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Highlights 

• Three laminar regions: Forced- and Mixed Convection Developing and Fully Developed. 

• Thermal entrance length correlations for forced and mixed convection laminar flow. 

• Local and average laminar Nusselt number correlations for mixed convection flow. 

• Influence of free convection on the laminar-turbulent transition. 

 

ABSTRACT 

Correlations to calculate the local and average heat transfer coefficients for single-phase 

laminar flow through horizontal circular tubes with a constant heat flux boundary condition 

are usually restricted to fully developed flow, high Prandtl numbers or constant fluid 

properties.  What further complicates the heat transfer characteristics of developing flow, is 

the local transition from laminar to turbulent flow along the tube length, above the critical 

Reynolds number.  The purpose of this study was to investigate the effects of free convection 

on the development of the local heat transfer characteristics in smooth horizontal circular 

tubes heated with a constant heat flux.  An experimental set-up was designed, built, and 

results were validated against literature.  Two smooth circular test sections with inner 

diameters of 4 mm and 11.5 mm were used, and the maximum length-to-diameter ratios were 

1 373 and 872, respectively.  Heat transfer measurements were taken at Reynolds numbers 

between 500 and 10 000 at different heat fluxes.  A total of 1 046 mass flow rate 

measurements and 89 459 temperature measurements were taken.  Water was used as the test 

fluid and the Prandtl number ranged between 3 and 7.  Three different regions were identified 

for developing laminar flow and were qualitatively and quantitatively defined.  Correlations 

were developed to determine the thermal entrance lengths, as well as local and average 

Nusselt numbers for developing and fully developed laminar flow in mixed convection 

conditions with a constant heat flux boundary condition.  In the transitional flow regime, the 

laminar-turbulent transition along the tube length was divided into four regions, and it was 
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found that the flow transitioned faster with increasing free convection effects and Reynolds 

number. 

 

Graphical abstract 

 

 

Keywords: Developing flow; laminar; transitional; heat transfer; constant heat flux; forced 

convection; mixed convection 

 

Nomenclature 

A Area 

C Coefficient used in correlations 

C1-4 Constant used in correlations 

Cp Constant-pressure specific heat 

D Inner diameter 

Do Outer diameter 

EB Energy balance 

f Friction factor 

g Gravitational acceleration 

Gr Grashof number 

Gr* Modified Grashof number 

Gz Graetz number 

h Heat transfer coefficient 

I Current 

j Colburn j-factor 

k Thermal conductivity 

L Length 

Lt Thermal entrance length 

M Measurement or calculated value 

ṁ Mass flow rate 

n Total 

Nu Nusselt number 

P Pressure 

Pr Prandtl number 

 ̇  Electrical input rate 

 ̇  Water heat transfer rate 

 ̇ Heat flux 

Rtube Thermal resistance 

Ra Rayleigh number 

Ra* Modified Rayleigh number 

Re Reynolds number 

Recr Critical Reynolds number 

T Temperature 

V Velocity/ voltage 

x Distance from inlet 

 

 

Greek letters 

β Thermal expansion coefficient 

ε Surface roughness 

µ Dynamic viscosity 

ν Kinematic viscosity 

ρ Density 

 

Superscripts 

- Average 

 

Subscripts 

b Bulk 

c Cross-section 

cor Correlation  

CR Transition 

exp Experimental 

FC Forced convection 
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i Inlet 

m Mean 

o Outer/outlet 

QT Quasi-turbulent 

s Surface 

T Turbulent 

 

Abbreviations (also used as italic 

subscripts) 

FCD Forced Convection 

Developing region 

FCD/MCD Boundary between FCD 

and MCD regions 

FCD/FD Boundary between FCD 

and FD regions 

FD Fully Developed region 

MCD Mixed Convection 

Developing region 

MCD/FD Boundary between MCD 

and FD regions 

  

1. Introduction 

The state-of-the-art of mixed convection in tubes has been reviewed (among others) in 

book chapters by Aung [1] and Raithby and Hollands [2], as well as in review articles by 

Jackson et al. [3], Orfi et al. [4], and Maré et al.  [5].  These literature sources show that 

laminar heat transfer in horizontal circular tubes with a constant heat flux boundary condition 

has been extensively investigated in the past, especially between the 1950s and 1990s.  As the 

density of almost all fluids are dependent on temperature, the addition of heat to the tube wall 

leads to mixed convection, due to the temperature gradients inside the thermal boundary layer 

that lead to density differences and buoyancy effects in the presence of gravity [6].  A lot of 

attention has therefore been paid to the effect of free convection on laminar heat transfer 

coefficients, especially when the flow is fully developed.  Free convection effects not only 

increase the heat transfer and pressure drop, but also reduce the thermal entrance lengths and 

induce an early transition to turbulent flow [7]. 

For fluid flow in a tube with heat transfer, the thermal entrance length measured from a 

tube inlet is another very important aspect for design engineers.  This is because it determines 

whether the heat transfer coefficients are dependent (developing flow) or independent (fully 

developed flow) on axial tube position.  When high Prandtl number fluids such as oil are 

used, the thermal entrance length can become very long, especially at high laminar Reynolds 

numbers (close to the transitional flow regime).  For forced convection laminar flow, the 

thermal entrance length is a function of Reynolds number, Prandtl number and tube diameter.  

According to authoritative heat transfer textbooks [8-12], the theoretical thermal entrance 

length can be determined as follows: 

            

where C = 0.05
 

(1) 
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However, very little experimental data with low uncertainties are available in literature 

that convincingly quantify the value of C as being accurate.  As will be shown later in this 

paper, it might be because it is very challenging to conduct forced convection experiments in 

tubes, and to prove that the flow is completely fully developed and the Nusselt number is 

4.36.     

Siegel et al. [13] defined the thermal entrance length for laminar flow to be the heated 

length required for the Nusselt number to approach within 5% of the theoretical fully 

developed value of 4.36, for a constant heat flux boundary condition.  A series expansion 

whose form is similar to the Graetz problem [14] (for a uniform wall temperature) was used 

and the coefficient was determined to be 0.0425.  However, according to Lienhard and 

Lienhard [15] the coefficients can vary between 0.028 and 0.053, depending on the Prandtl 

number and wall boundary condition, when the hydrodynamic and thermal boundary layers 

develop simultaneously.  Similar observations were made by Durst et al. [16] in a review 

paper on hydrodynamic entrance lengths.  It was found that the coefficient varied between 

0.03 and 0.062 for experimental investigations, while numerical and analytical investigations 

yielded coefficients between 0.025 and 0.08.   

To account for mixed convection, Hallman [17] defined the thermal entrance length as the 

point where the experimental curve of the local Nusselt numbers as a function of axial 

position crosses, meets or becomes parallel to the constant properties solution given by Siegel 

et al. [13].  However, this definition might lead to inaccurate results since McComas and 

Eckert [18] who conducted experiments using air, found that at high Grashof numbers and 

low Reynolds numbers, the local Nusselt numbers did not continue to decrease until flow 

became fully developed.  Due to free convection effects, the local Nusselt numbers first 

decrease near the inlet of the test section, and then increase along the test section until a 

constant value is reached.   

Similar results were obtained by Shannon and Depew [19] who conducted experiments 

using water.  Although it seemed from their results as if free convection effects increased the 

thermal entrance length, Bergles and Simonds [20] reported from the work of Petukhov and 

Polyakov [21] that the entrance length decreased when free convection effects were 

significant.  Hong et al. [22] investigated laminar flow analytically and experimentally and 

found that at a modified Rayleigh number of 10
6
, the fully developed Nusselt number, Nu, 

was approximately 300% greater than the constant property prediction (Nu = 4.36), while the 

thermal entrance length was only one tenth of the constant-property prediction (1/Gz = 0.05).  

Furthermore, although free convection effects were significant in their studies, the local 
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Nusselt numbers decreased and became constant, and did not increase as was found in other 

mixed convection studies conducted at high Grashof numbers.   

Cheng and Ou [23] numerically investigated free convection effects in large Prandtl 

number fluids.  Similar to the results obtained by Hong et al. [22], it was found that when the 

Rayleigh number was greater than 3.75×10
5
, the local Nusselt numbers decreased along the 

tube length and became constant.  However, three regions with different heat transfer 

mechanisms were observed from the local Nusselt numbers when the Rayleigh number was 

less than 3.75×10
5
.  Region 1 was named the Leveque solution region and the local Nusselt 

numbers decreased with axial position, due to the entrance effect.  In this region, the 

convective terms due to free convection were negligible compared to the axial convective 

term.  A minimum Nusselt number was reached once the free convection and entrance effects 

were balanced.  Free convection effects were significant in the intermediate region (region 2), 

and caused the local Nusselt numbers to increase along the tube length.  The free convection 

effects dominated the entrance effects up to a point where the local Nusselt numbers reached 

a maximum.  The local Nusselt numbers then decreased until an asymptotic value was 

reached in region 3.  Although these three regions were observed by Cheng and Ou [23], the 

boundaries between the three regions were not defined qualitatively and quantitively. This is 

done in this paper in Section 9.3.   

Barozzi et al. [24] conducted experiments using water and also found that the local 

Nusselt numbers reached a minimum before they began to increase and became constant.  

However, due to the small amount of experimental data, no correlations were attempted by 

the authors.  Shah [25] developed empirical correlations to calculate the average Nusselt 

numbers of developing flow with a constant heat flux boundary condition.  However, as these 

correlations are valid for constant fluid properties, they do not accurately account for free 

convection effects. 

Although extensive research has been performed on the thermal entrance length in the 

laminar flow regime, some gaps in literature remain once free convection conditions become 

significant.  There is not only uncertainty regarding an appropriate correlation to calculate the 

thermal entrance length, but also with the definition of the point of fully developed flow in 

mixed convection heat transfer.  Furthermore, while laminar heat transfer correlations are 

readily available in heat transfer textbooks, these equations and graphs are usually based on 

analytical solutions to the governing equations for laminar flow.  It is therefore restricted to 

constant fluid properties, while this assumption is not valid in actual practice [20].  The 

differing behaviour of the local heat transfer characteristics of differing Prandtl number fluids 
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when mixed convection effects exists, made it even more challenging to obtain a single 

correlation [23].   

What further complicates the heat transfer characteristics of developing flow, is the local 

transition from laminar to turbulent flow along the tube length above the critical Reynolds 

number.  Nishi et al. [26] gives a comprehensive review of the work that has been done on 

the laminar-turbulent transition along a tube length.   Previous studies focussed mainly on the 

effect of inlet disturbances and Reynolds number on the two different flow structures (puffs 

and slugs) that occur during transition. 

The transitional flow regime itself has also been extensively investigated by Ghajar and 

co-workers [27-36] as well as Meyer and co-workers [37-44], however, the focus of these 

studies were on the effects on inlet geometries, enhanced tubes, nanofluids, micro-channels, 

annuli and twisted tape inserts.  While Ghajar and co-workers considered mainly fully 

developed flow, Meyer and co-workers used the average measurement across a tube length.  

The previous work did not focus on the local heat transfer characteristics itself, and 

specifically the effect of free convection on the development of the flow from laminar to 

turbulent along the tube length (as is investigated in this paper). 

The aim of this study is therefore to investigate the effects of free convection on the 

development of the local heat transfer characteristics along the tube length.  The specific 

objectives are: (1) to evaluate the thermal entrance length correlations for forced convection 

conditions, (2) to develop correlations to determine the thermal entrance length for mixed 

convection conditions, (3) to develop correlations to predict the local and average Nusselt 

numbers and friction factors of both developing and fully developed flow and which are valid 

for both high and low Prandtl number fluids, as well as (4) to investigate the effect of free 

convection on the laminar-turbulent transition along the tube length in the transitional flow 

regime.   

