe

burial and vaccination is more sensitive than the isolation. However, note that, for

σ1 = 0.5, the cumulative number of infected after 50 weeks is about 3, 450 (see

Figure 5), while for σ2 = 0.5 (see Figure 6) this number is about 4, 010. But, for
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Fig. 5. Efficiency of the isolation: (i) σ1 = 0.03 (black curve); (ii) σ1 = 0.5 (red curve); (iii) σ1 = 0.9
(green curve). The other values for the simulations are in Table 2.

σ1 = 0.9, the cumulative number of infected after 50 weeks is 3, 300 and for σ2 = 0.9

this number is 3, 100. In order to compare the usefulness of isolation, safe burial and

vaccination in the course of EVD, we plot in Figures 8 and 9 the number of infected

of the compartments J, I, H and the cumulative number of infected. In Figure 8, we

consider: (i) σ1 = 0.5 (magenta curve), (ii) σ2 = 0.5 (red curve), (iii) τ = 0.05 (blue

curve). In Figure 9, we assume: (i) σ1 = 0.9 (black curve), (ii) σ2 = 0.9 (red curve),

(iii) τ = 0.05 (blue curve), keeping the other parameters constant. In the first figure,

the isolation is better than the safe burial, but in the second we observe that the

safe burial is more favourable than the isolation, in reducing the disease burden.

Thus, the isolation and safe burial measures should not be neglected as far as EVD

control is concerned. However, these two figures highlight that, the vaccination is

more efficient than the two other control measures on the dynamics of EVD. This

might justified the prominent place given to the vaccination during the 2018-2020

Kivu EVD outbreak.19
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Fig. 6. Efficiency of the isolation: (i) σ2 = 0.1 (green curve); (ii) σ2 = 0.4 (red curve);
(iii) σ2 = 0.7 (cyan curve). The other values for the simulations are in Table 2

In the next paragraphs, we will explore the impact of other control measures,

already implemented to mitigate EVD outbreaks.

5.4. Impact of other control strategies

Due to the high mortality rate of EVD, a plethora of control measures have been

implemented by the health authorities. In this paragraph, we explore the impor-

tance of some of these strategies as supplement measures to those addressed in our

model. Namely we assume that, the efforts are devoted to the implementation of the

following supplement control strategies: (a) Strategy 1: the case finding; (b) Strat-

egy 2: the educational campaigns; (c) Strategy 3: the combination of case finding

and educational campaigns.
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Fig. 7. Efficiency of the isolation: (i) τ = 0.001 (green curve); (ii) τ = 0.005 (red curve);
(iii) τ = 0.01 (blue curve). The other values for the simulations are in Table 2

5.4.1. Strategy 1: the case finding

The case finding aims to find individuals showing EVD symptoms to bring them

to isolation centers,58,59 where they are separate from those who are healthy and

undergo proper treatment.34 Thus, an implementation of strategy 1, may increase

the hospitalization rates ηj and ηi. This will have a favourable impact on the course

of EVD outbreaks as we can see for instance in Figure 10, which is plotted when :(i)

there is no case finding at all (blue curve), (ii) infected of compartment J and I are

found and isolated at rate 0.2 per week (red curve), (iii) infected of compartment J

and I are found at rate 0.4 per week (cyan curve). Namely, this figure shows that, as

the case finding rate increases, the cumulative number of infected as well as those in

compartments J and I decrease. But, the number of hospitalized increases during

the first eight weeks. This may due to the fact that, the cases found are isolated

(in compartment H). Figure 10 underscores the efficiency of this control strategy

to mitigate the number of infected.
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Fig. 8. Comparaison of the impact of isolation, safe burial and vaccination with the
following parameters: (i) σ1 = 0.5 (magenta curve); (ii) σ2 = 0.5 (red curve);
(iii) τ = 0.05 (blue curve). The other values for the simulations are in Table 2

5.4.2. Strategy 2: educational campaigns

During EVD outbreaks, educational campaigns are always implemented in order to

increase the awareness of the population. Through this control measure, the pop-

ulation is well inform about EVD symptoms and develop cautiousness so that the

reduction of contacts between susceptible and infectious individuals can occurs.60,61

