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A B S T R A C T   

Due to rapid development in the technology of electronic devices and improved performance of thermoelectric 
materials, thermal management is one of the significant issues to be dealt with. Hence, the conventional heat 
transfer methods are not responsive anymore, especially in micro-electric applications. In this work, the appli
cation of nanofluid, instead of pure fluids, in the microchannel heat sink with sudden explanation and insertion 
of ribs and dimples inside the backward-facing step microchannel is studied numerically. Lattice Boltzmann 
method is applied to study the heat transfer and laminar flow behaviour of 4% concentration of Al2O3-water 
nanofluids in Reynolds numbers ranging 40–100 through the backward-facing step microchannel. Microchannel 
size is 60 μm (H) × 60 μm (W) × 336 μm (L), and the height of the microchannel’s step is 27 μm, and located 108 
μm from the entrance. The bottom wall of the microchannel, downstream of the step is exposed to constant heat 
flux. Ribs and hemispherical dimples are located on this wall section as vortex generators. A few studies focus on 
curved boundaries in Lattice Boltzmann Method due to some complexities in curved boundaries, especially 
spherical ones. So, the main novelty of this work is inserting hemispherical dimples in backward-facing step 
microchannel and combining them with ribs as proposed turbulators. The results showed that increasing the 
number of ribs from 4 to 8 (100% growth) leads to a 63.64 and 64.65% augmentation in the average Nusselt 
number at Re = 40 and 100, respectively. Also, increasing the ribs heights from 0.5H to 2H (300% growth) 
caused average Nusselt number augmentation of about 54.54 and 40.91% at Re = 40 and 100, respectively. In 
some cases, with lower numbers or shorter ribs, the effects of adding ribs on the Nusselt number are either minor 
or undesirable.   

Introduction 

In recent years, due to the rapid development in the technology of 
electronic devices and improved performance of thermoelectric mate
rials, thermal management is one of the significant issues to be dealt 
with. Due to higher heat dissipation in microprocessors, the conven
tional air-cooled cooling systems were insufficient. Hence high- 
performance cooling solutions such as liquid–vapour phase change, 
liquid cooling, heat pipes, nanoparticles-fluid suspension instead of 
conventional fluids, microchannel heat sink and sudden explanation or 
compression in systems were introduced [1–6]. Utilization of 

microchannel and microdevices in micro cooling systems, heat ex
changers are growing rapidly due to the growing application of micro
fluidic technology and micro-electro-mechanical systems (MEMS). 
Microchannels enhance heat transfer efficiency due to a larger ratio of 
surface to volume. Another structural modification to achieve higher 
heat transfer performance is. The separation and reattachment of the 
flow resulting from sudden explanation or compression in flow passages 
lead to an improvement in heat transfer of the fluids. Hence, backward- 
facing steps or forward-facing steps are critical in industrial applications 
and engineering designs [7–14]. 

Although applying backward-facing steps is not desirable in some 
applications because of energy losses and pressure drops, which lead to 
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extra pumping power, their benefits are significant enough not to be 
denied, especially in heating or cooling applications. In the backward- 
facing steps (BFSs), a sudden expansion occurs in flow transit and re
sults in flow separation in the step edge. This phenomenon divides the 
flow into separation, recirculation, and reattachment regions. These 
separation, circulation and reconnection lead to higher mixing in mass 
and energy and, subsequently, higher heat transfer desired in heat ex
changers, chemical processes, electronic devices, turbine blade cooling 
systems, chemical process equipment, combustion chambers and cool
ing of nuclear reactors. Many experimental and numerical studies 
address heat transfer and flow behaviour in the presence of sudden 
expansion or compression. 

Applying BFSs in micro-sized channels has attracted considerable 
interest as it allows us to benefit from both in different applications. 
Many studies with the focus area of microchannels and BFSs applica
tions were observed [9–18]. Inserting obstacles in the flow path leads to 
the creation of vortex and flow fluctuation for mixing of fluids with 
different temperature, and in some cases, direct the flow to move closer 
to the desired wall. Sometimes adding the obstacles increases the con
tact surface; hence higher thermal transport could be achieved. 
Depending on the reason for applying, these obstacles were named 
baffles, barriers, ribs, vortex generators, turbulator, etc. Hence studying 
the effects of choosing different shapes, sizes, locations, and numbers of 
these obstacles is essential. Several researchers have focused on utilizing 
baffles or a barrier in the flow passage. Johnson and Joubert [10] 
studied heat transfer enhancement caused by inserting different shapes 
of wings and winglets as vortex generators in tubes. Yeung and Kot [11] 
proposed a 2D boy-fitted curvilinear approach to study flow over other 
structures. Chen et al., [12] applied LBM to study the hydraulic and 
thermal behaviour of flow in the BFS channel. Also they inserted a cy
lindrical object downstream of step to study the effects of interruptions 
in the flow path. They concluded an increase in the average Nusselt 
number and the heat transfer. Selimefendigil and Oztop [13] studied Cu- 
Water nanofluid forced convection flow in a corrugated BFS channel 
with added circular, diamond and square-shaped obstacles and Reynolds 
number of 10–200. The numerical simulation revealed recirculation 

regions appearance depends on Reynolds number. Alkumait et al., [14] 
investigated a BFS by installing a baffle on the top wall. This numerical 
study was conducted based on the forced laminar flow of water in a 
channel with Reynolds number ranging 50–400. The results showed 
maximum average Nusselt number happened when the baffle was 
closest to the entrance after the step, the lowest Nusselt number 
belonged to the case with the channel without any baffle installed. 
Ahmed et al., [15] added different types of vortex generators on the top 
wall of a BFS microchannel in different shapes with varying angles of 
attack. The results show applying vortex generators enhance thermal 
performance. Hanji et al., [17] used the finite element method (FEM) to 
study the flow through the microchannel with sudden expansion or 
contraction. The size of the recirculation area increases by increasing the 
Reynolds number, which leads to an enhanced Nusselt number. Also 
they studied the effects of the number of obstacles and concluded 
increasing obstacle numbers leads to increased heat transfer [18]. 
Ekiciler and Çetinkaya [19] numerically investigated the impact of 
applying different shapes of ribs in a duct in a turbulent regime. They 
concluded the vortex caused by ribs leads to heat transfer enhancement 
due to disturbance of the thermal boundary layer. 