This paper forms part of a bigger study and is complimentary to the papers published by 

Everts and Meyer [45-47].  This paper investigated mixed convection laminar flow, as well as 

the effect of free convection on the laminar-turbulent transition along the tube length.  Everts 

and Meyer [45] investigated the heat transfer characteristics of developing and fully 

developed flow in the transitional flow regime, while the relationship between heat transfer 

and pressure drop in all flow regimes was investigated and quantified in Everts and Meyer 

[46].  The results of these papers were used to develop the flow regime maps, for not only 

fully developed flow but also developing flow, presented in Everts and Meyer [47]. 
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2. Experimental set-up 

The layout of the experimental set-up is shown in Fig. 1.  The experimental set-up 

consisted of a closed-loop system, which circulated water from a storage tank, through the 

test section and back to the storage tank, using two electronically controlled magnetic gear 

pumps with a maximum flow rate of 270 l/h.  As the laboratory was temperature-controlled 

(24/7) to a constant temperature of 21.8°C, it was possible to conduct experiments at the 

same ambient conditions throughout a total period of three years.  The test fluid was chosen 

as water and the capacity of the storage tank was 260 l which was maintained at a preselected 

temperature (20°C), as it was externally connected to a thermostat-controlled bath that cooled 

the heated water.  The water in the storage tank was continuously pumped through a filtration 

cycle to remove solid particles that might have entered the system, as well as to enhance 

mixing and prevent thermal stratification inside the storage tank. 

 
Fig. 1: Schematic representation of the experimental set-up used to conduct heat transfer and pressure drop 
measurements.  Water was circulated from the storage tank through the test section and back using two pumps. Flow 
meter bank A was used to conduct experiments with the 11.5 mm test section and flow meter B was used for the 4 mm 
test section. 

 

A 0.74 l bladder accumulator was installed upstream of the flow meters and the test 

section to dampen possible pulsations from the pump that might have an effect on transition.  

This ensured a constant pressure and mass flow rate at the inlet of the test section.  A bypass 

valve was inserted after the accumulator to allow a fraction of the water to flow back to the 

tank.  During experiments, the supply valve was partially closed and the bypass valve 

partially opened, so that the pump was operated at close to its maximum speed, to ensure a 

preselected mass flow rate of water to the test section.  The increased pump speed, as well as 
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the artificial increase in pressure at the pump inlet (monitored using the pressure gauge), led 

to decreased mass flow rate pulsations.  The valve positions were adjusted throughout the 

experiments to minimise the flow pulsations for all the measurements.  A pressure relief 

valve was installed to allow the water to flow directly to the storage tank if the pressure 

exceeded the preselected threshold. 

As the mass flow rates varied over a wide range, Coriolis mass flow meters with different 

flow rate capacities were installed in parallel.  The mass flow meter that would produce the 

most accurate mass flow rate measurements was selected during the experiments.  All 

measurements that were conducted were within the prescribed ranges of the mass flow 

meters.  The mass flow rates were controlled by frequency drives that were connected to the 

pump.  The required mass flow rate was therefore obtained by increasing or decreasing the 

pump speed.  Downstream of the mass flow meters, the fluid flowed through a flow-calming 

section to the test section and mixer, and then back into the storage tank. 

 

2.1 Flow-calming section 

A flow-calming section, similar to the one used by Ghajar and co-workers [27-35, 48, 49] 

was installed upstream of the test section to straighten the flow.  The flow-calming section 

was made form clear acrylic plastic to ensure that entrained air bubbles could be detected.  

The acrylic tube had an inner diameter and length of 172 mm and 700 mm, respectively.  To 

prevent any temperature gradients inside the flow-calming section, the fluid first flowed 

through a 100 mm cavity filled with a soft nylon mesh, before it reached a Pt100 probe, 

where the average inlet temperature was measured.  Three perforated acrylic plates with an 

open-area ratio (OAR) of 0.299 (73 holes with a diameter of 11 mm) were inserted after the 

Pt100 and were followed by tightly packed soda straws (inside diameter 5.1 mm, length 

102 mm, OAR of 0.855), between two galvanised steel meshes (wire diameter 0.37, OAR of 

0.588).   The fluid passed through another galvanised steel mesh (wire diameter 0.37, OAR of 

0.588) before leaving the flow-calming section.  The inlet section was bolted to the flow-

calming section and consisted of a clear acrylic tube with an inside diameter and length of 

172 mm and 195 mm, respectively.  An acetal disc was bolted to the inlet section to obtain a 

square-edged inlet. 

A bleeding valve was installed prior to the inlet section to bleed air that entered the flow-

calming section.  The Pt100 connection inside the flow-calming section was used as another 

bleeding valve.  The flow-calming section was properly insulated against heat loss using 
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40 mm thick insulation with a thermal conductivity of 0.034 W/m.K.  Peeping holes and lids 

were incorporated into the insulation to be able to detect air bubbles. 

 

2.2 Test sections 

An acetal disc with a diameter of 260 mm and thickness of 40 mm was used to connect the 

flow-calming section to the test sections (Fig. 2).  The thermal conductivity of acetal is 

0.31 W/m.K, which is very low in comparison to the thermal conductivity of the test sections, 

and thus the acetal disc was also used to prevent axial heat conduction from the test section to 

the flow-calming section.  To ensure a proper square-edged inlet, care was taken to ensure 

that the start of the test section was flush with the start of the acetal cylinder.   Two test 

sections, with inner diameters of 11.5 mm and 4 mm, respectively, were used to investigate 

the influence of tube diameter and heating method.  The test sections are shown 

schematically in Fig. 2. 

 
Fig. 2: Schematic representation of the test sections indicating the 27 thermocouples stations, A to FF, on the 11.5 mm 
and 4 mm test sections, as well as the nine pressure taps, P1 to P9, on the 11.5 mm test section.  The x/D values of the 
thermocouples stations of both test sections, are also given.  A cross-sectional view of the test section is included to 
illustrate the four thermocouple positions spaced around the outside periphery of the tube.   

 

The 11.5 mm test section was manufactured from a hard-drawn copper tube with an 

average measured (with a split-ball unit and a vernier calliper) inside diameter of 11.52 mm, 

outside diameter of 12.7 mm, and a length of 9.81 m (with a measuring tape).  However, to 

prevent possible upstream flow effects from influencing the measurements at the last 

measuring station (station FF), 300 mm was allowed between the last measuring station (at 

x = 9.5 m) and the mixer (at x = 9.8 m).   

The 4 mm test section was manufactured from a seamless 316L stainless steel tube with an 

inner and outer diameter of 4 mm and 6 mm, respectively, and a length of 6 m.  However, 



10 
 

measurements were only taken across the first 5.5 m.  The remaining 500 mm between the 

last measuring station and mixer was, as with the 11.5 mm test section, to prevent possible 

upstream effects from influencing the measurements at the last thermocouple station.   

The average surface roughness (ε) of the 11.5 mm copper test section and 4 mm stainless 

steel test section was measured using a surface roughness tester, to be approximately 

0.218 µm and 0.138 µm, respectively.  The relative surface roughness (ε/D) was therefore 

1.89 10
-5

 and 3.45×10
-5

, and for all practical purposes, both tubes can be considered as being 

smooth.  The total length of the 11.5 mm and 4 mm test sections provided maximum length-

to-inside diameter ratios (x/D) of 828 and 1 373, respectively, while previous investigations 

by Ghajar and co-workers [27-29, 31, 32, 34, 35] and Meyer and Olivier [37] had maximum 

values of 400 and 350, respectively.  The test sections in this study were thus 2-4 times 

longer than was used in previous studies. 

The details of the pressure taps and measurements are given in Everts and Meyer [46].  T-

type thermocouples with a wire diameter of 0.25 mm and accuracy of 0.1°C were used to 

measure the surface temperatures at 27 selected axial locations on both test sections.  The 

thermocouple stations were spaced closer to each other near the inlet of the test section to 

accurately obtain the temperature profile of developing flow, while the thermocouple stations 

were spaced further apart on the rest of the test section where the flow was expected to be 

fully developed.  To compare the developing heat transfer results in the 4 mm and 11.5 mm 

test sections, the same non-dimensional axial positions were used on both test sections for 

x/D < 524.  As the diameter of the 4 mm test section was 2.88 times smaller than the 11.5 mm 

test section, the maximum length-to-inside diameter ratio (x/D) was 1.66 times larger than 

that of the 11.5 mm test section.  To obtain sufficient heat transfer results in the remaining 

part of the 4 mm test section, the thermocouples were located at 500 mm intervals for 

524 < x/D < 873, and at 250 mm intervals for 873 < x/D < 1 373.  To investigate possible 

circumferential temperature distributions caused by free convection effects along the tube 

length, four thermocouples (spaced 90° apart around the periphery) were used at each 

thermocouple station on the 11.5 mm test section, and on the 4 mm test section for x/D < 524.  

The remaining thermocouple stations on the 4 mm test section (stations R to FF) contained 

thermocouples at the top and bottom of the test section, and one thermocouple on the side 

only.  The third thermocouple alternated between the left (T4 in Fig. 2) and right (T2 in Fig. 

2) side of the test section. 

The thermocouples were attached to the 11.5 mm copper test section by first drilling a 

0.3 mm indentation into the tube.  Solder was inserted into the indentation and heated up to 
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the melting point.  The thermocouple was then inserted into the indentation and the heat was 

removed, allowing the solder to cool down.  The thermocouples were carefully checked to 

ensure good contact with the tube.  As the wall thickness of the 4 mm stainless steel tube was 

1 mm, 0.5 mm indentations were drilled into which the thermocouples were placed.  A 3D 

printed jig was used to ensure that all the holes were drilled to the same depth.  The 

thermocouples were glued to the stainless steel tube using a thermal adhesive with a thermal 

conductivity of 9 W/m.K, and a curing time of 5 minutes. 

The thermocouples of both test sections were calibrated in-situ to an accuracy of 0.1°C by 

pumping water from a thermostat-controlled bath through the flow-calming section, test 

section and mixer, and back into the thermostat-controlled bath.  Reference temperatures 

were obtained using Pt100 probes at the inlet of the flow-calming section, at the outlet of the 

mixer and in the thermostat-controlled bath.  The temperature of the thermostat-controlled 

bath was varied between 20°C and 60°C. 

Two different heating methods were used in this study, because of the availability of 

equipment.  To obtain a constant heat flux boundary condition in the 11.5 mm copper test 

section, four constantan wires (with a high electrical resistance) with a diameter of 0.38 mm 

were coiled around the test section.  The heating wires were connected in parallel to obtain 

the desired resistance, while limiting the current flowing through each wire.  When coiling 

the heating wire, it was important to consider how close the heating wire could be to the 

thermocouple junction before affecting the temperature measurements.  Everts [50] 

experimentally investigated different coiling techniques and concluded that a gap of 

approximately 1 mm between the heating wire and the thermocouple junction was sufficient.   

A constant heat flux boundary condition was obtained in the 4 mm stainless steel test 

section, by passing current through the tube wall.  The resistance of the stainless steel tube 

was measured to be 0.282 Ω in the temperature-controlled laboratory, using a multimeter.  

The test section was electrically insulated with Kapton film before it was thermally insulated.  

Both test sections were thermally insulated with 120 mm thick Armaflex insulation with a 

thermal conductivity of 0.034 W/m.K.  The maximum heat loss was estimated with one-

dimensional conduction heat transfer calculations to be less than 3% in both test sections. 

 

2.3 Mixer 

During laminar flow measurements, significant cross-sectional temperature gradients in 

the radial and tangential directions developed throughout the test section.  Therefore, to 

obtain a uniform tube outlet temperature, a mixer was inserted after the test section to mix the 
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water exiting the test section.  The purpose of the mixer was twofold: to house the splitter 

plates, as well as to house a Pt100 probe that was used to measure the average outlet 

temperature.   

The mixer design was based on work done by Bakker et al. [51], who investigated laminar 

flow in static mixers with helical splitter plates.  The mixer consisted of four copper splitter 

plates, with a length-to-diameter ratio of 1.5.  The elements were positioned and soldered 

such that the leading edge of an element was perpendicular to the trailing edge of the next 

element.  Every splitter plate repeatedly split the thermal boundary layers to ensure a uniform 

temperature gradient in the radial direction.  The splitter plates were placed inside the acetal 

mixer that directed the fluid to flow over and along the Pt100, after it has been mixed.  This 

ensured that the entire Pt100 was exposed to the mixed fluid and also eliminated any stagnant 

recirculation zones.  The mixer was insulated with 75 mm thick insulation to prevent any heat 

loss, and air was bled from the mixer using the Pt100 connection to the mixer housing. 