Through educational campaigns, the effective transmission rate of EVD for individ-

uals in compartment J, I,H and D can be written as β(1− e), βν1(1− e), βε(1− e)
and βν2(1 − e), where e measure the efficiency of this control strategy. In Figure

11, we assume for instance that: (i) e = 0 (black curve), (ii) e = 0.2 (cyan curve),

(iii) e = 0.4 (magenta curve). This figure highlights that, the number of infected

decreases as the impact of educational campaigns in the population increases and

add credit to the usefulness of educational campaigns presented in.60,61 In partic-

ular, the curve of the cumulative number of cases shows that after 50 weeks, the

number of infected is respectively 3500 cases (for e = 0), 3125 cases (for e = 0.2)
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Fig. 9. Comparaison of the impact of isolation, safe burial and vaccination with the
following parameters: (i) σ1 = 0.9 (black curve); (ii) σ2 = 0.9 (red curve);
(iii) τ = 0.05 (blue curve). The other values for the simulations are in Table 2

and 2900 cases (for e = 0.4), which are decreasing when the values of e increase.

5.4.3. Combination of case finding and educational campaigns

Due to the dangerousness of the Ebola virus, one should address the most effective

control measure that can mitigate the dynamics of EVD. In this paragraph, we

compare the efficiency of (i) case finding (at rate 0.4), (ii) educational campaigns

(e = 0.4) and (iii) the combination of these two measures. Figure 12 suggests that,

the case finding is more effective than the educational campaigns in reducing the

level of the disease (see the cumulative curve), while a good combination of these

two control measures is better than each of them taken separately, in the sense that

the combination of these two measures will lead to a fewer number of cumulative

cases. However note that, the combination of these two control measures seems to

produce more hospitalized individuals than when the educational campaigns are

implemented alone. This is due to the fact that, through this combination many
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Fig. 10. Efficacy of the case finding measure. This figure is plotted when (i) there is no case
finding (blue curve), (ii) infected of compartment J and I are found and isolated at rate 0.2 per
week (red curve), (iii) infected of compartment J and I are found at rate 0.4 per week (cyan curve).
The other values for the simulations are in Table 2

infected cases were tracked and isolated/hospitalized. This will consequently lead

to an increase of their number.

6. Discussion and perspectives

In this paper, we have proposed a deterministic model to understand the spread

of the Ebola virus disease. This model takes into account the transmission through

a polluted environment and considers in addition the fact that, the immune sys-

tem of individuals differs from each other and will lead either to severe or mild

symptoms of the disease. However, those initially who begin to benign symptoms

may progress to severe symptoms. A mathematical analysis of our model has been

performed. Indeed, we have determined a threshold value Rcc of the control repro-

duction number Rc, below which the DFE is GAS, that is EVD dies out in the long

run. Whenever the value of Rc ranges from Rcc and 1, we have shown the existence
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Fig. 11. Efficacy of educational campaigns. This is plotted when (i) there is no educational campaigns,
(ii) (black curve) the impact of educational campaigns is equal to 0.2 (cyan curve), (iii) the impact
of educational campaigns is equal to 0.4 per week (magenta curve). The other values for the
simulations are in Table 2

of a backward bifurcation phenomenon, which corresponds to the case where a LAS

positive equilibrium co-exists with the DFE, which is also LAS. The existence of

this bifurcation makes the control of EVD difficult, since the requirement of Rc
below one, although necessary is not sufficient for the elimination of EVD, more

efforts need to be deploy. When the value of Rc is greater than one, we prove the

existence of a unique endemic equilibrium, LAS. That is the disease may persist and

can be endemic. We have validated our model by fitting it to the available data for

the 2018-2020 Kivu EVD outbreak. From our parameters estimated, the value of

the control reproduction number is 0.33 for this outbreak. This relatively low value

of the control reproduction number may be due to the great experience DRC has in

the fighting against EVD, knowing that the country had faced many outbreaks and

has developed efficient means to protect its population. For instance, without the

account of vaccination in our model (that is for τ = 0), the control reproduction

number of our model were be equal to 0.48, which is near to 0.51, obtained after
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Fig. 12. Combination of case finding and educational campaigns. This figure is plotted when: (i) the
case finding only is (ii) implemented at rate: 0.4 (cyan curve), the impact of educational campaigns
is equal to 0.4 (magenta curve) and there is (iii) no case finding the two former measures are addressed
(blue curve). The other values for the simulations are in Table 2

intervention in DRC in 1995 (during which vaccine were not available).57

Moreover, our estimated values have shown that, one should reduce the transmis-

sion through contacts with individuals showing severe symptoms in order to control