Utilizing nanofluids with higher heat transfer performance sub
stitutes conventional heat transfer fluids to overcome the heat transfer 
boundaries [20]. Choi [20] proposed using nanofluids, solid–liquid 
composite materials consisting of nanometer-sized solid particles, fibres, 
rods or tubes suspended in various base fluids. Numerous studies defined 
nanofluid properties to introduce nanofluids into industrial design and 
applications [22–32]. The volume fraction of the nanoparticles, tem
perature, nanoparticle size, nanolayer, the base fluid’s thermal con
ductivity, the nanofluid’s PH, and the nanoparticles’ thermal 
conductivity were addressed as important parameters affecting nano
fluid properties [22–23]. 

In systems with higher heat transfer requirements, replacing the 
conventional fluid with nanofluids is a significant optimisation step, 
especially in micro-sized applications. A considerable number of studies 
investigated the heat transfer and flow behaviour of nanofluids in 
microchannels, or the BFSs [17–23]. Kherbeet et al., [26] applied the 

Nomenclature 

k Thermal conductivity (W/m.k) 
cp Specific heat capacity (J/kg.K) 
rp Nanoparticle’s radius (m) 
dp Nanoparticle’s diameter (m) 
tl Nanolayer thickness (m) 
T Temperature (K) 
T0 Absolut Temperature (K) 
Nu Nusselt number 
Re Reynolds number 
Dh Hydraulic diameter (m) 
q Heat flux (W/m2) 
ei Lattice velocity direction 
f Distribution function 
feq Equilibrium Distribution Function 
g Temperature distribution function 
geq Equilibrium temp. distribution function 
u velocity (m/s) 
ṁ Mass flow rate (kg/m3) 
c Velocity vector 
cs Speed of sound 
wi Weight factor in ith direction 
X Dimensionless coordinate in X direction 
Y Dimensionless coordinate in Y direction 
Z Dimensionless coordinate in Z direction 

h Convective Heat transfer coefficient (W/m2.K) 

Greek symbols 
ν Kinematic viscosity (m2/s) 
φ Volume concentration 
α Heat diffiusivity (m2/s) 
τ Relaxation time 
ρ Density (kg/m3) 
µ Dynamic Viscosity (kg/m.s) 

Subscripts 
p Particle 
pe Equivalent particle 
f Base fluid 
w Wall 
b Bulk 
eff Effective 
nf Nanofluid 
l Nanolayer 
i Discrete lattice directions 

Abbreviations 
LBM Lattice Boltzmann Method 
MD Molecular Dynamics 
BFS Backward-facing step 
MBFS Backward-facing step microchannel  
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three-dimensional finite volume method (FVM) to study EG-SiO2 
nanofluid through a backward-facing step microchannel in a laminar 
regime with a Reynolds number of 35. They observed a more eddy flow 
pattern close to the side walls, which increases with increasing step 
height. Also, they concluded higher step leads to Nusselt number and 
recirculation length enhancement and decreasing pressure drop and 
friction factor coefficient. Yang et al., [28] numerically and experi
mentally investigated applying nanofluids and BFSs to enhance heat 
transfer in microchannels and concluded both nanofluids and BFSs 
improve heat transfer. Ekiciler [29]studied nanofluids and hybrid 
nanofluids’ heat transfer and flow behaviour numerically. The nano
fluids flow in a duct with triangular ribs was analyzed using the RNG k-ε 
turbulence model. The results show the optimum nanofluid type, rib 
heights, position and size. 

Lattice Boltzmann Method is applied for the computational study of 
this work. One of the advantages of this method is that it is easier to 
implement than other numerical methods like computational fluid dy
namics (CFD), especially in complex geometries, multiphase, and 
multicomponent domains. Lattice Boltzmann Method operates between 
two macroscopic and microscopic scales, originating from the Lattice 
Gas Automata (LGA) method. This method monitors the behaviour of a 
group of particles instead of individual particles. Many researchers 

applied different approaches in LBM studies [33–46]. Shan and Chen 
[35] applied LBM to model fluids with immiscible components or single 
components with phase transition at a constant temperature. For this 
purpose, they considered non-local interaction between particles and 
introduced a term as inter-particle potentials. Xuan and Yao [37] used 
LBM to simulate the morphology of nanoparticles in nanofluids and 
studied flow features. In developing the Lattice Boltzmann equation, 
they considered buoyance, gravitational, drag, Brownian and interac
tion forces affecting nanoparticles and the reaction of the Brownian and 
drag forces acting on fluid molecules. Zhou et al., [38] proposed the 
Multi-Component Single-component Hybrid Method (MSLM), which 
applies the Lattice Boltzmann method with different grid sizes and 
single-phase and two-phase technics in the numerical analysis of nano
fluids. The comparisons revealed that the results from the hybrid 
method are very close to the multi-component lattice Boltzmann method 
with higher efficiency in computation time consumption. Nabavitaba
tabayi et al., [41] applied multiple relaxation LBM to study nanofluids’ 
velocity field and heat transfer enhancement in an enclosure with a local 
heat source. Analysing the simulation results revealed that increasing 
the Rayleigh number leads to enhanced convective heat transfer by 
overcoming buoyancy over viscous force. Yang and Lia [42] studied flow 
features and heat transfer of Al2O3-Water nanofluid flow in a micro
channel under a laminar regime. Comparing the results with Control 
Volume Method showed that LBM can predict as accurately as Control 
Volume Method. Furthermore, they concluded their LBM is only valid in 
low Reynolds numbers, as the mesh number is small. In the case of 
higher Reynolds numbers, the mesh number should be more. Abdol
lahzadeh et al [43] adopted a two-phase Lattice Boltzmann approach to 
study Al2O3 nanofluids in a channel with a low Reynolds number. 