 

2.4 Instrumentation 

2.4.1 Power supply 

Two direct current (DC) power supplies were used to heat the 11.5 mm test section.  Both 

power supplies had a maximum power output of 3 kW, maximum voltage of 360 V and 

maximum current of 15 A.  The accuracies of both measured voltages and currents were 

0.2% of the nominal value.  The maximum supplied power and voltage from each power 

supply were 525 W and 355 V, respectively, at the maximum heat flux of 3 kW/m
2
.  In an 

effort to reduce the effect of electromagnetic interference caused by the currents through the 

coiled wires, two heating wires were connected, with opposing polarities, to each power 

supply.  According to Lenz‟s law, the opposing directions of current flow should produce two 

opposing magnetic fields, which will, in turn, largely cancel each other out [52]. 

As the 4 mm test section was heated by passing current through the stainless tube, a 

different power supply, with a higher current output, was used.  The power supply had a 

maximum power output of 3 kW, maximum voltage of 40 V and maximum current of 60 A.  

The electrical resistivity of the tube changed during testing due to the temperature changes.  

Therefore, current inputs were continuously adjusted to ensure that the desired constant heat 

flux was obtained throughout the experiments.  To account for small variations, the power 

that was supplied to the test section was logged and averaged. 
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2.4.2 Flow meters 

Three Coriolis flow meters (flow meter bank A in Fig. 1) with different measurement 

ranges were used to measure the mass flow rates in the 11.5 mm test section.  For low mass 

flow rates, a flow meter with a maximum flow rate of 108 l/h was used.  For mass flow rates 

between 60 l/h and 130 l/h, a flow meter with a maximum capacity of 330 l/h was used, while 

a flow meter with a maximum limit of 2 180 l/h was used for the higher mass flow rates.  The 

accuracy of the flow meters was 0.05% of the full scale, thus the accuracy of the three flow 

meters was 0.054 l/h, 0.165 l/h and 1.09 l/h, respectively. 

As the diameter of the 4 mm test section was significantly smaller than for the 11.5 mm 

test section, only a low flow rate flow meter (flow meter B in Fig. 1) was used.   This flow 

meter was located after the mixer and had a maximum flow rate of 108 l/h and accuracy of 

0.054 l/h.   

 

2.4.3 Control and data logging 

The mass flow rate of the pump was controlled by frequency drives that were connected to 

a personal computer via a data acquisition system.  The data acquisition system was used to 

record the data from the Pt100 probes (temperatures), thermocouples (temperatures), pressure 

transducers (pressure drops) and flow meters (mass flow rates).  The data acquisition system 

consisted of a personal computer using National Instruments Labview software.  The data 

acquisition system also consisted of SCXI (Signal Conditioning eXtensions for 

Instrumentation) hardware which included terminal blocks, analogue-to-digital converters 

and multiplexers.  A Mathworks MATLAB script was used for the data processing. 

 

3. Data reduction 

As a constant heat flux boundary condition was applied to the test section, the average 

axial temperature of the water increased linearly.  The mean fluid temperature, Tm, at a 

specific tube location, x, was obtained using a linear temperature distribution between the 

measured inlet, Ti, and measured outlet, To, temperatures of the fluid over the tube length, L: 

    (
     

 
)      (2) 

The bulk fluid temperature, Tb, along a tube length, L(x), measured from the inlet of the 

test section, was calculated as: 



14 
 

    (
     

 
)
    

 
    (3) 

The properties of water (density, ρ, dynamic viscosity, μ, thermal conductivity, k, specific 

heat, Cp, Prandtl number, Pr, and thermal expansion coefficient, β) were determined using the 

thermophysical correlations for liquid water [53] at the bulk fluid temperature for the average 

properties, and at the mean fluid temperature for the local properties at a specific point x, 

measured from the inlet of the test section. 

The Reynolds number, Re, was calculated as: 

    
 ̇ 

   
 

(4) 

 

where  ̇ was the measured mass flow rate, D was the measured inner-tube diameter, µ was 

the dynamic viscosity, and Ac the cross-sectional area of the test section (Ac = π/4D
2
).   

The electrical input rate ( ̇    ) remained constant, resulting in a constant heat flux.  

The heat transfer rate to the water,  ̇ , was determined from the measured mass flow rate, 

measured inlet and outlet temperatures of the water and the specific heat which was 

calculated at the bulk fluid temperature:  

 ̇   ̇          (5) 

The heat transfer rate to the water,  ̇ , was continuously monitored by comparing it to the 

electrical input rate,  ̇ , which should ideally be equal since the test section was well 

insulated.  The energy balance, EB, which ideally should be as close as possible to zero, was 

determined as: 

   |
 ̇   ̇ 

 ̇ 

|      |
    ̇         

  
|      (6) 

The average energy balance of all the experiments that were conducted was less than 3%, 

which is in good agreement with the calculations estimating the heat losses through the 

insulation material. 

The heat flux,  ̇, on the inside of the tube wall was determined from the heat transfer rate 

to the water,  ̇ , and the inner surface area, As, of the test section along the heated length: 
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 ̇  
 ̇ 

  
 

 ̇         

   
 (7) 

The heat transfer rate to the water was used to determine the heat flux, since it was 

regarded as more accurate than the electrical input rate.  As the energy balance was not zero, 

and some losses did occur to the ambient air, the electrical input rate was always slightly 

higher than the heat transfer rate to the water. 

The average of the four (or three) temperature measurements at a station was used as the 

average outer surface temperature, Ts,o, at a specific thermocouple station: 

     
          

 
 (8) 

The thermal resistance, Rtube, across the tube wall was calculated using the following 

equation: 

      
  (

  

 )

    
 

(9) 

where Do and D were the measured outside and inside diameters of the tube. 

The thermal conductivity of copper is 401 W/m.K, while the thermal conductivity of 316L 

stainless steel is only 16.3 W/m.K.  The temperature differences across the tube wall, ΔT, 

were calculated using Eq. (10), since the thermal resistance and heat input were known.   

    ̇        (10) 

The thermal resistance in the 11.5 mm test section was calculated to be 4.05×10
-6

°C/W for 

the tube, as the wall thickness was 0.6 mm.  Therefore, the temperature difference across the 

tube wall was approximately 0.004°C when the maximum heat input (3 kW/m
2
) was applied 

to the test section.  The negligible temperature difference led to the assumption that the 

temperature on the inside surface of the test section was equal to the temperature 

measurement on the outside surface of the test section, since the temperatures in general 

could only be measured to an accuracy of 0.1°C.   It was therefore assumed that the surface 

temperatures, determined from Eq. (8), was the average surface temperature on the inside of 

the tube at a measuring station in the 11.5 mm test section. 
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The thermal resistance in the 4 mm stainless steel tube was calculated to be 3.63×10
-

4
°C/W, which is two orders of magnitude more than in the 11.5 mm copper tube.  Although 

the thermocouples in the 4 mm test section were placed in an 0.5 mm deep indentation in the 

tube wall, the temperature difference across the remaining 0.5 mm was approximately 0.2°C 

when the maximum heat input (8 kW/m
2
) was applied to the test section.  As this was not 

negligible, the temperature difference calculated using Eqs. (9) and (10) was subtracted from 

the measured surface temperatures (Eq. (8)) to obtain the temperature on the inside of the 

4 mm test section. 

From this, the inner surface temperatures, Ts, of the test section were determined as: 

                 ̇        (11) 

As heat was applied to the 4 mm test section by passing current through the tube wall (and 

not using heating wire coiled around the outer surface of the tube), the finite difference 

formulations of Ghajar and Kim [54] can be used to determine the inner surface temperatures.  

However, the simpler method of Morcos and Bergles [55], that consists of a two-dimensional 

conduction equation and also accounts for both radial and peripheral heat transfer, was used.  

The results were compared with those obtained using Eq. (10), and it was found that at the 

maximum heat flux of 8 kW/m
2
, the difference was 0.1°C but reduced to 0.01°C when the 

heat flux was decreased to 1 kW/m
2
.  As this was within the uncertainty of the thermocouples 

(0.1°C), it confirmed that Eq. (10) was able to provide reliable results.  Therefore, similar to 

Morcos & Bergles [55], it was decided to use the simpler one-dimensional method (Eq. (10)) 

in this study. 

The average surface temperature,   , along a tube length, L(x), measured from the inlet of 

the test section, was calculated as: 

   
 

    
∫         

    

 

 (12) 

The heat transfer coefficients, h, were then determined from the following equation, since 

the heat flux,  ̇, surface temperature, Ts, and mean fluid temperature, Tm, were known: 

  
 ̇

       
  (13) 
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The Nusselt numbers, Nu, were determined from the heat transfer coefficients as follows: 

   
  

 
 (14) 

The heat transfer results were also investigated in terms of the Colburn j-factors, to 

account for the variations in the Prandtl numbers: 

  
   

    
 
 

 (15) 

The Graetz numbers, Gz, were determined as: 

       
 

 
 (16) 

while the Grashof numbers, Gr, were determined using the following equation: 

   
           

  
 (17) 

where 9.81 m/s
2
 was used for the gravitational acceleration, g, and the kinematic viscosity 

was obtained from the density and dynamic viscosity (ν = μ/ρ). 

The modified Grashof numbers, Gr*, which are a function of heat flux instead of 

temperature differences, are the product of the Grashof numbers and Nusselt numbers and 

were determined as follows: 

         
    ̇  

   
 (18) 

The Rayleigh numbers, Ra, were determined as the product of the Grashof numbers and 

Prandtl numbers: 

        
(19) 

          (20) 

Eqs. (13) - (20) were for the local values at a specific axial position along the tube length.  

The average values along a tube length, L(x), measured from the inlet of the test section, were 

obtained by using the bulk fluid temperature (Eq. (3)) and average surface temperature (Eq. 
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(12)), instead of the mean fluid temperature (Eq. (2)) and local surface temperature (Eq. 

(11)). 

The average friction factors,  ,̅ were also calculated from the mass flow rate and pressure 

drop measurements, ΔP, across the different tube lengths:   

 ̅  
      

         
 

       

  ̇     
 (21) 

 

In general, the percentage error of a measurement or calculated value (M) was determined 

as, %error = |Mexp – Mcor|/Mcor×100.  The average percentage error was taken as the average 

of the absolute errors of the data points. 

 

4. Uncertainty analysis 

The method suggested by Dunn [56] was used to calculate the uncertainties of the 

parameters obtained in the data reduction.  All uncertainties were calculated within a 95% 

confidence interval.  The uncertainty analysis details are given in Everts [57].  The Reynolds 

number uncertainties were approximately 1.5% in the laminar and turbulent flow regimes, 

and increased to 2% in the transitional flow regime due to the mass flow rate fluctuations that 

occurred in this flow regime.  The laminar forced convection Nusselt number uncertainties 

were less than 10%, while the laminar mixed convection uncertainties were less than 5%, and 

decreased with increasing heat flux.  In the transitional flow regime, the uncertainties 

increased to approximately 10% (depending on the heat flux), due to the temperature 

fluctuations.  The Nusselt number uncertainties in the turbulent flow regime increased with 

increasing Reynolds number and the average Nusselt number uncertainty at a Reynolds 

number of 6 000 was 13%. 

 

5. Experimental procedure 

Steady-state conditions were reached after approximately one hour after initiating an 

experiment.  Steady-state conditions were assumed once there was no significant increase or 

decrease in temperatures, pressure drops and mass flow rates, within a period of 

approximately two minutes.  After the initial steady-state was achieved, the mass flow rate 

was increased in large increments in the laminar and turbulent regions, and in smaller 

increments in the regions where transition was noticed.  The time required to reach steady-

state depended on the mass flow rate inside the test section and the heat flux.  In the laminar 

flow regime, at very low Reynolds numbers, approximately 30 minutes was required to reach 
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steady-state conditions.  As the mass flow rate was increased, the time required for steady-

state decreased to 20 minutes.  Although the mass flow rates in the transitional flow regime 

were greater than in the laminar flow regime, up to 1 hour was required to reach steady-state 

due to the mass flow rate and temperature fluctuations inside the tube.  In the quasi-turbulent 

and turbulent flow regimes, approximately 15 minutes was required for steady-state.  Data 

were only captured once steady-state conditions were obtained.   