EVD quickly. Furthermore, we have proven that, the dynamics of EVD is sensitive

to the effective transmission through a polluted environment. This comforts the

fact that, this transmission route may increase the level of EVD.9 Besides, we have

quantitatively investigated the usefulness of isolation, safe burial and vaccination

in the course of EVD outbreak. In this regard, our main observation is that, the

vaccination measures is more efficient than the isolation and the safe burial. This

might justified the prominent place given to the vaccination during the 2018-2020

Kivu EVD outbreak.19 Besides, in order to mitigate, the impact of the transmission

of EVD due to contact with infected who are outside hospital, we have explored nu-

merically the usefulness of the case finding58,59 (which has been already addressed

to fight against EVD) and educational campaigns61 as a supplement measures to
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isolation, safe burial (which concerns the deceased formerly infected by EVD) and

vaccination. Our results have shown that, the case finding is better than the edu-

cational campaigns to reduce the level of EVD, but a good combination of these

control measures is better than each of them taken separately.

Despite the relevance of our study, let us recognize that, our model did not take

into account the spillover event from animals to humans, since this fact is already

underscore in our previous works.9,47 Moreover, the delay in the management of

infected has been underestimated, this aspect can be useful since the early diagnosis

of EVD infected improves the survival rate.13 Furthermore, in spite of the account

of the vaccination in our model, we have not explored the number of cases and

deaths that may be avoided by this measure. The authors in62 think for instance

that, when 10% of health care workers get vaccination, 54% of cases and 51% of

deaths can be avoided. Finally let’s recall that, misconceptions63 and ignorance

about EVD in Africa remain a serious matter and should be explored in order to

control EVD. These drawbacks will be our focus in a nearest future. In particular,

we intend firstly to develop an EVD model which considers the impact of miscon-

ceptions63 and educational campaigns to control EVD outbreaks.60 In fact in the

model presented in this paper, the modern medicine appears as the only means

of treatment. Considering the African context, this is not always the case, because

many people link EVD to witchcraft or the punishment of God for the corruption of

the humanity.10 Secondly, we will propose an Ebola model which will focus on the

effects of timing of interventions.6 Indeed the 2013-2015 EVD outbreak has started

in December 2013, but it is only in March 2014 that it has been diagnosed. This

diagnostic delay has substantially impacted the spread of the disease and need to

be considered shortly. Thirdly, we shall formulate and analyse a model which con-

siders differential susceptibility in the population,21 the presence of super spreaders

of EVD (the healthcare workers)62 and ring vaccination. Finally, we will propose

a model which takes into account an hypothetical co-infection: Ebola-COVID-19

(Ebola occurred in DRC and Guinea in February 2021, where the COVID-19 pre-

vailed2). Namely, we will investigate the impact of COVID-19 on the rapid control

of EVD. This is motivated by the fact that the last EVD outbreaks were rapidly

eliminated, perhaps the measures taken to limit the spread of COVID-19 may have

served to curtail and to eliminate EVD.
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Appendices

Appendix A: Proof the the well-posedness of the model

Proof of Theorem 3.1

We begin by proving that, if S(0) > 0 then ∀ t > 0, S(t) > 0. Suppose S(0) > 0.

The integration from 0 to t of the first equation of (2.4) yields:

S(t) =

[
S(0) +

∫ t

0

πexp

(∫ s

0

(λ(u) + µ)du

)
ds

]
× exp

(∫ t

0

−(λ(u) + µ)du

)
.

Thus, S(t) > 0 ∀ t > 0.