The present work studies the hydrothermal behaviour of the laminar 
forced convection flow of a nanofluid inside a BFS microchannel with 
constant heat flux from the wall downstream of the step. This work in
vestigates the effects of applying inserts, as turbulators or vortex gen
erators, through the flow stream like square ribs downstream of the step 
and hemispherical grooves on the top wall of the microchannel to direct 
flow downward toward the hot surface. To the best of the authors’ 

Fig. 1. (a) 3D View of the proposed microchannel, and (b) 2D schematic view of the backward-facing microchannel.  

Table 1 
The values of the microchannel’s dimensions.  

Description Symbol Size [mm] 

Microchannel’s Total Length Lmc 33.6 × 10-2 

Microchannel’s Downstream Height Hmc 6.0 × 10-2 

Microchannel’s Width Wmc 6.0 × 10-2 

Step Height Hst 2.7 × 10-2 

Microchannel’s Upstream Length Lst 10.8 × 10-2 

Hemispherical Dimples Radius Rdm 1.3 × 10-2 

Hemispherical Dimples’ Distance to Inlet Ldm 13.0 × 10-2 

Length of Microchannel Wall with Heat Flux Lhf 11.7 × 10-2 

Square Rib’s Height Hrb 0.9 × 10-2 

Square Rib’s Width Wrb 0.9 × 10-2  
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knowledge, this study is the first one with hemispherical grooves applied 
as turbulators in the BFS microchannel. 

Numerical procedure 

Model schematics and assumptions 

In this study, nanofluid heat transfer and fluid flow in an MBFS 
considering a three-dimensional, steady state, laminar, single phase, and 
incompressible model was numerically investigated. Fig. 1 shows the 
microchannel schematic with geometrical parameters. The values of the 
geometrical parameters are listed in Table 1. In the preliminary base 
model, six ribs with square cross-section were added to the bottom wall 
of the downstream step. As shown in Fig. 1b, the first section of this wall 
is exposed to a constant heat flux of 28.7 mW/m2. Also, two side-by-side 
hemispherical dimples were mounted on the top wall of the 

microchannel to steer the flow downward close to the surface with 
constant heat flux. Moreover, 4% Al2O3-Water nanofluid was employed 
as the working fluid, and thermal equilibrium and no-slip condition 
between Al2O3 nanoparticles and water was assumed. 

Boundary conditions 

In this study, the boundary conditions are set as below:  

• The inlet temperature is 25 ℃ (at X  = 0, Ti = 25 ℃).  
• Inlet velocity is assumed in the range of 0.62–––1.54 m/s depending 

on Reynolds number ranging of Re = 40–100. (X = 0, 0 ≤ Y ≤ 1 and 
0 ≤ Z ≤ 1 then u = ui, v = 0, and r = 0)  

• A section of the bottom wall downstream of the step is heated by a 
constant heat flux of 28.7 MW.m− 2, and other wall surfaces are 
adiabatic. (T(i.j+ 1.k) = T(i.j.k) + q.dx

k )  
• No slip condition on the walls (u = 0, v = 0, and r = 0).  
• All the microchannel walls are adiabatic except in the constant heat 

flux section (for instance, at the top wall, Y = 1, 0 ≤ X ≤ 1 and 0 ≤ Z 
≤ 1, then δT

δy = 0). 
• The extrapolation method is used for outlet temperature and veloc

ity. For instance, at the outlet (X = 1), f1 (i, j, k) is one of the unknown 
density distribution functions: f1(i, j, k) = 2 × f1(i − 1.j.k) −
f1(i − 2.j.k)) 

Physical properties of nanofluid 

To calculate nanofluid’s properties, a solid–liquid interfacial layer 
between nanoparticles and base fluid must be considered, as it affects 
nanofluids’ thermal conductivity, density, specific heat capacity etc. 

Yu and Choi [47] renovated the conventional Maxwell’s model to 
consider the interfacial layer in the effective thermal conductivity 
model. By applying the Schwartz et al., [48] effective medium theory, 
Yu and Choi [47] developed the equivalent nanoparticle thermal con
ductivity as follows: 

kpe =

[
2(1 − ν) + (1 + γ)3

(1 + 2ν)
]
ν

− (1 − ν) + (1 + γ)3
(1 + 2ν)

kp (1)  

Table 2 
The thermophysical properties of the employed fluids.  

Fluid ρ (kg/m3) k (W/m⋅K) Cp (J/kg.K) μ (kg/m.s) 

Water  997.0  0.7  4171.0 6.53E-04 
Al2O3  3880.0  39.2  765.0 – 
Al2O3-Water  1107.5  0.8  3713.0 7.31E-04  

Fig. 2. 2D projection of the layout of the curved wall boundary.  

Fig. 3. Generated mesh in the present work for Lattice Boltzmann analysis.  

Fig. 4. Comparison of the results of the present numerical study with the 
experimental results from Kherbeet et al., [61]. 
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γ =
tl

rp
(2)  

ν =
kl

kp
(3) 

Also assumed, 

kl = 10kf (4) 

The modified nanofluid’s thermal conductivity model is as follows: 

kstatic =
kpe + 2kf + 2

(
kpe − kf

)
(1 + γ)3φ

kpe + 2kf −
(
kpe − kf

)
(1 + γ)3φ

kf (5) 

The Brownian motion of nanoparticles is one of the significant fac
tors in the heat transfer enhancement of nanofluids. Hence, Brownian 
thermal conductivity will be added to static thermal conductivity as 
presented by Koo and Kleinstreuer [49]: 

keff = kstatic + kBrownian (6)  

kBrownian = 5 × 104βφρf Cpf

̅̅̅̅̅̅̅̅̅
KT
ρpdp

√

f (T.φ) (7) 