According to Olivier and Meyer [37] and Meyer [58], the effects of hysteresis were 

negligible in the transitional flow regime; therefore, the experiments were only conducted for 

increasing Reynolds numbers.  Due to the large amount of data points, as well as the time 

required to reach steady-state, the experiments were divided into two categories: experiments 

were first conducted for laminar and transitional flow between Reynolds numbers of 500 and 

4 000, and then for transitional, quasi-turbulent and turbulent flow between Reynolds 

numbers of 2 000 and 10 000.  The experiments started at the minimum mass flow rate 

(corresponding to Re = 500 or Re = 2 000) and ended at the maximum flow rate 

(corresponding to Re = 4 000 or Re = 10 000).  The Reynolds number was increased by 

increasing the mass flow rate using the frequency drives connected to the pumps.  The supply 

and bypass valves were continuously adjusted to ensure that pumps operated close to their 

maximum speeds, to reduce mass flow rate pulsations.  Different heat fluxes were applied to 

the test section by adjusting the applied voltage of the power supplies.  After steady-state had 

been reached, 200 measuring points (temperature, pressure and mass flow rate) were captured 

at a frequency of 10 Hz.  The average value of the 200 measuring points was then used in the 

calculations. 

The thermocouples and pressure transducers were re-calibrated every six months to 

prevent any experimental drift, and the differences between the calibration factors were 

insignificant.  Statistical significant experiments were conducted three years later after the 

initial experiments and compared well with the initial measurements.  Therefore, no 

significant drift in the instrumentation and experiments occurred. 

 

6. Test matrix 

Table 1 summarises the experiments conducted at different mass flow rates and heat fluxes 

in the two test sections of 11.5 mm and 4 mm.  The test matrix consisted of 1 046 mass flow 

rate measurements, 89 459 temperature measurements and 2 906 pressure drop 

measurements.  
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Table 1: Experimental test matrix generated with water in 4 mm and 11.5 mm test sections. 

Test 

section 

Heat flux 

[kW/m
2
] 

Reynolds 

number range 

Mass flow rate 

measurements 

Temperature 

measurements* 

Pressure drop 

measurements 

11.5 mm 

0 507 – 14 968 178 16 535 1 095 

0.06 303 - 1 793 28 1 344 - 

1  597 - 9 280 69 7 521 552 

2 894 - 9 376 62 6 758 496 

3 1 061 - 9 509 55 5 995 440 

6.5 460 - 9 630 111 5 382 111 

8 470 - 9 600 103 4 944 103 

9.5 470 - 9 800 109 5 232 109 

4 mm 

0.5 913 - 3 303 32 3 456 - 

1 965 - 6 021 67 7 236 - 

2 947 - 7 176 66 7 128 - 

3 1 005 - 6 963 62 6 696 - 

4 885 - 7 848 57 6 156 - 

8 1 746 - 8 203 47 5 076 - 

Total 1 046 89 459 2 906 

*3 or 4 thermocouples per station 

 

For a part of this study, experimental results from literature [41, 53, 55, 59-61] were used.  

The difference between the results of this study and literature is that the Prandtl number in 

this study varied between 3 and 7, while the Prandtl number of the experiments conducted in 

literature was significantly higher (up to Prandtl numbers of 285).  This study, together with 

those literature, therefore ensure that a wider range of Prandtl number data was available to 

use for interpretation and the development of correlations. 

Table 2: Experimental test matrix of studies from literature. 

Study 
Estimated number of mass flow rate measurements 

Pr 
Laminar Transitional Turbulent Total 

Meyer et al. [41]
1
 30 86 150 266 6 - 9 

Meyer and Abolarin [44]
1
 32 30 154 216 3 - 7 

Kupper [59] 22 - - 22 4 - 9 

Chen [60] 33 10 5 48 4 - 285 

Strickland [61] 13 37 32 82 3 - 158 

Meyer and Tang [62] 34 - - 34 35 

 

7. Validation 

Extensive validation experiments were conducted and the details are given in Everts [57].  

The heat transfer validation consisted of local laminar Nusselt numbers for forced and mixed 

convection conditions, as well as average laminar and turbulent Nusselt number validations.  

The pressure drop validation consisted of isothermal friction factor validations of developing 

                                                 
1
 These experiments were conducted in the same laboratory at the University of Pretoria, under the 

supervision of the first author.  Grote and Abolarin were both graduate students. 
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and fully developed flow in the laminar and turbulent flow regimes. The details of the local 

laminar Nusselt number validation for forced and mixed convection conditions are given in 

this paper, since these validations were specifically relevant to the results in this paper.   

7.1 Local laminar Nusselt numbers (forced convection) 

For fully developed laminar flow in a circular smooth tube with a constant heat flux 

boundary condition, literature dictates that the Nusselt number should be 4.36 [63], which is 

indicated by the black dotted line in Fig. 3.  The local Nusselt numbers at a Reynolds number 

of 941 and heat flux of 60 W/m
2
 are represented by the blue markers in Fig. 3.  The average 

fully developed Nusselt number (50 < x/D < 827) was 4.75, which is within 8.9% of the 

theoretical Nusselt number of 4.36.  The local Nusselt numbers also correlated well with the 

equation of Shah and London [11] for simultaneously thermally and hydrodynamically 

developing flow, with an average deviation of 19%, while the deviation between x/D = 567 

and x/D = 724 was less than 3%.  The local surface temperatures, measured by the 

thermocouples at a station, were also checked (especially comparing the temperatures at the 

top to the temperatures at the bottom) and the average deviation between the temperature 

measurements was calculated to be 0.04°C.  This was within the uncertainty range of the 

thermocouples and it could therefore be concluded that fully developed forced convection 

conditions were successfully obtained in the laminar flow regime.   

Although the uncertainty was very high (56%) at the first thermocouple station (due to the 

very small surface-fluid temperature difference), it decreased along the test section to a 

minimum of 30%.  The thermocouple uncertainty was 0.1°C, while the surface-fluid 

temperature difference at the first thermocouple station was only 0.16°C, and increased along 

the test section to 0.2°C.  Furthermore, the difference between the inlet and outlet 

temperatures across the tube length of 9.5 m was 0.63°C, and the average surface-fluid 

temperature only 0.23°C.  It was therefore very challenging to experimentally obtain forced 

convection conditions with low uncertainties, which might explain why so little experimental 

data is available in literature that shows forced convection conditions.   
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Fig. 3: Comparison with literature of local laminar forced convection Nusselt numbers as a function of axial position.  The 
60 W/m

2
 results in the 11.5 mm test section are at an average Reynolds number of 941, average Grashof number of 

1.67×10
4
 and average Prandtl number of 6.75.  The 1 kW/m

2
 results in the 4 mm test section are at an average Reynolds 

number of 965, average Grashof number of 253 and average Prandtl number of 6.0. 

 

As the diameter of the 11.5 mm test section was 2.88 times greater than the 4 mm test 

section, the Grashof number, and thus free convection effects, can be expected to be 

approximately 24 times fewer in the 4 mm test section (Gr   D
3
).   A higher heat flux (and 

thus decreased uncertainties) could therefore be applied, while still obtaining forced 

convection conditions.  The local Nusselt numbers at an average Reynolds number of 1 000 

were compared for heat fluxes of 0.5 kW/m
2
 (green markers) and 1 kW/m

2
 (red markers) in 

Fig. 3.  From this figure it follows that there was no significant difference between the 

Nusselt numbers of the two heat fluxes, which confirms that free convection effects were 

negligible.  The average Nusselt number between x/D = 873 and x/D = 1 373 was 4.46 at a 

heat flux of 0.5 kW/m
2
, and 4.58 at a heat flux of 1 kW/m

2
, which was within 2.3% and 5% 

of the theoretical Nusselt number of 4.36.  Fully developed forced convection conditions 

were thus successfully obtained.  However, the uncertainties were lower at a heat flux of 

1 kW/m
2
, due to the increased temperature differences.  It was therefore decided to use a heat 

flux of 1 kW/m
2
 in the 4 mm test section for the forced convection investigation.  The results 
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also correlated very well with the correlation of Shah and London [11] with an average 

deviation of 1.7%.   

Of the 891 fully developed laminar experimental data points in the 4 mm and 11.5 mm test 

sections, it was found that forced convection conditions existed in only 5.4% of all the 

experiments, since the fully developed Nusselt number was within 10% of the theoretical 

fully developed Nusselt number of 4.36.  A Nusselt number increase of less than 20% and 

50% was obtained in only 13% and 24% of the data, respectively, while an increase of 100% 

or more was found in more than 60% of the data.  It can thus be concluded that it is very 

challenging to experimentally obtain forced convection conditions.  Forced convection 

conditions in the laminar flow regime could only be validated in this study at very low heat 

fluxes for 21 different mass flow rates.  Therefore, in most experiments, not only from this 

study, but also from literature summarised in Table 2, mixed convection conditions occurred 

rather than forced convection. 

7.2 Local laminar Nusselt numbers (mixed convection) 

To validate the local laminar Nusselt numbers for mixed convection conditions, 

experiments were conducted in the 11.5 mm test section at a heat flux of 1 kW/m
2
 and a bulk 

Reynolds number of 941.  Experiments were also conducted in the 4 mm test section at a 

Reynolds number of 1 005 and heat flux of 3 kW/m
2
.  The results in both test sections were 

compared with the correlation of Morcos and Bergles [55].  The heat transfer coefficients in 

the laminar flow regime were very sensitive to the heating or cooling methodology, Prandtl 

number, forced and mixed convection conditions, as well as developing and fully developed 

flow.  It was found that limited correlations were available from literature which were 

suitable for the conditions (developing mixed convection laminar flow with low Prandtl 

numbers) of this study.  The only correlation available that partially suited the parameter 

ranges (only the tube wall parameter was not within the specified ranges) of this study was 

the correlation of Morcos and Bergles [55]. 

From Fig. 4, it follows that the Nusselt numbers in both test sections correlated well with 

the correlation of Morcos and Bergles [55].  The average deviation between x/D = 37 and 

x/D = 827 in the 11.5 mm test section was 6%, while the average deviation between x/D = 79 

and x/D = 1 373 in the 4 mm test section was 4%.  Exact correlation was not expected since 

the range of the tube wall parameter in the Morcos and Bergles [55] correlation was between 

2 and 66, while it was approximately 0.03 and 0.15 in the 11.5 mm and 4 mm test sections, 

respectively, during this validation.  Furthermore, this correlation was developed for fully 
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developed flow, while developing flow existed near the inlet of the test section.  However, all 

the other parameters were within the specified ranges of the correlation. 

 
Fig. 4: Comparison with literature of local laminar mixed convection Nusselt numbers as a function of axial position.  The 
results in the 11.5 mm test section is at an average Reynolds number of 941, average Grashof number of 1.04×10

5
 and 

average Prandtl number of 5.9.  The results in the 4 mm test section is at an average Reynolds number of 1 005, average 
Grashof number of 1.1×10

5
 and average Prandtl number of 4.9. 

 

8. Heat transfer regions for laminar and transitional flow 

It has been found from analysing the experimental data of this study and literature [41, 

44], that all mixed convection data in the laminar and transitional flow regimes could be 

represented as shown schematically in Fig. 5.  It shows the effect of Grashof number (free 

convection effects) on the local Nusselt numbers, as a function of axial position, in the 

laminar flow regime (Fig. 5(a)), on the critical Reynolds number (Fig. 5(b)), and on the 

laminar-turbulent transition for mixed convection conditions in the transitional flow regime 

(Fig. 5(d)).  The effect of Reynolds number on the laminar-turbulent transition for forced 

convection conditions in the transitional flow regime, is schematically illustrated in Fig. 5(c).  

In Fig. 5(a), (b) and (d), the red line, 1, represents forced convection conditions, while 

lines 2 to 4 represent increasing values of Grashof number (thus increased free convection 

effects). However, in Fig. 5(c), the red dashed line, 1, represents the critical Reynolds 

number, while lines 2 to 4 represent increasing values of Reynolds number.  Furthermore, 
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three different regions were identified in the laminar flow regime (Fig. 5(a)): Forced 

Convection Developing (FCD), Mixed Convection Developing (MCD) and Fully Developed 

(FD).  When the Reynolds number exceeded the critical Reynolds number, four different 

regions were identified in the transitional flow regime (Fig. 5(c) and (d)): laminar, transition, 

quasi-turbulent and turbulent.  However, these regions could not be identified at the critical 

Reynolds number (Fig. 5(b)).  The names of these four flow regions were based on the four 

flow regimes identified and quantified by Everts and Meyer [45]. 