Assume besides that, J(0) ≥ 0, I(0) ≥ 0, H(0) ≥ 0, D(0) ≥ 0, R(0) ≥ 0 and

V (0) ≥ 0. If for instance J becomes zero at a time t before I,H,D,R and V become

zero, then from the second equation of (2.4), J̇(t) = λ(t)S(t) ≥ 0 at t1. Thus, J(t)

is a non-decreasing function of t at t1. Therefore, J(t) stays non-negative. Similarly,

it can be shown that, I,H,D,R and V stay non-negative for non-negative initial

conditions.

Proof of Theorem 3.2

Straightforward computations show that,

Ṁ(t) = π − µ(S +R)− δjJ − δiI − δhH. (6.1)

Since µ ≤ min{δj , δi, δh}, one has

Ṁ(t) ≤ π − µM (6.2)

Thus, following Gronwall lemma,

M(t) ≤ π

µ
+

(
M(0)− π

µ

)
e−µt. (6.3)

Besides, from (6.1), one gets

Ṁ(t) ≥ π − (µ+ δj + δi + δh)M (6.4)

Thus,

M(t) ≥ π

(µ+ δj + δi + δh)
+

(
M(0)− π

(µ+ δj + δi + δh)

)
e−(µ+δj+δi+δh)t. (6.5)

If M(0) >
π

µ
, then Ṁ(t) < 0. So, from the inequality (6.3), M(t) decreases until

reaching
π

µ
when t tends to ∞. Similarly, if M(0) <

π

(µ+ δj + δi + δh)
, then from

the inequality (6.4), M(t) increases until reaching a maximum
π

(µ+ δj + δi + δh)
,

when t tends to ∞.

Moreover, if

π

(µ+ δj + δi + δh)
≤M(0) ≤ π

µ
,
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then since one has
π

(µ+ δj + δi + δh)
+

(
M(0)−

π

(µ+ δj + δi + δh)

)
e
−(µ+δj+δi+δh)t ≤M(t) ≤

π

µ
+

(
M(0)−

π

µ

)
e
−µt

,

one concludes that
π

(µ+ δj + δi + δh)
≤M(t) ≤ π

µ
, ∀ t > 0.

Similarly, it can be shown that,

π(δj + δi + δh)

b(µ+ δj + δi + δh)
≤ D(t) ≤ π(δj + δi + δh)

bµ
, ∀ t ≥ 0,

and ∀ t ≥ 0,

bπ(q1 + q2 + q3) + q4π(δj + δi + δh)

ub(µ+ δj + δi + δh)
≤ V (t) ≤ bπ(q1 + q2 + q3) + q4π(δj + δi + δh)

ubµ
.

Thus, the set Ω is positively invariant and absorbing.

Appendix B: Determination of the equilibria of the Model (2.3)

Let E∗ = (S∗, J∗, I∗, H∗, D∗, R∗, V ∗) an equilibrium of System (2.4). Its compo-

nents S∗, J∗, I∗, H∗, D∗, R∗ and V ∗ are the solutions of the following system of

equations: 

π − λ∗S − θ2S
∗ = 0,

pλ∗S∗ − φ1J
∗ = 0,

(1− p)λ∗S∗ + αJ∗ − φ2I
∗ = 0,

ηjJ
∗ + ηiI

∗ − φ3H
∗ = 0,

δjJ
∗ + δiI

∗ + δhH
∗ − bD∗ = 0,

θ1S
∗ + γjJ

∗ + δiI
∗ + γhH

∗ − µR∗
q1J
∗ + q2I

∗ + q3H
∗ + q4D − uV ∗ = 0.

(6.6)

where

λ∗ =
β(J∗ + σhH

∗ + ν1I
∗ + σdD

∗)

N∗
+ βvV

∗, (6.7)

and

N∗ = S∗ + J∗ + I∗ +H∗ +D∗ +R∗. (6.8)

Simple computations show that,

S∗ =
π

λ∗ + θ2
, J∗ =

pπλ∗

φ1(λ∗ + θ2)
, I∗ =

πλ∗k2

φ1φ2(λ∗ + θ2)
,

H∗ =
πλ∗k3

φ1φ2φ3(λ∗ + θ2)
, D∗ =

πλ∗k4

bφ1φ2φ3(λ∗ + θ2)
, R∗ =

θ1πφ1φ2φ3 + πλ∗k5

µφ1φ2φ3(λ∗ + θ2)
.