Vajjha and Das [50] modified Koo and Kleinstreuer [49] model using 
a more comprehensive range of experiments and developed new equa
tions for f(T, φ) and β for three different nanoparticles. This new model is 
valid in temperatures of 298–363 K and 29–77 nm particle size. 

f (T.φ) =
(
2.8217 × 10− 2φ+ 3.917 × 10− 3) T

T0
+
(
− 3.0669

× 10− 2φ − 3.91123 × 10− 3) (8)  

β = 8.4407(100φ)− 1.07304 (9) 

According to the presented outcomes by Sharifpur et al.[20], it is 
more accurate to use the following correlation for nanofluid’s density: 

ρnf =
φρp + (1 − φ)ρf

(1 − φ) + φ
(
rp + tl

)3
/rp

3
(10)  

tl = − 0.0002833r2
p + 0.0475rp − 0.1417 (11) 

The study of fluids containing dispersions to understand the rheo
logical behaviour started with Einstein in 1906 [51]. However, this 
model is valid only for suspensions with a volume concentration of 2% 
and below [20]. 

μr =
μnf

μf
= (1 + 2.5φ) (12) 

In this study, the Brikman model [52] with equivalent volume con
centration will be used for calculating nanofluids’ viscosity to account 
for the solid–liquid interfacial layer: 

μnf

μf
=

1
(1 − φe)

2.5 (13) 

For nanofluid’s specific heat capacity, a modified conventional 
model has been applied; several authors [53–56] used some models as 
the results from this formula match experimental data. 

ρnf cp.nf = φρpcp.p +(1 − φ)ρf cp.f (14) 

Nanofluid’s thermal diffusivity, α and Kinematic viscosity, υ can be 
calculated using the data from the above equations: 

αnf =
keff

ρnf cp.nf
(15)  

ϑnf =
μnf

ρnf
(16) 

Table 2. presents the base fluid, nanoparticle and nanofluid ther
mophysical properties applied in this work. 

Data processing method 

The heat transferred to the fluid could be calculated using the below 
formula: 

Q = ṁcp.nf (Tout − Tin) (17)  

where ṁ is the mass flow rate, and Tin, and Tout are the microchannel 
inlet and outlet temperatures respectively. 

q =
Q
Aw

(18)  

where q is heat flux, and Aw is the area of a section of the microchannel’s 
bottom wall with constant heat flux. And following equations could be 
applied to calculate the average heat transfer coefficient and average 
Nusselt number: 

have =
Q

Aw(Tw − Tb)
(19) 

Fig. 5. Effect of the number of ribs on the (a) outlet temperature and (b) wall temperature with constant heat flux at Hrb = H.  
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where Tw is the average temperature of the wall section with constant 
heat flux, and Tb is the average bulk temperature. 

Nuave =
haveDh

k
(20)  

where Dh is microchannel’s hydraulic diameter and k is nanofluids 
thermal conductivity in average bulk temperature. 

Lattice Boltzmann method 

There are two different approaches of discrete and continuum in 
numerical simulations. In the continuum approach, the differential 
equations of mass, momentum and energy can be solved by defining a 
finite volume, finite volume, or finite difference scheme and boundary 
condition. These derived equations are solved on the macroscopic scale 
by considering boundary and initial conditions to calculate thermo- 

physical properties. 
On the other hand, the discrete approach observes molecules or 

atoms collisions and identifies the velocity and location of each particle 
at each time step [30]. Molecular Dynamics (MD) is a microscale method 
considering each particle’s behaviour. Although this microscale method 
is very convenient in complex geometry, boundary conditions, and 
multiphase problems, the calculation time and computer resources put 
some limitations in large systems. Lattice Boltzmann Method operates 
between two aforementioned macroscopic and microscopic scales, and 
was generated from Lattice Gas Automata (LGA) method. This method 
monitors the behaviour of a group of particles instead of individual 
particles. Particle distribution functions were introduced, which is a 
definition for the total number of particles in a specific location and time 
with same specific velocity. To implement LBM, the particle distribution 
function was introduced, which is a definition for the total number of 
particles in a particular location and time with the same specific 

Fig. 6. Contours of temperature distribution in a slice (Z = 0) and various slices in X direction inside the computational domain for various models at Re = 40 and 
Hrb = H. 
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velocity, and the changing rate of these distribution functions is named 
as collision operator. 

Boltzmann equation, f (r,c,t), is a statistical equation which describes 
the number of particles located between r and r + dr, with a velocity 
ranging from c to c + dc at time step dt. The discrete Lattice equation 
without external force can be written as below in different lattice 
directions: 

∂fi

∂t
+ ci∇fi =

1
τ (fi

eq − fi) (21)  

τ = 3ϑ
Δt

Δx2 + 0.5 (22) 

where feq is the equilibrium distribution function, τ is the relaxation 
factor, and i is different lattice directions. 

The above equation is called the working horse of the Lattice 
Boltzmann Method by Mohamad [30], like the Navier-Stokes equation 
in the partial differential approach. The right-hand side of the equation 
represents the streaming step, and the left-hand side represents the 
collision step in LBM. 