The trends shown in Fig. 5 are supported by experimental data in Sections 9 and 11.  The 

reasons why only the trends are shown schematically and not according to scale are: (1) the 

laminar results of the different Grashof numbers in the FCD region are very close to each 

other, and (2) the FCD region forms only a small part of the tube length, which makes it 

difficult to identify the trends.  This was also true for (3) the Nusselt numbers near the inlet of 

the test section in the transitional flow regime.  It has also been found that in the transitional 

flow regime, (4) the laminar-turbulent-transition, is very dependent on Reynolds number and 

Grashof number, which made it challenging to obtain and compare results for different 

Grashof numbers at a fixed Reynolds number, and vice versa. Furthermore, (5) some scatter 

existed in the experimental data, which made it challenging to illustrate clear trends. 

 

8.1 Laminar flow regime (Fig. 5(a)) 

If the Grashof number is so low that the flow can be considered as forced convection, the 

results will follow the red forced convection line.  As the flow develops axially from the tube 

inlet, all the results initially follow the red forced convection line. When the Grashof number 

is increased, free convection effects become significant and the results break away from the 

red line.  Furthermore, as indicated by points D, G and J, the axial position at which the 

results break away from the red line (FCD/MCD) decreases with increasing Grashof number.  
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Fig. 5: Schematic representation of the developing Nusselt numbers showing the effects of (a) Grashof number in the 
laminar flow regime, (b) Grashof number at the critical Reynolds number, (c) Reynolds number on the forced convection 
laminar-turbulent transition and (d) Grashof number on the mixed convection laminar-turbulent transition.   

Fig. 6 

Fig. 14 

Fig. 15 

Fig. 17 



27 
 

In the Forced Convection Developing (FCD) region, the gradient of the Nusselt number 

lines decreases slightly with increasing Grashof number, since the thermal entrance length 

decreases.  However, this difference is very small since free convection effects are negligible 

in this region.  In the Mixed Convection Developing (MCD) region, the Nusselt numbers 

increase along the tube length, since the flow develops and free convection effects increase.  

As indicated by lines D-E, G-H and J-K, the gradient of the Nusselt number lines increases 

with Grashof number.   

For forced convection conditions, the flow is considered as fully developed when the 

Nusselt numbers are within 5% of the theoretical Nusselt number of 4.36, and becomes 

constant.  For simultaneously hydrodynamically and thermally developing flow (refer to 

Section 9.2), this value corresponds to x/D = 0.12RePr (indicated by the purple dotted line) 

and not x/D = 0.05RePr (indicated by the teal dotted line).  As indicated by points E, H, and 

K, the axial position at which the flow becomes fully developed decreases with increasing 

Grashof number.  In the Fully Developed (FD) region, the Nusselt numbers and free 

convection effects are constant along the tube length, since the flow is fully developed.  

However, the magnitude of the Nusselt numbers increases with increasing Grashof number 

(points C, F, I and L). 

 

8.2 Critical Reynolds number (Fig. 5(b)) 

At the critical Reynolds number, the local Nusselt numbers decrease along the tube length 

near the inlet of the test section, and then become constant.  No MCD regions (Fig. 5(a)) were 

observed.  As the thermal entrance length decreases with increasing Grashof number, the 

Nusselt number gradients near the inlet of the test section (A-D, A-F and A-H) decrease and 

the Nusselt numbers become constant earlier along the tube length (points B, D, F and H).  

The Nusselt numbers remain constant further along the tube length.  However, the magnitude 

of the Nusselt numbers increased with increasing Grashof numbers (points C, E, G and I).   

 

8.3 Forced convection laminar-turbulent transition (Fig. 5(c)) 

When the Reynolds number exceeds the critical Reynolds number and the flow is in the 

transitional flow regime, laminar-turbulent transition occurs along the tube length.  When 

forced convection conditions exist and the Reynolds number is increased above the critical 

Reynolds number (red and blue lines), the trends are similar.  However, the axial position at 

which the Nusselt numbers become constant, decreases (points B and D), and the magnitude 

of the Nusselt numbers increases (points C and E) due to the increased fluid velocity.  The 
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increased fluid velocity enhances mixing inside the test section, therefore the Nusselt 

numbers increase. 

As the Reynolds number is increased further (green and yellow lines), four regions 

(laminar, transition, quasi-turbulent and turbulent) can be identified.  The heat transfer 

characteristics in the laminar region are similar to those of the laminar FCD region (Fig. 

5(a)).  Therefore, the gradient of the Nusselt number lines in the laminar region (lines A-F 

and A-I) decrease with increasing Reynolds number, since the thermal entrance length 

increases.   

The axial position at which the Nusselt numbers start to increase (points F and I), 

decreases with increasing Reynolds number.  In the transitional flow regime, fluctuations 

occur inside the test section since the flow alternates between laminar and turbulent flow.  

These fluctuations increase along the tube length [45], which lead to increased mixing, 

therefore enhanced heat transfer and increased Nusselt numbers.  The gradient of the Nusselt 

numbers (lines F-G and I-J) increases with increasing Reynolds number, which implies that 

the transition from the laminar to the quasi-turbulent regions, occurs faster (points G and J) 

and the transition region decreases.    

In the quasi-turbulent region, the flow characteristics are similar to turbulent flow, 

however the flow is not yet turbulent, and the local Nusselt numbers increase along the tube 

length.  The gradient of the Nusselt number lines in the quasi-turbulent region (lines G-H and 

J-K) decrease with increasing Reynolds number, and approach zero as the flow approaches 

the turbulent region.  The axial position at which the Nusselt numbers become constant 

(points H and K) also decreases with increasing Reynolds number.  However, as this decrease 

is less than for points G and J, the width of the quasi-turbulent region increases slightly with 

increasing Reynolds number.  The magnitude of the Nusselt numbers in the quasi-turbulent 

and turbulent regions increases with increasing Reynolds number, due to the enhanced 

mixing inside the tube.   

 

8.4 Mixed convection laminar-turbulent transition (Fig. 5(d)) 

When mixed convection conditions exist, the Nusselt numbers decrease along the tube 

length near the inlet of the test section.  The axial position at which the Nusselt numbers start 

to increase (points E, H and K), decreases with increasing Grashof number and the gradient 

of the Nusselt number lines in the transition region (lines E-F, H-I and K-L) increases.  

Therefore, the width of the transition region decreases with Grashof number.  In the quasi-

turbulent region, the gradient of the Nusselt number lines (lines F-G, I-J and L-M) decreases 
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with increasing Grashof number, and the magnitude of the Nusselt numbers increases.  The 

axial position at which the Nusselt numbers become constant (points G, J and M), decreases 

with increasing Grashof number.  The Nusselt numbers in the turbulent region remain 

constant along the tube length.  However, it increases with increasing Grashof number. 

Although the laminar-turbulent transition occurs faster with increasing Grashof number 

when the flow is dominated by mixed convection (blue, green and yellow lines), a different 

trend was observed when free convection effects first become significant at very low Grashof 

numbers (red and blue lines).  As free convection effects become significant, the effect is to 

first disturb the fluctuations inside the test section and cause transition to occur slower 

(compared to forced convection conditions), therefore the free convection effects have a 

dampening effect.  However, as the Grashof number is increased, the fluctuations inside the 

test section increase significantly with increasing free convection effects [45], which cause 

the flow to transition faster from laminar to turbulent. 

 

9. Results: Laminar flow 

The results in this section are directly aligned to Fig. 5(a).  Points A-L in Fig. 6, Fig. 8, 

Fig. 9 and Fig. 10, correspond to the labels used in Fig. 5(a).   

 

9.1 Local Nusselt numbers 

To investigate the effect of free convection on the local laminar Nusselt numbers, the 

Nusselt numbers as a function of axial position at a Reynolds number of approximately 1 800 

are compared for different heat fluxes and tube diameters (cf. Fig. 6).  Also included is the 

experimental data at a heat flux of 4 kW/m
2
 in a 19 mm test section [44]. The solid markers 

represent the results (at different heat fluxes) in the 4 mm test section, while the star and 

square markers represent the results in the 11.5 mm and 19 mm test sections, respectively.  

The correlation of Shah and London [11], which is valid for simultaneously 

hydrodynamically and thermally developing forced convection flow, is indicated by the solid 

red line, while the theoretically fully developed forced convection Nusselt number of 4.36, is 

indicated by the horizontal red dotted line.  The vertical black dotted line indicates the fully 

developed flow condition of 1/Gz ≥ 0.05 (Eq. (1)). 

As expected, the maximum Nusselt numbers were found at the inlet of the test section, 

since the thickness of the thermal boundary layer was a minimum.  It then decreased along 

line A-B-C, as the thermal boundary layer thickness increased and the flow approached fully 

developed flow.  The forced convection data is indicated by the black markers and 
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corresponds very well with the correlation of Shah and London [11] (red line in Fig. 6).  This 

formed the “lower boundary” of the local Nusselt numbers and corresponds to the red line in 

Fig. 5(a). 

As the heat flux in the 4 mm test section was increased, the Nusselt numbers began to 

increase and deviate from this line (point D), since free convection effects became 

significant.  This trend is illustrated by the red and blue lines in Fig. 5(a).  From points D, G 

and J in Fig. 6 (and schematically illustrated in Fig. 5(a)), it follows that as the Grashof 

number was increased further by increasing the tube diameter and heat flux, free convection 

effects caused the local Nusselt numbers to deviate from the forced convection results earlier 

along the test section.  Furthermore, the gradient of the Nusselt number lines near the inlet of 

the test section (A-G and A-J) decreased with increasing Grashof number.  Therefore, free 

convection effects caused the Nusselt numbers to develop faster along the tube length. 

 
Fig. 6: Comparison of Nusselt numbers as a function of axial position, at a Reynolds number of 1 800 for different heat 
fluxes and tube diameters using water as the test fluid.  Also included is the experimental data at a heat flux of 4 kW/m

2
 

in a 19 mm test section [44]. The solid markers represent the results (at different heat fluxes) in the 4 mm test section, 
while the star and square markers represent the results in the 11.5 mm and 19 mm test sections, respectively.  The 
forced convection results are indicated by points A-B-C along the solid red line.  Arrows A-D-E-F and A-G-H-I indicate the 
trend at a heat flux of 3 kW/m

2
 in the 4 mm and 11.5 mm test sections, while arrows A-J-K-L indicate the trend at a heat 

flux of 4 kW/m
2
 in the 19 mm test section. 

 

As schematically illustrated in Fig. 5(a), it follows from arrows D-E, G-H and J-K in Fig. 

6, that as the heat flux and tube diameter were increased, the magnitude and gradient of the 
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Nusselt numbers increased.  This can be expected since the Grashof number, and thus free 

convection effects, increased with increasing heat flux and tube diameter, which led to 

enhanced heat transfer inside the test section, and thus increased Nusselt numbers. 

Therefore, unlike the forced convection results, the local Nusselt numbers did not decrease 

and became constant, but decreased to a minimum and then began to increase before they 

became constant and the flow fully developed.  This is due to the combined effects of free 

convection and developing flow.  A similar trend was observed by Cheng and Ou [23] who 

explained that the local Nusselt numbers decreased near the inlet due to the entrance effect, 

and free convection effects were negligible.  At the minimum Nusselt number (for example 

points D, G and J in Fig. 6), the entrance and free convection effects were equal, but then the 

Nusselt numbers began to increase once the free convection effects began to dominate the 

entrance effects.  As the flow was not yet fully developed when it began to deviate from the 

forced convection line, free convection effects increased along the tube length [45], which 

caused the Nusselt numbers to increase along the tube length.   

The Nusselt numbers became constant once the flow was fully developed and the surface-

fluid temperature difference became constant (for example points E, H and K in Fig. 5(a) and 

Fig. 6).  From points E, H and K in Fig. 6, it follows that thermal entrance length decreased 

significantly with increasing Grashof number, since the Nusselt numbers became constant 

earlier along the test section.  This trend is indicated by the black dotted MCD/FD-line in Fig. 

5(a) and Fig. 6.  Furthermore, as schematically illustrated in Fig. 5(a), free convection effects 

also caused the magnitude of the fully developed Nusselt numbers to increase. 