Substituting these expressions into (6.8) lead to:

N∗ =
πbµφ1φ2φ3 + bθ1πφ1φ2φ3 + πλ∗k6

µbφ1φ2φ3(λ∗ + θ2)
.
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Putting these relationships into the expression of λ∗ gives

λ∗ = 0 or (E) : A2λ
∗2 +A1λ

∗ +A0 = 0.

where

A2 = uπbk6φ1φ2φ3,

A1 = uπb2φ2
1φ

2
2φ

2
3θ2 + πk6θ2ubφ1φ2φ3 − βvπ2k7k6

−βπµubφ1φ2φ3(pbφ2φ3 + ν1k2φ3b+ σhk3b+ σdk4)

A0 = θ2
2ub

2φ2
1φ

2
2φ

2
3π − θ2βπµubφ1φ2φ3(pφ2φ3b+ ν1k2φ3b+ σhk3b+ σdk4)

−φ1φ2φ3π
2bβvk7θ2.

λ∗ = 0 leads to the disease-free equilibrium (DFE) E0 = (S0, 0, 0, 0, 0, R0, 0)

with S0 =
π

θ2
, R0 =

πθ1

µθ2
.

Assume in the sequel that λ∗ 6= 0. Note that, A0 can be written such as

A0 = πb2θ2
2uφ

2
1φ

2
2φ

2
3(1−Rc),

where

Rc =
βµ(pφ2φ3b+ ν1k2φ3b+ σhk3b+ σdk4)

bθ2φ1φ2φ3
+

βvk7π

buθ2φ1φ2φ3
.

It is clear that, when Rc > 1 the Model (2.3) has a unique endemic equilibrium.

Assume Rc < 1. The discriminant ∆ of the equation (E) gives:

∆(Rc) = A2
1 − 4A2πb

2uθ2
2φ

2
1φ

2
2φ

2
3(1−Rc)

Thus,

∆(Rc) = 0⇔ Rcc = 1− A2
1

4A2πb2uθ2
2φ

2
1φ

2
2φ

2
3

.

Therefore, our model has two positive equilibria if Rcc < Rc < 1 and a unique

positive equilibrium for Rc < Rcc.

Appendix C: Proof of the global asymptotic stability of the

disease-free equilibrium

We rewrite the Model (2.3) as
dX

dt
= F (X,Y )

dY

dt
= G(X,Y ), G(X, 0) = 0

(6.9)

where X = (S,R) ∈ R2 and Y = (J, I,H,D, V ) ∈ R5, with the components of

X ∈ R2 denoting the non-infected population, and the components Y ∈ R5 denoting

the infected population.

The DFE E0 is denoted here as E0 = (X∗, 0), X∗ = (S0, R0) .

The DFE is globally asymptotically stable if the following two conditions are

satisfied:48,64
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1. For the system
dX

dt
= F (X, 0), X∗ is GAS.

2. G(X,Y ) = BY − Ĝ(X,Y ) Ĝ(X,Y ) ≥ 0 for (X,Y ) ∈ Ω, where B =

DYG(X∗, 0) is a Metzler matrix and Ω is defined in Proposition 3.2

From the System (2.3), one can easily see that,

B =



pβ − φ1 pβν1 pβσh pβσd pβv
π

µ

(1− p)β + α (1− p)βν1 − φ2 (1− p)βσh (1− p)βσd (1− p)βv
π

µ
ηj ηi −φ3 0 0

δj δi δh −b 0

q1 q2 q3 q4 −u


,

Ĝ(X,Y ) =


p

[
βJ

(
1−

S

N

)
+ βν1I

(
1−

S

N

)
+ βσhH

(
1−

S

N

)
+ βσdD

(
1−

S

N

)
+ βvV

(
π

µ
− S

)]
(1− p)

[
βJ

(
1−

S

N

)
+ βν1I

(
1−

S

N

)
+ βσhH

(
1−

S

N

)
+ βσdD

(
1−

S

N

)
+ βvV

(
π

µ
− S

)]
0
0

 .

Clearly, Ĝ(X,Y ) ≥ 0 for (X,Y ) ∈ Ω. Moreover, it is evident that, X∗ is GAS for

the system
dX

dt
= F (X, 0). Therefore, following the Theorem of Castillo-Chavez et

al. presented in48,64 the DFE of Model (2.3) is GAS when Rc < Rcc.