The discretized lattice Boltzmann equation for the flow in circular 
channel in Pseudo-Cartesian coordinates (x, r) can be written as: 

fi(x+ cixΔt.r+ cirΔt.t+Δt) − fi(x.r.t) =
Δt
τ [fi

eq(x.r.t) − fi(x.r.t) ] (23)  

fi
eq(x.r.t) = ωiρ

[

1+
ci.u
c2

s
+
(ci.u)2

2c4
s

−
u2

2c2
s

]

(24) 

where 

cs =
c
̅̅̅
3

√ (25)  

c =
Δx
Δt

(26)  

Curved boundaries in Lattice Boltzmann method 
The curved boundary of hemispherical dimples needs some attention 

in LBM boundary condition calculations. Most of the studies applying 
LBM used rectangular geometries, and there is a lake of literature 
focusing on curved boundaries. In most of the studies with curved 
boundaries, stairs like geometry was used to model the boundaries in 
LBM, which this approximation reduces the accuracy of the results [57]. 
Filippova and Hanel [58] applied grid refinement and boundary fitting 
methods to ease the Lattice Boltzmann (BGK) in complex geometries. In 

their study, they’ve modelled a cylinder perpendicular to the flow path 
in a channel and for the area close to the boundary of cylinder the lattice 
been designed finer to observe the changes in more detail in critical 
areas. The authors explained the LBM accuracy reduction from second 
order to first order in curved boundaries, so they applied a boundary 
fitting solution proposed by the same authors [59] for steady-state flows. 
to overcome the accuracy issue in curved or complicated surfaces. Mei 
et al., [57] modified the [59] model to get more precise results in curved 
and complicated boundaries. 

Fig. 2 is a two-dimensional projection of the curved wall boundary. 
Nodes b, f and w demonstrate the solid, fluid and wall nodes, respec
tively. δx denotes the vertical and horizontal lattice spaces, and Δ is the 
fraction of the link between solid and fluid nodes as follows: 

Δ =

⃒
⃒xf − xw

⃒
⃒

⃒
⃒xf − xb

⃒
⃒

(27) 

The eα is the discrete velocity from node f to b, and 

eα = − eα (28)  

fα
(
xf = xb + eαδt.t+ δt

)
= f̃ α(xb.t) (29) 

Filippova and Hanel [58] proposed a linear interpolation method as 
follows: 

f̃ α(xb.t) = (1 − χ)̃f α
(
xf .t

)
+ χf (*)α (xb.t)+ 2ωαρ 3

c2eαuw (30)  

uw ≡ u(xw.t) (31)  

where uw is the fluid velocity at the wall boundary, and χ is an indication 
of the proportions of ̃fα

(
xf .t

)
and f (*)α (xb.t) that affects their interpolation 

or extrapolation for the calculation of f̃α(xb.t). f
(*)
α (xb.t) is a fictitious 

equilibrium distribution function as follows: 

f (*)α (xb.t) = ωαρ(xf .t)
[

1+
3
c2eα • ubf +

9
2c4

(
eα • uf

)2
−

3
2c2uf • uf

]

(32)  

uf ≡ u
(
xf .t

)
(33) 

uf considered as the velocity of the fluid close to the boundary wall. 

ubf = (Δ − 1)uf /Δ+ uw/Δ (34) 

Filippova and Hanel [58] assumed Slow Flow condition and applied 
Chapman–Enskog expansion to calculate ̃fα

(
xf .t

)
as follows: 

Fig. 7. Effect of the number of ribs on (a) average Nusselt number and (b) heat transfer rate for various Reynolds numbers at Hrb = H.  
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fα
(
xf .t

)
≈ fα

(eq)( xf .t
)
− λeα • ∇fα

(eq)( xf .t
)

(35)  

fα
(eq)( xf .t

)
= ρwα

[

1+
3
c2eα • u+

9
2c4(eα • u)2

−
3

2c2 u • u
]

(36) 

And ∇fα
(eq)( xf .t

)
in near incompressible condition could be estimated 

as below: 

∇fα
(eq)( xf , t

)
= ρwα

3
c2eα • ∇u (37) 

Using the below concept, 

fα
(eq)( xf , t

)
= fα

(eq)( xf , t
)
− 2ρwα

3
c2uf • eα (38) 

And substituting Equations (36), (37) and (38) in Equation (35), 

fα
(
xf , t

)
= fα

(eq)( xf , t
)
− 2ρwα

3
c2uf • eα − τδt2ρwα

3
c2eα • ∇u • eα∇fα

(eq)( xf , t
)

= ρwα
3
c2eα • ∇u

(39) 

where, 

λ = τδt (40) 

As per the equilibrium distribution function equation: 

fα
(eq)( xf , t

)
= ρwα

[

1+
3
c2eα • u+

9
2c4(eα • u)2

−
3

2c2 u • u
]

(41) 

The f (*)α (xb, t) equation could be re-written as follow: 

Fig. 8. Contours of velocity magnitude in a slice (Z = 0) and various slices in X direction inside the computational domain for various models at Re = 40 and Hrb = H.  

S. Yousefi et al.                                                                                                                                                                                                                                  



Thermal Science and Engineering Progress 43 (2023) 101987

9

f (*)α (xb, t) = fα
(eq)( xf , t

)
+ ρwα

3
c2eα •

(
ubf − uf

)
(42) 

From the above expressions, the ̃fα(xb, t) can be expressed as:   

From Equations (29), (43), and (39): 

fα
(eq)( xf , t

)
− (1 − χ)(τ − 1)δtwαρ 3

c2eα.∇u.eα +wαρ 3
c2eα.

(
χubf − χuf − 2uw

)

= fα
(eq)( xf , t

)
− 2ρwα

3
c2uf • eα − τδt2ρwα

3
c2eα • ∇u • eα

(44) 

In case of ubf = uf : 

χ = (2Δ − 1)/(τ − 1) (45) 

and if ubf = (Δ − 1)uf/Δ + uw/Δ 

χ = (2Δ − 1)/τ (46) 

Based on Filippova and Hanel [58] paper, they couldn’t find stable 
results from Equation (45) when Δ is smaller than 1/2, therefor they 
defined the below criteria: 
⎧
⎪⎪⎨

⎪⎪⎩

ubf =
(Δ − 1)uf

Δ
+

uw

Δ
andχ = (2Δ − 1)/τforΔ ≥

1
2

ubf = uf andχ = (2Δ − 1)/(τ − 1)forΔ <
1
2

(47) 

Mei et al., [57] modified the above equation for the boundary nodes 
with Δ smaller than 1/2. 
⎧
⎪⎪⎨

⎪⎪⎩

ubf =
(Δ − 1)uf

Δ
+

uw

Δ
andχ = (2Δ − 1)/τforΔ ≥

1
2

ubf = uf andχ = (2Δ − 1)/(τ − 2)forΔ <
1
2

(48) 

Mei et al., [60] studied the curved boundary condition in LBM and 

investigated the efficiency and accuracy of 3D LBM models; D3Q15, 
D3Q19, and D3Q27. Comparing three different 3D methods revealed that 
the D3Q19 method’s accuracy rate is higher than D3Q15 and is more 
efficient than D3Q27. 