 

9.2 Thermal entrance lengths 

Fig. 7 summarises the local Nusselt numbers as a function of the inverse of the Graetz 

number, for Reynolds numbers between 1 000 and 2 000 at a heat fluxes of 0.5 kW/m
2
 (filled 

markers) and 1 kW/m
2
 (empty markers) in the 4 mm test section.  (Take note that the 

11.5 mm experiments were not used in this graph, due to greater uncertainties than for the 

4 mm test section.)  The vertical black dotted line indicates the fully developed flow 

condition of 1/Gz ≥ 0.05 (Eq. (1)).  Also included in this figure are the correlations of Siegel 

et al. [13] for hydrodynamically fully developed and thermally developing flow, and of Shah 

and London [11] for simultaneously hydrodynamically and thermally developing flow.  The 

theoretical Nusselt number of 4.36 for fully developed forced convection laminar flow is 

indicated by the horizontal black dotted line, while a 5% and 10% increase from this Nusselt 

number are indicated by the horizontal blue and red dotted lines, respectively.   
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As the correlation of Siegel et al. [13] was developed for hydrodynamically fully 

developed flow, the predicted Nusselt numbers were lower than for the correlation of Shah 

and London [11], since the flow developed faster.  Siegel et al. [13] considered the flow to be 

fully developed once the local Nusselt numbers were within 5% of the theoretical fully 

developed Nusselt number for 4.36, and reported that this should occur at 1/Gz ≥ 0.0425 (as 

indicated in Fig. 7).  From Fig. 7 it follows that the correlation of Shah and London [11] only 

crossed the 5%-line at 1/Gz ≈ 0.11.  As the flow in this study was also simultaneously 

hydrodynamically and thermally developing, the trend of the local Nusselt numbers 

correlated better with the correlation of Shah and London [11].   

 
Fig. 7: Local Nusselt numbers as a function of the inverse of the Graetz number for Reynolds numbers between 900 and 
2 000 in the 4 mm test section.  The filled and empty markers represent the results at heat fluxes of 0.5 kW/m

2
 and 

1 kW/m
2
, respectively.  The additional graph shows the percentage data points within 5% and 10% of the theoretical 

Nusselt number of 4.36, as a function of the inverse of the Graetz number. 

 

The additional graph in  Fig. 7 shows the percentage data points within 5% and 10% of the 

theoretical Nusselt number of 4.36, as a function of 1/Gz.  From this graph it follows that at 

1/Gz = 0.05, only 10% of the experimental data points were within 5% (thus fully 

Nu = 4.36 + 5% 

Nu = 4.36 + 10% 

1/Gz = 0.0425 

1/Gz ≈ 0.11 

Nu = 4.36 

1/Gz = 0.14 
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developed).  It therefore means that C = 0.05 (Eq. (1)) as used in most subject literature, is 

inaccurate.  At 1/Gz = 0.12, 80% of the experimental data points were within 5% and all the 

experimental data points within 10%.  This corresponds well to the value of 1/Gz ≈ 0.11 

where the correlation of Shah and London [11] crossed the 5%-line.  At 1/Gz = 0.14, all the 

experimental data points were within 5%.  Acknowledging the uncertainty of our forced 

convection data (average uncertainty of 18% and 10% for heat fluxes of 0.5 kW/m
2
 and 

1 kW/m
2
, respectively), we have found that 1/Gz ≥ 0.12 is a more accurate/conservative 

criterion for fully developed flow when the flow is simultaneously hydrodynamically and 

thermally developing.  However, a conservative value of 1/Gz ≥ 0.14 will ensure that all the 

Nusselt numbers are within 5% of the theoretical Nusselt number of 4.36.  Furthermore, it 

can be concluded that the theoretical thermal entrance length correlation (Eq. (1)) is better 

suited for hydrodynamically fully developed flow, and that a longer thermal entrance length 

is required for simultaneously hydrodynamically and thermally developing flow, therefore a 

coefficient of 0.12 is recommended. 

 
Fig. 8: Comparison of local Nusselt numbers against the inverse of the Graetz number, at a Reynolds number of 1 800 for 
different heat fluxes and tube diameters. 
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The mixed convection results in Fig. 6 are plotted against the inverse of the Graetz number 

in Fig. 8.  The horizontal red dotted line represents the theoretical Nusselt number of 4.36 for 

fully developed forced convection laminar flow, while the vertical red dotted line indicates 

1/Gz = 0.05, which is the thermal entrance length predicted using Eq. (1).  The vertical black 

dotted line indicates 1/Gz = 0.12, which was the forced convection thermal entrance length 

for simultaneously hydrodynamically and thermally developing flow, found in Fig. 7.   

The fully developed data are indicated using black horizontal arrows, and from these 

arrows it follows that, similar to Fig. 6,  the location (1/Gz) at which the flow became fully 

developed decreased significantly with increasing tube diameter (thus increasing Grashof 

number).  However, for a fixed tube diameter, the value of 1/Gz increased with increasing 

heat flux, since 1/Gz is inversely proportional to the Prandtl number which decreased with 

increasing temperature.  As can be expected, it follows from Fig. 8 that both forced 

convection thermal entrance length conditions (1/Gz = 0.05 and 1/Gz = 0.12), became 

increasingly inaccurate at higher Grashof numbers (11.5 mm test section and 19 mm test 

section) and should therefore be adjusted when mixed convection conditions exist, especially 

at high Grashof numbers. 

 

9.3 Boundaries between FCD, MCD and FD laminar regions 

For laminar flow, three different regions (FCD, MCD and FD in Fig. 5(a)) were identified 

and correlations were developed to quantify these FCD/MCD and MCD/FD boundaries.  The 

ranges of the correlations are summarised in Table 3.  

 

Table 3: Ranges of correlations to predict the FCD/MCD boundary (Eqs. (22) and (23)) and the MCD/FD boundary (Eqs. 
(24) and (25)). 

 Re Pr Gr Gr* Gz D [mm] 

FCD/MCD 

(22), (23) 
48 - 3 217 2.9 - 282 

2.48 - 

4.51×10
5
 

541 - 

4.01×10
6
 

2.6 - 

1.14×10
5
 

3 - 19 

MCD/FD 

(24), (25) 
467 - 3 217 2.9 - 53 

30.6 - 

4.51×10
5
 

2.48 – 

6.02×10
5
 

2.6 - 

3.49×10
4
 

4 - 19 

 

 

 

9.3.1 FCD/MCD boundary 

To determine the FCD/MCD boundary, the Nusselt numbers in Fig. 6 were evaluated in 

terms of (1/Gz)Gr
0.57

Pr
0.4

, to account for mixed convection conditions (Gr) and different test 

fluids (Pr).  From Fig. 9(a) it follows that the FCD/MCD boundary (points B, D, G and J) can 
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be estimated to be at (1/Gz)Gr
0.57

Pr
0.4

 = C1, where the constant C1 is approximately equal to 

2.4. 

Using the boundary (1/Gz)Gr
0.57

Pr
0.4

 = C1, the entrance length required for the flow to be 

in the MCD region can be determined as follows, and can also be written as a function of the 

forced convection thermal entrance length, LtFC, (using C = 0.12): 

      
          

      
 

      
               

 (22) 

From Eq. (22) it follows that similar to Eq. (1), the entrance length for mixed convection 

developing flow, LtMCD, increased with increasing Reynolds number, Prandtl number and 

tube diameter.  However, it was inversely proportional to the Grashof number and therefore 

decreased as free convection effects increased.  Furthermore, the entrance length was a 

weaker function of Prandtl number (compared to forced convection) once free convection 

effects became significant.  This was expected, since the fluid properties (density and 

viscosity) were accounted for in the Reynolds number and Grashof number. 

 
Fig. 9: Nusselt numbers as a function of (a) (1/Gz)Gr

0.57
 Pr

0.4
 and (b) (1/Gz)Gr*

0.45 
Pr

0.4
, to determine FCD/MCD boundary.  

The solid markers represent the results (at different heat fluxes) in the 4 mm test section, while the star and square 
markers represent the results in the 11.5 mm and literature [41, 44, 59, 60], respectively.  The forced convection results 
are indicated by red arrows A-B-C.  Arrows A-D-E-F and A-G-H-I indicate the trend at a heat flux of 3 kW/m

2
 in the 4 mm 

and 11.5 mm test sections, while arrows A-J-K-L indicate the trend at a heat flux of 4 kW/m
2
 in the 19 mm test section. 
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Similarly for the modified Grashof number, it follows from Fig. 9(b) that the FCD/MCD 

boundary (points B, D, G and J in Fig. 9(b), corresponding to the same points in Fig. 5(a) and 

Fig. 6) can be estimated to be at (1/Gz)Gr*
0.45

Pr
0.4

 = C2, where the constant C2 is 

approximately equal to 2.1.  Using the boundary (1/Gz)Gr*
0.45

Pr
0.4

 = C2, the length required 

for the flow to be in the MCD region was determined as: 

      
          

        
 

      
                

 
(23) 

 

9.3.2 MCD/FD boundary 

From Fig. 5(a) it follows that the location at which the flow became fully developed 

(MCD/FD boundary) was not as distinct as the FCD/MCD boundary, since the gradient of the 

Nusselt numbers did not change from negative to positive, but gradually from positive to 

zero.  It was concluded from Fig. 8 that the forced convection thermal entrance length 

equations became increasingly inaccurate when the Grashof numbers were increased.  

Experimental data for high Prandtl number fluids in the MCD region are rare, since the 

increased viscosity prevents free convection effects to dominate the entrance effects.  This 

boundary was therefore developed mainly with water data, however a single case of 60% 

diethylene glycol data at a Reynolds number of approximately 1 600 [60] was included, since 

free convection effects dominated the entrance effects in a small part of the test section.  As 

the Prandtl numbers varied between 45.7 and 53, this case extended the Prandtl number range 

of this boundary.  

To determine the MCD/FD boundary, the Nusselt numbers were plotted (Fig. 10(a)) in 

terms of (1/Gz)Gr
0.4

Pr
1.65

(x/D)
0.3

, to account for mixed convection conditions (Gr) and 

different test fluids (Pr).  It was found that the non-dimensional axial distance (x/D) had to be 

included, since the thermal boundary layer thickness, and thus free convection effects, 

changed along the tube length when the flow was developing.  From points B, E, H and K in 

Fig. 10(a) (corresponding to the same points in Fig. 5(a) and Fig. 6), it follows that the 

MCD/FD boundary was estimated to be at (1/Gz)Gr
0.4

Pr
1.65

(x/D)
0.3

 = C3, where the constant 

C3 is approximately equal to 130. 

Using the boundary (1/Gz)Gr
0.4

Pr
1.65

(x/D)
0.3

 = C3, the length required for the flow to 

become fully developed during mixed convection conditions was determined as: 
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    ⁄

 (24) 

From Eq. (24) it follows that the thermal entrance length is proportional to the Reynolds 

number and tube diameter, but inversely to the Grashof number and Prandtl number.  This 

explains why fully developed flow (or very close to) was obtained in the experimental data 

set of Chen [60] although the maximum length-to-inside diameter ratio was only 400 and the 

Prandtl number high (45 < Pr < 53).  

 
Fig. 10: Nusselt numbers as a function of (a) (1/Gz) Gr

0.4
Pr

1.65
(x/D)

0.3 
and (b) (1/Gz)Gr

* 0.3
Pr

1.65
(x/D)

0.3
 to determine 

MCD/FD boundary. The solid markers represent the results (at different heat fluxes) in the 4 mm test section, while the 
star and square markers represent the results in the 11.5 mm and literature [44, 60], respectively. 

 

The same procedure was then repeated for the modified Grashof number.  From points B, 

E, H and K in Fig. 10(b) (corresponding to the same points in Fig. 5(a) and Fig. 6), it 

followed that the MCD/FD boundary was estimated to be at (1/Gz)Gr*
0.3

Pr
1.65

(x/D)
0.3

 = C4, 

where the constant C4 is approximately equal to 110.  The length required for the flow to 

become fully developed during mixed convection conditions, as a function of Gr*, was 

determined as: 
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 (25) 

 

9.3.3 Conditions for no MCD region 

Cheng and Ou [23] numerically investigated free convection effects in large Prandtl 

number fluids and found that when the Rayleigh number was greater than 3.75×10
5
, the local 

Nusselt numbers decreased along the tube length and became constant.  Similar results were 

also obtained in literature [22, 41, 60-62] when higher Prandtl number fluids, such as glycols 

and nanofluids, were used.  Fig. 11 contains three cases of local Nusselt numbers as a 

function of axial position of experimental data from literature [60-62] using high Prandtl 

number fluids.   From all three data sets it follows that the Nusselt numbers decreased near 

the inlet of the test section and then became constant, indicating that the flow was fully 

developed.  As the Nusselt numbers did not increase with axial position before they became 

constant, the MCD region became negligible, and the local Nusselt numbers changed from 

the FCD region directly to the FD region.  However, the fully developed Nusselt numbers 

were significantly higher than 4.36 (indicated by the horizontal black dotted line), confirming 

that mixed convection conditions existed, and it also increased with increasing Prandtl 

number.   