Appendix D: Proof of the local asymptotic stability of the Endemic

equilibrium

To prove the Theorem 3.3, we use the Center Manifold Theory.

Let’s β as the bifurcation parameter. It is clear that, there exists σv ∈ R+ such

that, βv = βσv. Thus, the critical value of β at Rc = 1 is given by:

β∗ =
θ2uφ1φ2φ3

µu(pφ2φ3b+ ν1k2φ3b+ σhk3b+ σdk4) + σvk7π
.

To investigate the stability of the unique endemic equilibrium, let’s make the fol-

lowing change of model variables

x1 = S, x2 = J, x3 = I, x4 = H, x5 = D, x6 = R, x7 = V.

Then the System (2.3) can be rewritten in the form

dy

dt
= f(y),
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with f = (f1, f2, f3, f4, f5, f6, f7), such as:

f1 = π − β
(
x2 + σhx4 + ν1x3 + σdx5

x1 + x2 + x3 + x4 + x6
+ σvx7

)
x1 − θ2x1,

f2 = pβ

(
x2 + σhx4 + ν1x3 + σdx5

x1 + x2 + x3 + x4 + x6
+ σvx7

)
x1 − φ1x2,

f3 = (1− p)β
(
x2 + σhx4 + ν1x3 + σdx5

x1 + x2 + x3 + x4 + x6
+ σvx7

)
x1 + αx2 − φ2x3,

f4 = ηjx2 + ηix3 − φ3x4,

f5 = δjx2 + δix3 + δhx4 − bx5,

f6 = θ1x1 + γjx2 + γix3 + γhx4 − µx6,

f7 = q1x2 + q2x3 + q3x4 + q4x5 − ux7,

(6.15)

The Jacobian matrix J∗ for the System (6.15) at the DFE E0 when β = β∗ is given

by:

J∗ =



−θ2 −
β∗S0

N0

−
β∗ ν1S0

N0

−
β∗ σhS0

N0

−
β∗ σdS0

N0

0 −β∗ σvS0

0
pβ∗S0

N0

− φ1
pβ∗ ν1S0

N0

pβ∗ σhS0

N0

pβ∗ σdS0

N0

0 pβ∗ σvS0

0
(1− p)β∗S0

N0

+ α
(1− p)β∗ ν1S0

N0

− φ2
(1− p)β∗ σhS0

N0

(1− p)β∗ σdS0

N0

0 (1− p)β∗ σvS0

0 ηj ηi −φ3 0 0 0

0 δj δi δh −b 0 0

θ1 γj γi γh 0 −µ 0

0 q1 q2 q3 q4 0 −u


One can easily seen that the Jacobian J∗ of System (6.15) at the DFE E0, with

β = β∗, has zero as a simple eigenvalue (with all other eigenvalues having negative

real parts). Hence, the Center Manifold theory method65 can be used to determine

the local stability of the endemic equilibrium of System (6.15) near the bifurcation

parameter β = β∗.

One can show that the components of a right-eigenvector w =

(w1, w2, w3, w4, w5, w6, w7)T and a left-eigenvector m = (m1,m2,m3,m4,

m5,m6,m7)T of J∗ associated to the zero eigenvalue are given by the following

two systems:
w1 = −β

∗S0

N0θ2
(w2 + ν1w3 + σhw4 +N0σvw7), w2, w3, w6 > 0

w4 =
1

φ3
(ηjw2 + ηiw3), w5 =

1

bφ3
[(δhηj + φ3δj)w2 + (δhηi + φ3δi)w3],

w7 =
1

bφ3u
[w2(δhηj + φ3δj + bφ3q1 + bq3ηj) + w3(δhηi + φ3δi + bφ3q2 + bq3ηi)]

and
m1 = 0, m6 = 0, m2,m3 > 0,

m4 =
βS0(pm2 + (1− p)m3)

N0φ3ub
[σhub+ δh(σdu+ σvq4N0) + σvq3N0b],

m5 =
βS0(pm2 + (1− p)m3)