In curved boundaries, they applied Cartesian coordinates with an 
interpolation technique. As they mentioned, the second-order accuracy 
in boundary conditions is achievable if the boundary line be considered 
in the middle of solid and fluid nodes, which means Δ = 0.5; 

As shown clearly in Fig. 2, the Δ won’t be equal to 0.5 in all boundary 
nodes because of the curved boundary; they tried to improve the 
available models, like the one developed by Mei et al., [57], to get more 
accurate results. They noticed in previous models, the computational 
accuracy decreases when Δ is closer to 1; for instance, for Δ = 0.87, τ 
need to be adjusted to 0.6 to get results with the desired accuracy. There 
is different Δ throughout the boundary in curved boundaries, so they 
tried to improve the available models for higher accuracy in a wider 
range. 

ubf =

[

1 −
3

2Δ

]

uf +
3

2Δ
uwandχ = (2Δ − 1)/(τ + 1/2)forΔ ≥

1
2

(49)  

Grid independency study and validation 

Applying a Core i7, 2.2 GHz with 8 GB of RAM PC, a homemade 3D 
FORTRAN code is developed and run to perform the numerical study on 
4% Al2O3-Water nanofluid through a backward-facing microchannel. To 
ensure grid independency, four grids with the different number of the 
cell were considered; including 20 × 20 × 112, 30 × 30 × 168, 40 × 40 
× 224, and 50 × 50 × 280. Nanofluid outlet temperature, Tout, and heat 
transferred, Q, were chosen to be compared in these four grids. 
Accordingly, it was obtained that the differences between the results of 
grids 40 × 40 × 224 and 50 × 50 × 280 were not significant. So, the grid 
with 40 × 40 × 224 number of cells was applied for this study’s nu
merical studies. Fig. 3 presents the generated grid for this study (40 ×
40 × 224). 

To validate the present numerical study, the distribution of the local 

Fig. 9. Effect of the height of the ribs on the (a) outlet temperature and (b) wall temperature with constant heat flux at N = 6.  

f̃ α(xb, t) ≈ fα
(eq)( xf , t

)
+(1 − χ)(1 − 1/τ)f α

(
xf , t

)
+wαρ 3

c2eα.
(
χubf − χuf − 2uw

)
= fα

(eq)( xf , t
)
− (1 − χ)(τ − 1)δtwαρ 3

c2eα.∇u.eα +wαρ 3
c2eα.

(
χubf − χuf − 2uw

)

(43)   
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Nusselt number of the plain MBFS (without any turbulator or insert) is 
compared with the Kherbeet et al., [61] experimental results. As 
demonstrated in Fig. 4, the results from this study are in acceptable 
agreement with experimental data. The percentage differences are 
shown on the graph and are insignificant, which could result from un
certainties and heat dissipations in the experimental process. 

Results and discussions 

A nanofluid of 47 nm Al2O3 nanoparticles dispersed in water with a 
volume fraction of 4% is employed as the working fluid. At the inlet, a 
velocity of 0.62–––1.54 m/s depending on Reynolds number ranging of 
Re = 40–100 and a constant temperature of 25 ℃ are assumed. To study 
the heat transfer behaviour of nanofluid in different cases, the average 
Nusselt number, microchannel outlet average temperature, and the 
average temperature of the wall with constant heat flux were derived 

from the developed homemade LBM code results. It should be noted that 
in the present work, the geometrical factors of the dimples were kept 
constant. 

The impact of the number of ribs (N) 

In the present section, the influence of the number of ribs on the 
hydrothermal behaviour of nanofluid flow inside the proposed micro
scale backward-facing step was evaluated numerically. The number of 
dimples placed at the considered channel was kept constant by two. 
Also, the height of the ribs was kept constant by Hrb = H. The influence 
of the number of ribs on the outlet temperature and wall temperature 
with constant heat flux at Hrb = H are demonstrated in Fig. 5a and 5b, 
respectively. 

Fig. 5a illustrates that the outlet temperature declines as the Rey
nolds number rises. This trend is recorded in all considered cases with 

Fig. 10. Contours of temperature distribution in a slice (Z = 0) and various slices in X direction inside the computational domain for various models at Re = 40 and 
N = 6. 
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the various number of ribs as well as the case without ribs and dimples as 
plain MBFS. Moreover, it can be observed that the highest outlet tem
perature belongs to the case with eight ribs at all considered Reynolds 
numbers. However, for the minimum outlet temperature, it should be 
noted that at lower Reynolds numbers (Re = 40 and 60), the differences 
between the case with four ribs and plain MBFS are low. Increasing the 
Reynolds number (Re = 80 and 100) makes the outlet temperature 
difference between these two cases appear. The differences between 
these cases augments by Reynolds number, and consequently, it can be 
concluded that the minimum outlet temperature belongs to the case 
with ribs at the highest considered Reynolds number, Re = 100. 

Fig. 5b indicates that by increasing the Reynolds number, the wall 
temperature decreases; however, the slopes of these profiles are signif
icantly lower than the plotted profiles in Fig. 5a. Profiles of wall tem
perature for various cases and Reynolds numbers show that in all 
considered cases (with dimples and ribs) and Reynolds numbers, the 
wall temperature is lower than the case with plain MBFS. In other words, 
employing the proposed inserts (dimples and ribs) leads to lower wall 
temperature and consequently improved wall (with constant heat flux) 
cooling or heat transfer rate (between the hot wall and nanofluid flow) 
compared to the plain MBFS (without any inserts). 