 
Fig. 11: Local Nusselt numbers as a function of axial position of experimental data from literature [60-62] using high 
Prandtl number fluids. 
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Everts and Meyer [45] investigated the effect of the fluid properties of water and ethylene 

glycol on free convection effects.  It was found that due to the significantly higher viscosity 

in the centre of the tube, free convection effects were restricted to the thermal boundary layer, 

and could not lead to secondary flow that assists in the diffusion of the heat from the surface 

to the centre of the tube.   

The Grashof number, GrFCD/FD, where the FCD/MCD and MCD/FD boundaries become 

equal, will represent the point where the MCD region is negligble.  Thus at this condition, the 

flow will change from the FCD region to the FD region without any MCD region.  This is 

schematically illustrated by the purple line in Fig. 12. 

 

 
Fig. 12: Schematic representation of the effect of Grashof number on the local Nusselt numbers as a function of axial 
position, indicating the conditions of no MCD region. 

 

For the MCD region to become negligble, Eqs. (22) and (24) were solved simultaneously 

as LtMCD = LtFD: 

                               (26) 

Eq. (26) was then substituted into Eq. (22), to obtain the location where the FCD/MCD 

and MCD/FD boundaries become equal: 

       

 
 

         

      
 (27) 

The same procedure was then repeated for the modified Grashof number, using Eqs. (23) 

and (25): 

Eq
s.

(2
7

) 
an

d
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                        (28) 

       

 
 

          

       
 

(29) 

From Eqs. (27) and (29) it follows the FCD/FD boundary is dependent on the ratio of the 

Reynolds number to the Prandtl number.  Eqs. (26) to (29) were verified using the 

experimental data of Chen [60] (blue markers in Fig. 11).  From this figure it follows that the 

Nusselt numbers became approximately constant at x/D = 38.6, while Eqs. (27) and (29) 

predicted the FCD/FD boundary to be at x/D = 38.6 and x/D = 30.3 (within approximately 

20%), respectively. 

As Eqs. (27) and (29) produced different results for Fig. 11, their sensitivity towards 

Prandtl number were evaluated for different cases of Reynolds number and Prandtl number, 

and the results are summarised in Table 4.  From this table it follows that the deviation 

between the correlations at a Prandtl number of 3 was approximately 14%.  It then decreased 

to 3% when the Prandtl number was increased to 7, but increased to 22% as the Prandtl 

number was increased to 50.  This is as expected, since the majority of the data that was used 

to develop these correlations were at a Prandtl number of approximately 7.  Less data has 

Prandtl numbers as low as 3, while only a single case of 60% diethylene glycol 

(45.7 < Pr < 53) data at a Reynolds number of approximately 1 600 [60] was used to 

developed Eqs. (24) and (25).  The Prandtl number in Table 4 was not increased further, since 

Eqs. (24) and (25) were limited to Prandtl numbers up to 53.  The accuracy of Eqs. (27) and 

(29) for high and low Prandtl number fluids can be improved when more experimental data 

with high Prandtl numbers are available to modify Eqs. (24) and (25). 

 

Table 4: Verification of FCD/FD boundary using Eqs. (27) and (29). 

 x/D (Eq. (27)) x/D (Eq. (29)) % difference 

Re = 500, Pr = 3 3 827 3 257 16.1 

Re = 500, Pr = 7 840 799 4.9 

Re = 500, Pr = 50 25 31 20.9 

Re = 1 000, Pr = 3 5 412 4 690 14.3 

Re = 1 000, Pr = 7 1 188 1 151 3.1 

Re = 1 000, Pr = 50 35 44 22.7 

Re = 2 000, Pr = 3 7 654 6 753 12.5 

Re = 2 000, Pr = 7 1 680 1 657 1.3 

Re = 2 000, Pr = 50 50 64 24.5 
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9.4 Local Nusselt number correlations 

To develop a correlation that accurately predicts the local Nusselt numbers in all three 

regions (Fig. 5(a)), three separate correlations were first developed for the FCD, MCD and 

FD regions.  It was found that the heat transfer characteristics in the MCD and FD regions 

were similar, since both correlations were a function of the Grashof number (or modified 

Grashof number), Prandtl number and Graetz number.  Therefore, a combined correlation for 

the MCD and the FD regions was developed. The method of Churchill and Usagi [64] was 

used to combine the equation for the FCD region (Nu1) and the combined MCD and FD 

regions (Nu2), and it was found that the results did not improve significantly for exponents 

larger than 6.  Eqs. (30) and (31) can be used to calculate the local Nusselt numbers in terms 

of the Grashof number and modified Grashof number, and are thus valid for all three laminar 

regions: 

            
     

    ⁄  

                            

                                    

(30) 

 

 

            
     

    ⁄  

                            

                                       

(31) 

Table 5 summarises the ranges and performance of the correlations compared to the 

experimental results of this study, using 5 680 data points, and this study and literature [41, 

53, 59, 60, 62, 65, 66], using a total of 7 675 data points.  From this table it follows that both 

correlations predicted almost all the data (99%) of this study within 20%.  Furthermore, 

approximately 80% of the experimental data of this study and literature [41, 44, 59, 60, 62, 

65, 66], were predicted within 10%. 
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Table 5: Overall performance and ranges of local laminar Nusselt number correlations.  The value of n represents the 
number of data points and Ave %, the average deviation. 

 

To determine the validity/accuracy of the correlations for Prandtl numbers less than one, 

the performance of the correlations was determined using experimental data conducted using 

air as the test fluid.  Apart from the experimental data of McComas and Eckert [18], it was 

found that limited complete experimental data (Reynolds numbers, Nusselt numbers, Grashof 

numbers and axial position) conducted using air were available in literature.  The 

performance of Eqs. (30) and (31) was determined using 34 experimental data points 

(Re ≈ 740, Pr ≈ 0.7, 3.34 < Gr < 491).  It was found that Eq. (30) was able to predict 71% of 

the data within 20% and the average deviation was 15%, while Eq. (31) was able to predict 

80% of the data within 20% and the average deviation was 13%. 

9.5 Average laminar Nusselt numbers  

Shah [25] developed a correlation to determine the average Nusselt numbers of developing 

flow, however, it was limited to constant fluid properties.   The average mixed convection 

Nusselt number correlations that are available, are valid for a constant surface temperature 

boundary condition [67, 68], and not for a constant heat flux boundary condition. Therefore, 

the local Nusselt number correlations (FCD region (Nu1) and combined MCD and FD regions 

(Nu2) in Eqs. (30) and (31)) were combined and integrated along the tube length, L.  The 

following correlation was obtained to calculate the average laminar Nusselt number over a 

length L, measured from the tube inlet: 

Eq. 

This study only 
This study and literature 

[41, 44, 59, 60, 62, 65, 66] 

n 
±10% 

[%] 

±20% 

[%] 
Ave % n 

±10% 

[%] 

±20% 

[%] 
Ave % 

Gr: (30) 5 680 87 99 5.4 7 675 78 94 7.4 

Gr*: (31) 5 680 89 99 5.3 7 675 78 94 7.3 

Range 

467 ≤ Re ≤ 3 217,  

3 ≤ Pr ≤ 7.4,  

2.6 ≤ Gz ≤ 5 589,  

30 ≤ Gr ≤ 2.49×10
5
, 

541 ≤ Gr* ≤ 4.01×10
6
 

48 ≤ Re ≤ 3 217,  

2.9 ≤ Pr ≤ 282,  

2.6 ≤ Gz ≤ 1.14×10
5
, 

5.5 ≤ Gr ≤ 4.51×10
5
, 

41.3 ≤ Gr* ≤ 7.27×10
6
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     for L > LtMCD 

LtMCD = L for L < LtMCD 

(32) 

In this equation, as well as Eqs. (33)-(35), Pr, Re and Gr were evaluated at the bulk fluid 

temperature.  Similarly, Eq. (33) was developed to calculate the Nusselt numbers as a 

function of the modified Grashof number:  
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       for L > LtMCD 

LtMCD = L for L < LtMCD 

(33) 

 

Table 6: Overall performance and ranges of average laminar Nusselt number correlations.  The value of n represents the 
number of data points and Ave %, the average deviation. 

 

Table 6 summarises the ranges and performance of Eqs. (32) and (33) using 495 

experimental data points of this study.  From this table it follows that both correlations 

performed very well and were able to predict 95% of the data within 10% and all the data 

within 20%. 

 

Eq. 
Experimental data from this study 

n ±10% [%] ±20% [%] Ave % 

Gr: (32) 495 98 100 3.6 

Gr*: (33)  495 95 100 3.6 

Range 
48 ≤ Re ≤ 3 217, 2.9 ≤ Pr ≤ 282, 2.6 ≤ Gz ≤ 1.14×10

5
, 5.5 ≤ Gr ≤ 4.51×10

5
, 

41.3 ≤ Gr* ≤ 7.27×10
6
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9.6 Average laminar friction factors 

By making use of the Colburn Analogy [63], the relationship between friction factor 

(pressure drop) and Colburn j-factor (heat transfer) was used by Everts and Meyer [46] to 

obtain a correlation to calculate the friction factors as a function of Nusselt number and 

Grashof number: 

 ̅  
         ̅̅ ̅̅

      
  ⁄    

     
 (34) 

where    ̅̅ ̅̅  can be calculated using Eq. (32).  A correlation was also developed in terms of the 

modified Grashof number:  

 ̅  
         ̅̅ ̅̅

      
  ⁄    

       
 (35) 

where    ̅̅ ̅̅  can be calculated using Eq. (33).   

 

Table 7: Overall performance and ranges of average laminar friction factor correlations.  The value of n represents the 
number of data points and Ave %, the average deviation. 

 

The ranges and performance of Eqs. (34) and (35) are summarised in Table 7.  From this 

table it follows that both friction factor correlations were able to predict all the experimental 

data within 10%, with an average deviation of 2.2-2.4%. 

 

10. Results: Quasi-turbulent and turbulent flow 

Very limited results in the quasi-turbulent and turbulent flow regimes are presented in this 

paper, as it is only required to link the results given in Fig. 6 and Fig. 13, to Fig. 16.  Fig. 13 

compares the Nusselt numbers as a function of axial position for Reynolds numbers between 

4 000 and 8 000 at heat fluxes of 3 kW/m
2
 and 8 kW/m

2
 in the 4 mm test section, and at heat 

fluxes of 1 kW/m
2
 and 3 kW/m

2
 in the 11.5 mm test section.   

Eq. 
Experimental data from this study 

n ±10% [%] ±20% [%] Ave % 

Gr: (32), (34) 495 100 100 2.4 

Gr*: (33), (35) 495 100 100 2.2 

 Range 
467 ≤ Re ≤ 3 217, 3 ≤ Pr ≤ 7.4, 2.6 ≤ Gz ≤ 5 589, 30 ≤ Gr ≤ 2.49×10

5
, 

541 ≤ Gr* ≤ 4.01×10
6
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Fig. 13: Comparison of Nusselt numbers as a function of axial position for Reynolds numbers between 4 000 and 8 000 at 
a heat flux of (a) 3 kW/m

2
 and (b) 8 kW/m

2
 in the 4 mm test section and at a heat flux of (c) 1 kW/m

2
 and (d) 3 kW/m

2
 in 

the 11.5 mm test section. The red and black arrows indicate the trends in the quasi-turbulent and turbulent flow 
regimes, respectively. 