N0ub
(σdu+ σvq4N0), m7 =

βσvS0

u
(pm2 + (1− p)m3).
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a =

7∑
k,i,j=1

mkwiwj
∂2fk
∂xi∂xj

(0, 0), and d =

7∑
k,i=1

mkwi
∂2fk
∂xi∂β∗

(0, 0),

are given by:

a = 2β∗w1m2p(R0N
−2
0 w2 + ν1R0N

−2
0 w3 + σhR0N

−2
0 w4 + σdR0N

−2
0 w5 + σvw7)

−2m2β
∗N−2

0 S0p[(1 + ν1)w2w3 + (1 + σh)w2w4 + (1 + σd)w2w5 + w2
2 + ν1w

2
3

+σhw
2
4 + σdw

2
5 + w6(w2 + ν1w3 + σhw4 + σdw5) + (ν1 + σh)w3w4

+(ν1 + σd)w3w5 + (σh + σd)w4w5] + 2β∗w1m3(1− p)(R0N
−2
0 w2 + ν1R0N

−2
0 w3

+σhR0N
−2
0 w4 + σdR0N

−2
0 w5 + σvw7)− 2m3β

∗N−2
0 S0(1− p)[(1 + ν1)w2w3

+(1 + σh)w2w4 + (1 + σd)w2w5 + w2
2 + ν1w

2
3 + σhw

2
4 + σdw

2
5 + w6(w2 + ν1w3

+σhw4 + σdw5) + (ν1 + σh)w3w4 + (ν1 + σd)w3w5 + (σh + σd)w4w5]

< 0, since w1 < 0,

and

d = S0N
−1
0 [pm2 + (1− p)m3] (w2 + ν1w3 + σhw4 + σdw5 + σvN0w7) > 0.

Then, the unique endemic equilibrium of Model (2.4) is locally asymptotically stable

when Rc > 1, but near to 1. Moreover, the bifurcation of the System (2.4) around

Rc = 1 is trans-critical.
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24. A. Dénes, A. B. Gumel, Modeling the Impact of Quarantine During an Outbreak of

Ebola Virus Disease, Infect. Dis. Model. 4:12–27, 2019.
25. M. Shen, Y. Xiao, L. Rong, Modeling the Effect of Comprehensive Interventions of

Ebola Virus Transmission, srep 5.15818:1–14, 2015.
26. T. W. Tulu, B. Tian, Z. Wu, Modeling the Effect of Quarantine and Vaccination on

Ebola Disease, Adv. Differ. Equ 2017:178:1–14, 2017.
27. M. L. Juga, F. Nyabadza, F. Chirove, Ebola Virus Disease with Fear and Environ-

mental Transmission Dynamics, Infect. dis. model. 6:545–559, 2021.



February 2, 2022 21:29 WSPC/INSTRUCTION FILE EbolafinalJBS

Ebola virus disease dynamics with some preventive measures 33

28. A. Camacho, A. J. Kucharski, S. Funk, J. Breman, P. Piot, W. J. Edmunds, Potential
for Large Outbreaks of Ebola Virus Disease, Epidemics 9:70–78, 2014.

29. K. Kabli, S. E. Moujaddid, K. Niri, A. Tridane, Comparative System Analysis of the
Ebola Virus Epidemic Model, Infect. dis. model. 3:145–159, 2018.

30. Li Li, Transmission Dynamics of Ebola Virus Disease with Human Mobility in Sierra
Leone, Chaos Solitons Fractals 104:575–579, 2017.

31. A. Rachah, D. F. M. Torres, Analysis, Simulation and Optimal Control of a SEIR
Model for Ebola Virus with Demographic Effects, Commun. Fac. Sci. Univ. Ank.
Ser. A1 Math. Stat. 67:179–197, 2018.

32. J-M. Zhu, L. Wang, J-B. Liu, Eradication of Ebola Based on Dynamic Programming,
Comput. Math. Methods Med. 2016:1–9, 2016.

33. W. S. Hart, L. F. R. Hochfilzer, N. J. Cunniffe, H. L. N. Nishiura, R. N. Thompson,
Accurate Forecasts of the Effectiveness of Interventions against Ebola may require
Models that Account for Variations in Symptoms during Infection, Epidemics 29:1–
10, 2019.
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