The contours of temperature distributions are shown to demonstrate 
the impact of using proposed inserts on the thermal behavior of nano
fluid. Accordingly, Fig. 6 shows heat transfer contours at Re = 40 and 
Hrb = H. It can be concluded that employing ribs leads to higher 
disturbance on the hot wall with constant heat flux, and consequently, 
enhanced heat transfers between the hot wall and nanofluid flow. The 
effect of the number of ribs on the average Nusselt number and heat 
transfer rate at Hrb = H are presented in Fig. 7a and 7b, respectively. 
Fig. 7a illustrates that the higher the Reynolds number, the larger the 
average Nusselt number; this trend can be appreciated in all cases. 
Furthermore, it can be seen that the average Nusselt number of all cases 
is higher than the plain MBFS in all Reynolds numbers, which depicts the 
positive effect of employing ribs with any number (in the studied range). 

Furthermore, according to Fig. 7a, it can be concluded that at a 
constant Reynolds number, augmentation of the number of ribs leads to 
a higher average Nusselt number. Moreover, it should be noted that the 
differences between the cases rise as the Reynolds number increases. At 
the lowest evaluated Reynolds number (Re = 40), the average Nusselt 
number of the cases N = 4, 6, and 8 is more than the case with plain 
MBFS by about 10, 20, and 80%. At the highest considered Reynolds 
number (Re = 100), the average Nusselt number of the cases N = 4, 6, 
and 8 is greater than the case with plain MBFS by about 9.52%, 26.67%, 
and 81.9%. For instance, at Re = 40, as the number of ribs rises from N 

= 4 to N = 8 (100% growth), the average Nusselt number augments by 
about 63.64%. Moreover, at Re = 100, increasing the number of ribs by 
100% (from N = 4 to N = 8) causes an increase in the average Nusselt 
number by about 64.65%. 

Fig. 7b illustrates that similar to the trend of Fig. 7a, the heat transfer 
rate rises as the Reynolds number increases. Also, it can be seen that 
except for the cases N = 4, the heat transfer rate of all cases is more than 
the plain MBFC. The differences between the cases N = 6 and N = 8 are 
insignificant at a lower Reynolds number and raised at a higher Rey
nolds number. Concerning the N = 4, it can result that adding ribs with 
the number of four does not enhance the heat transfer rate. 

Fig. 8 demonstrates the contours of velocity magnitude at Re = 40 
and Hrb = H. The contours show that applying ribs leads to higher ve
locity magnitude because employing ribs causes reduced fluid passage 
cross-section and, consequently, more incredible maximum velocity 
according to the continuity equation. 

The impact of the height of the ribs (H) 

In this section, the impact of the height of the ribs on the hydro
thermal behaviour of nanofluid flow inside the proposed microscale 
backward-facing step was investigated by performing numerical simu
lations. Similar to Section 4.1, the number of dimples placed at the 
considered channel was kept constant. Furthermore, the number of ribs 
was kept constant by N = 6. The effect of the height of ribs on the outlet 
temperature and temperature of the wall with constant heat flux at N = 6 
are presented in Fig. 9a and 9b, respectively. 

Fig. 9a shows as the Reynolds number increases, the outlet temper
ature drops and this trend was verified in all considered cases with 
various heights of the ribs in addition to the case without rib and dimple 
as plain MBFS. Furthermore, it can be seen that at all considered Rey
nolds numbers, the maximum outlet temperature belongs to the case 
with Hrb = 2H. But, for the lowest outlet temperature, it should be noted 
that at the lowest considered Reynolds number (Re = 40), the difference 
between the cases Hrb = 0.5H and plain MBFS is low, and at these 
Reynolds numbers, the lowest outlet temperature belongs to two cases; 
Hrb = 0.5H and plain MBFS. Also, as the Reynolds number rises, the 
differences between the cases Hrb = 0.5H and plain MBFS appear, and at 
Re = 100, employing ribs with N = 6 and Hrb = 0.5H leads to a decrease 
in the outlet temperature by about 1.6%. In other words, generally, 
among the considered cases, the minimum outlet temperature belongs to 
the case with Hrb = 0.5H. It means that employing ribs without 
considering the suitable geometrical parameters will not result in a 
better heat transfer rate than the plain channel. 

Fig. 11. Effect of Ribs Height on the (a) average Nusselt number and (b) heat transfer rate for various models at N = 6.  
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Fig. 9b shows that by growing the Reynolds number, the wall tem
perature reduces; however, the slopes of these profiles are lower than 
the plotted profiles in Fig. 9b expressively. Profiles of wall temperature 
for different models and Reynolds numbers prove that in all considered 
models (with dimples and ribs) and Reynolds numbers, the wall tem
perature is lower than the model with plain MBFS. In other words, 
employing the proposed inserted (dimples and ribs) leads to lower wall 
temperature and consequently improved wall (with constant heat flux) 

cooling or heat transfer rate (between the hot wall and nanofluid flow) 
compared to the plain MBFS (without any inserts). 

Accordingly, Fig. 10 demonstrates the heat transfer contour for the 
case with six ribs and Re = 40. It can be concluded that employing ribs 
leads to more disturbance on the hot wall with constant heat flux and, 
consequently, more heat transfers between the hot wall and nanofluid 
flow. 

The influence of the height of the ribs on the average Nusselt number 

Fig. 12. Contours of temperature distribution in a slice (Z = 0) and various slices in X direction inside the computational domain for various models at Re = 40 and 
N = 6. 
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and heat transfer rate at N = 6 are shown in Fig. 11a and 11b, respec
tively. Fig. 11a shows that the more Reynolds number, the more average 
Nusselt number and this trend can be appreciated in all cases. Further
more, it can be realized that the average Nusselt number of all cases is 
higher than the plain MBFS in all Reynolds numbers, which depicts the 
positive effect of employing ribs with any height (in the studied range). 