The thermal entrance length for turbulent flow (normally taken as approximately 10D 

[63]) can be regarded as negligible, since the Nusselt numbers remained constant along the 

entire tube length.  Furthermore, the magnitude of the Nusselt numbers increased with 

increasing Reynolds numbers due to the enhanced mixing inside the test section.  As 

expected, at a specific Reynolds number, for example 8 000, there was no significant 

difference between the magnitude of the Nusselt numbers in the different test sections and at 

different heat fluxes, confirming that free convection effects were negligible.  However, from 

Fig. 13(b) (this figure is selected as it is easy to distinguish) it follows that at Reynolds 

numbers between 4 000 and 7 000, the Nusselt numbers increased slightly along the tube 

length.  This increase became lower as the Reynolds number was increased and at a Reynolds 

number of 8 000, the Nusselt numbers were constant along the entire tube length.  Therefore, 

the flow was not yet fully turbulent (at 4 000 < Re < 7 000), but still in the quasi-turbulent 

regime, which is the upper part of the transitional flow regime.  In this flow regime, the flow 

Quasi-turbulent 
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approaches turbulent flow and the heat transfer characteristics are very similar to turbulent 

flow.  However, as the flow is not fully turbulent yet, turbulent heat transfer corrections will 

slightly overpredict the Nusselt numbers in this region [58]. 

 

11. Results: Transitional flow 

11.1 Critical Reynolds number 

The critical Reynolds number corresponds to the Reynolds number before fluctuations in 

mass flow rate and temperature occur, and was obtained using the nomenclature defined by 

Everts and Meyer [45].  Fig. 14 contains the local Nusselt numbers as a function of axial 

position at the critical Reynolds number at different heat fluxes in the 4 mm and 11.5 mm test 

sections.  The results in this graph are directly aligned to Fig. 5(b).   

 
Fig. 14: Local Nusselt numbers as a function of axial position at the critical Reynolds number at different heat fluxes in 
the 4 mm and 11.5 mm test sections. 

 

As the start of the transitional flow regime is affected by free convection effects [45], 

different critical Reynolds numbers were obtained for the different heat fluxes and tube 

diameters.  From this figure it follows that, at the critical Reynolds number, the local Nusselt 

numbers decreased along the tube length and then became constant.  As schematically 

illustrated in Fig. 5(b), it follows from points B, D, F and H in Fig. 14, that the axial position 

at which the Nusselt numbers became constant, decreased with increasing heat flux and tube 

diameter (thus increasing free convection effects).  Furthermore, the magnitude of the fully 
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developed Nusselt numbers increased with increasing Grashof number (points C, E, G, I in 

Fig. 5(b) and Fig. 14). 

 

 

11.2 Forced convection laminar-turbulent transition 

The results in this section are directly aligned to Fig. 5(c).  Fig. 15 compares the local 

Nusselt numbers as a function of axial position for different Reynolds numbers in the 

transitional flow regime at a heat flux of 1 kW/m
2
 in the 4 mm test section, therefore the flow 

was dominated by forced convection conditions.  For comparison purposes, the theoretical 

Nusselt number of 4.36, for fully developed laminar forced convection flow, is indicated by 

the black dotted line.  From this figure it follows that for Reynolds numbers between 2 000 

and 2 200, the trend of the local Nusselt numbers was similar to the critical Reynolds number 

(Fig. 5(b)).  However, the location at which the Nusselt numbers became constant, decreased 

with increasing Reynolds number (points B and D in Fig. 15 and Fig. 5(c)).  Furthermore, as 

schematically illustrated in Fig. 5(c), it follows from points C and E that the fluctuations 

inside the test section and increased fluid velocity led to enhanced mixing, therefore the 

magnitude of the Nusselt numbers increased.   

 
Fig. 15: Local Nusselt numbers as a function of axial position for Reynolds numbers between 2 000 and 2 400 at a heat 
flux of 1 kW/m

2
 in the 4 mm test section. 
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At Reynolds numbers greater than 2 200, the local Nusselt numbers decreased (laminar) 

near the inlet of the test section, then increased significantly (transition) with axial position, 

forming a „dip‟.  It then increased slightly (quasi-turbulent) before it became constant 

(turbulent).  As shown schematically by the green and yellow lines in Fig. 5(c), four different 

regions can be distinguished, and the different regions are indicated by the dotted red lines in 

Fig. 15, for a Reynolds number of 2 400.  Due to the small heat flux that was applied (to 

ensure forced convection conditions), the temperature and Nusselt number uncertainties 

increased, which made it challenging to distinguish between the quasi-turbulent and turbulent 

flow regions. 

The velocity profile was similar to laminar flow when the flow entered the test section.  

However, due to the higher fluid velocity the flow did not remain laminar, but passed through 

a transition and quasi-turbulent region before it became turbulent.  From lines A-F and A-I it 

follows that the gradient of the Nusselt number lines in the laminar region decreased with 

increasing Reynolds number, since the thermal entrance length increased. 

In the transition region, it was found that as the Reynolds number was increased, the depth 

and width of the dip decreased, and the trough of the dip (points F and I) occurred earlier.  

This caused the gradient of the Nusselt number lines in the transition region to increase with 

increasing Reynolds number (lines F-G and I-J), which implies that the transition from the 

laminar to the quasi-turbulent regions, occurred faster. 

  Similar to Fig. 13, the magnitude of the Nusselt numbers in the quasi-turbulent and 

turbulent regions increased as the Reynolds number was increased, due to the enhanced 

mixing inside the test section (points H and K).  Furthermore, the gradient of the Nusselt 

number lines in the quasi-turbulent region decreased with increasing Reynolds number, since 

the flow approached the turbulent flow regime where the Nusselt numbers remained constant.  

As schematically illustrated in Fig. 5(c), it seems that the location at which the Nusselt 

numbers became constant (points H and K in Fig. 14), decreased with increasing Reynolds 

number.  This confirms that the transition from laminar to turbulent occurred faster with 

increasing Reynolds number.   

It can thus be concluded that the transitional flow regime, in terms of fluid velocity 

(Reynolds number), between the laminar and turbulent flow regimes, was caused by the local 

transition region, in terms of axial position.  This transition region occurred when the inlet 

velocity was high enough for mass flow rate and temperature fluctuations to occur, which 

caused the velocity profile of the fluid to change from laminar to turbulent along the tube 

length. 
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11.3 Mixed convection laminar-turbulent transition 

The results in this section are directly aligned to Fig. 5(d).  Fig. 16 compares the Nusselt 

numbers as a function of axial position for transitional Reynolds numbers at heat fluxes of 

1 kW/m
2
 and 3 kW/m

2
 in the 4 mm and 11.5 mm test sections.  The results in Fig. 16(a) are 

for forced convection conditions, while the results in Fig. 16(b) to (d) are for mixed 

convection conditions.  As the start and end of the transitional flow regime is affected by free 

convection effects [45], different Reynolds number ranges were used for the different heat 

fluxes and tube diameters.  In each graph, the dark blue data represents the results at the 

critical Reynolds number, while the other colours represent the results at Reynolds number 

increments of 100.  For comparison purposes, the theoretical Nusselt number of 4.36, for 

fully developed laminar forced convection flow, is indicated by the black dotted line.     

 

 
Fig. 16: Comparison of Nusselt numbers as a function of axial position for transitional Reynolds numbers at a heat flux of 
(a) 1 kW/m

2
 (forced convection) and (b) 3 kW/m

2
 in the 4 mm test section, and at a heat flux of (c) 1 kW/m

2
 and (d) 

3 kW/m
2
 in the 11.5 mm test section.  The dark blue data points represent the results at the critical Reynolds number, 

while the other colours represent the results at Reynolds number increments of 100. 

 

For clarification, the results indicated by the green markers (at a Reynolds number of 

Recr + 400) in Fig. 16(a) to (d), are summarised in Fig. 17.  From points E, H and K it follows 

that the axial position at which the Nusselt numbers started to increase, decreased with 
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increasing free convection effects.  Furthermore, from arrows E-F, H-I and K-L it follows 

that the gradient of the Nusselt number lines in the transition region increased with increasing 

heat flux and tube diameter, thus increasing Grashof number in Fig. 5(d).  Although free 

convection effects caused the flow to transition faster from the laminar to the quasi-turbulent 

region (points F, I and L), a significant tube length was still required for the flow to transition 

to fully turbulent flow.  From arrows F-G, I-J and L-M it follows that the gradient of the 

Nusselt number lines in the quasi-turbulent region decreased with increasing free convection 

effects.  In the turbulent region (points G, J and M), the magnitude of the Nusselt numbers 

increased with increasing heat flux and tube diameter, however the Nusselt numbers 

remained constant along the tube length, since the free convection effects were constant. 

 

 
Fig. 17: Local Nusselt numbers as a function of axial position at a Reynolds number of Recr + 400 at heat fluxes of 
1 kW/m

2
 and 3 kW/m

2
 in the 4 mm and 11.5 mm test sections. 

 

Although it follows from the results in Fig. 17 that free convection effects caused the 

laminar-turbulent transition to occur faster, free convection effects initially caused the flow to 

transition slower compared to forced convection conditions (points C and F).  The same was 

true for the transition from the quasi-turbulent to turbulent regions (points D, G, J and M).  It 

can therefore be concluded that once free convection effects became significant, it first 

disturbed the fluctuations inside the test section and caused transition to occur slower.  

However, as free convection effects were increased (by increasing the tube diameter and heat 
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flux) the fluctuations inside the test section were enhanced [45], which caused the flow to 

transition faster from laminar to turbulent. 

 

12. Recommendation for future work 

The boundaries and heat transfer characteristics of the three different laminar regions in 

Fig. 5(a) were quantified in this paper.  However, the boundaries and heat transfer 

characteristics in the four different regions in the transitional flow regime (Fig. 5(c) and (d)), 

when the Reynolds number exceeded the critical Reynolds number, were not quantified.  The 

reason being is that it was concluded in Sections 11.2 and 11.3 that the laminar-turbulent 

transition along the tube length is significantly affected by fluid velocity as well as free 

convection effects, and occurred faster with both increasing Reynolds number and Grashof 

number.  It is recommended that this should be further investigated, to develop correlations to 

determine the boundaries of the different regions in the transitional flow regime, as well as to 

predict the local Nusselt numbers as a function of axial position. 

 

13. Conclusions 

The purpose of this study was to experimentally investigate the effects of free convection 

on the development of the local heat transfer characteristics in smooth horizontal circular 

tubes, heated with a constant heat flux.  Two smooth circular test sections with inner 

diameters of 4 mm and 11.5 mm were used, and the maximum length-to-diameter ratios were 

1 373 and 872, respectively.  Heat transfer measurements were taken at Reynolds numbers 

between 500 and 10 000 at different heat fluxes.  A total of 1 046 mass flow rate 

measurements and 89 459 temperature measurements were taken.  Water was used as the test 

fluid and the Prandtl number ranged between 3 and 7.  Although it was found that it was very 

challenging to experimentally obtain forced convection conditions, fully developed laminar 

forced convection conditions were successfully obtained by applying a very small heat flux.   

It was found that a longer thermal entrance length was required when the flow is 

simultaneously hydrodynamically and thermally developing, as in this study, than when the 

flow is hydrodynamically fully developed and thermally developing.  A coefficient of at least 

0.12 (and not 0.05 as suggested in most literature) was therefore suggested for simultaneously 

hydrodynamically and thermally developing forced convection laminar flow.   As the heat 

flux and tube diameter were increased, free convection effects became significant, which not 

only led to increased Nusselt numbers, but also a decreased thermal entrance length.  
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Correlations were developed to calculate the thermal entrance length for mixed convection 

conditions. 

Three different regions (FCD, MCD and FD) were identified in the local laminar heat 

transfer results and nomenclature and correlations were developed to define and quantify the 

boundaries of these regions.   Correlations were also developed to calculate the local and 

average laminar Nusselt numbers of mixed convection developing flow. 

The laminar-turbulent transition along the tube length occurred faster with increasing 

Reynolds number, due to the increased velocity of the fluid.  However, this transition was 

also influenced by free convection effects.  Free convection effects initially disturbed the 

fluctuations inside the test section, causing a slower laminar-turbulent transition compared to 

forced convection conditions.  However, as the free convection effects were increased 

further, the fluctuations inside the test section were enhanced. The enhanced mixing caused 

the laminar-turbulent transition along the tube length to occur faster and the magnitude of the 

Nusselt numbers to increase.   
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