Moreover, according to Fig. 11a, it can be concluded that at a con
stant Reynolds number, augmentation of the height of the ribs leads to a 
more significant average Nusselt number. Furthermore, it should be 
noted that the differences between the cases increase as the height of the 
ribs rises. At the lowest evaluated Reynolds number (Re = 40), the 
average Nusselt number of the cases Hrb = 0.5H, Hrb = H, and Hrb = 2H 
is more than the case with plain MBFS by about 10, 26, and 70%. At the 
maximum considered Reynolds number (Re = 100), the average Nusselt 
number of the cases Hrb = 0.5H, Hrb = H, and Hrb = 2H is more than the 
case with plain MBFS by about 5.77, 27.88, and 49.04%. For example, at 
Re = 40, as the height of the ribs increases from Hrb = 0.5H to Hrb = 2H 
(300% growth), the average Nusselt number augments by about 
54.54%. Furthermore, at Re = 100, growing the height of the ribs by 

300% (from Hrb = 0.5H to Hrb = 2H) leads to a rise in the average 
Nusselt number by about 40.91%. 

Fig. 11b shows that similar to the trend of the presented outcomes 
displayed in Fig. 11a, the heat transfer rate increases as the Reynolds 
number rises. Also, it can be seen that except for the cases Hrb = 0.5H, 
the heat transfer rate of all cases is higher than the plain MBFC. The 
differences between the cases of plain MBFC and Hrb = 0.5H are insig
nificant at lower Reynolds numbers, and this difference grows with 
increasing Reynolds number. 

Concerning the case Hrb = 0.5H, it can be concluded that employing 
ribs with a height of 0.5H may not lead to the enhanced heat transfer 
rate. In other words, among various cases here, the lowest heat transfer 
rate belongs to the case with Hrb = 0.5H. 

Fig. 12 demonstrates fluid velocity contours at Re = 40 and N = 6. 
Studying these velocity contours reveals that by increasing the height of 
the ribs, the fluid passage cross-section decline and consequently, the 
velocity magnitude rises. Besides, the maximum velocity magnitude of 
cases Hrb = H, Hrb = 0.5H, and Hrb = 2H is more than the case with plain 
MBFC by about 8.06, 8.41, and 12.09%, respectively. 

Fig. 13. Flow Streamlines at Re = 40 and various views.  
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Fig. 13 shows the streamlines in the backward-facing step micro
channel at Re = 40. The vortexes generated behind the step, between 
ribs and behind hemispherical dimples are clearly visible, confirming 
the advantages of inserting the step, ribs and dimples in microchannels 
for enhanced heat transfer performance. As it’s been presented in this 
section, inserting ribs to the bottom wall of the microchannel leads to 
vortex creation between ribs. Consequently, it disrupts the temperature 
boundary layer, hence higher heat transfer. Also, adding hemispherical 
grooves on the top wall directs the flow toward the heated wall, leading 
to higher heat transfer in the channel. 

Conclusion 

This research studied the hydraulic and heat transfer behaviours of 
laminar forced convection flow of a nanofluid in a BFS microchannel 
equipped with dimples on the top surface and ribs on the bottom surface 
as turbulators. Hemispherical grooved as dimples were added to the top 
wall. A three-dimensional thermal LBM was applied to study heat 
transfer and flow behaviour of the laminar flow of 4% concentration of 
Al2O3-water nanofluid in Reynolds numbers ranging between 40 and 
100 through the MBFS. The summaries of the results are as follows:  

• Increasing the number or the height of ribs improves heat transfer in 
the backward-facing step microchannels.  

• At a constant Reynolds number, augmentation of the number of ribs 
leads to a higher average Nusselt number.  

• At the lowest evaluated Reynolds number (Re = 40), the average 
Nusselt number of the cases N = 4, 6, and 8 is more than the case with 
plain MBFS by about 10, 20, and 80%. At the highest considered 
Reynolds number (Re = 100), the average Nusselt number of the 
cases N = 4, 6, and 8 is greater than the case with plain MBFS by 
about 9.52, 26.67, and 81.9%  

• At Re = 40, as the number of ribs rises from N = 4 to N = 8 (100% 
growth), the average Nusselt number augments by about 63.64%. 
Moreover, at Re = 100, increasing the number of ribs by 100% (from 
N = 4 to N = 8) enhance the average Nusselt number by about 
64.65%.  

• At a constant Reynolds number, augmentation of the height of the 
ribs leads to a greater average Nusselt number.  

• At the lowest evaluated Re number (Re = 40), the average Nusselt 
number of the cases Hrb = 0.5H, Hrb = H, and Hrb = 2H is higher than 
the case with plain MBFS by about 10, 26, and 70%. At the maximum 
considered Reynolds number (Re = 100), the average Nusselt num
ber of the cases Hrb = 0.5H, Hrb = H, and Hrb = 2H is higher than the 
case with plain MBFS by about 5.77, 27.88, and 49.04%  

• At Re = 40, as the height of the ribs increases from Hrb = 0.5H to Hrb 
= 2H (300% growth), the average Nusselt number augments by 
about 54.54%. Furthermore, at Re = 100, growing the height of the 
ribs by 300% (from Hrb = 0.5H to Hrb = 2H) enhances the average 
Nusselt number by about 40.91%.  

• In some cases, with the lower number of ribs or the ones with short 
ribs, the benefits of applying ribs are negligible or even have adverse 
effects in some Re numbers. 

In the present work, the combination of three different methods to 
improve the heat transfer rate, including the use of (i) ribs, (ii) dimples, 
and (iii) nanofluids in the backward-facing step microchannel, was 
considered, and the hydrothermal behaviour of nanofluid flow was 
numerically investigated. The examined geometrical parameters were 
related to the ribs, and the geometrical factors related to the dimple 
were considered fixed. So, a comprehensive study on the effects of the 
hemispherical dimples’ number, size, and location could be conducted 
in future work. 
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