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Abstract

We use the subordination principle together with an equivalent norm approach and semigroup
perturbation theory to state and set conditions for a non-autonomous fragmentation system to
be conservative. The model is generalized with the Caputo fractional order derivative and we
assume that the renormalizable generators involved in the perturbation process are in the class of
quasi-contractive semigroups, but not in the class G(1,0) as usually assumed. This, thenceforth,
allows the use of admissibility with respect to the involved operators, Hermitian conjugate, Hille-
Yosida’s condition and the uniform boundedness to show that the operator sum is closable, its
closure generates a propagator (evolution system) and, therefore, a Cj semigroup, leading to the
existence result and conservativeness of the fractional model. This work brings a contribution
that may lead to the full characterization of the infinitesimal generator of a Cy semigroup for
fractional non-autonomous fragmentation and coagulation dynamics which remain unsolved.

Keywords: Evolution system, propagator; semigroup perturbation; renormalization; fractional
non-autonomous fragmentation; conservativeness.

1 Introduction and useful definitions

The dynamical behavior of a system that can break up to produce smaller particles
can be generalized to give the integro-differential system:

{ Du(t,x) = —a(t,z)u(t,z) +f;o a(t,y)b(t,z,y)u(t,y)dy (1)
u(r,x) =u, () 0<7<t<T, x>0,
where .

CDu(x,t) = %u(w,t) = ﬁ /(t —T)_a%u(x,r)dr (2)

with 0 <a <1 is the fractional derivative of u(z,t) in the sense of Caputo [4], with T" the
Gamma function

F(z):/ t=te~ldt, zeC.
0
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For reasons of simplicity we note § D = D&. Moreover, u is the particle mass distribution
function (u(7,x) =u,(x) is the mass distribution at some fixed time 7 > 0 ) with respect to
the mass x, b(t,z,y) is the distribution of particle masses x spawned by the fragmentation
of a particle of mass y, at the time ¢t <7 € R and a(¢,z) is the evolutionary time-dependent
fragmentation rate, that is, the rate at which mass x particles break up at a time ¢. The
first term on the right-hand side of (1) describe the reduction in the number of particles
in the mass range (z;z +dx) due to the fragmentation of particles in the same range.
The second term describes the increase in the number of particles in the range due to
fragmentation of larger particles.

The idea here is to analyse the equation (1) in the Banach space L;(J, X;) where 3=[0,7]
and

X1:L1<[o,oo>,a:dx>={w: ol = | °°x|¢<x>|dx<oo},

using the theory of evolution semigroup.
Throughout we will consider the following regularity assumptions:

(t,x) = a(t,x) € Ly ([0,T"], Loo([k,1])), for any 0 <k <l<oo and T" € (0,T)
b(t,z,y)is a positive measurable function with b(¢,z,y) =0for allx >y and 0<t<T,

(3)

and the local conservative law y
[ abtt.yin=y (4)
0

for ally>0and 0<t<T.

Up to now, existence results and honesty have been proved for number of fragmenta-
tion (autonomous or non-local) models, see for e.g. [6, 8], where the authors used various
methods including the substochastic semigroup theory. But models with time dependent
coefficients (non-autonomous) remain barely touched and there are still only few papers
devoted to their analysis (well-posedness, conservativeness, honesty, etc.) In [7], the au-
thors used techniques of truncation to prove existence, uniqueness and mass conservation
for a model of type (1). The authors in [16] use evolution semigroups approach which
allows them to build on the substochastic semigroup theory and obtain an equivalent
result as in [15]. In the analysis of the book by Tosio Kato [9] and later improved by Da
Prado et al. [5], it is generally assumed that the generators A(t) and B(t) involved in the
perturbation are of class G(1,0), but this condition is modified in this paper as we will
see later in our analysis.

We begin by recasting (1) as the non-autonomous abstract Cauchy problem in Xj:

{ Deu(t) = Q(t)u(t) 0<7<t<T
u(T) = ur,

(5)

where Q(t) is defined by Q(t) = Q(t) and represents the realization of Q(¢) on the domain
D(Q(t)) ={ue Xy; Q(t)u(t) € X1}, with (Qu) defined as

(Qu)(t,) = (Qu) (1) (x) = —aft, x)u(t,z) + / " alty)blt,z.g)ult,y)dy,



Q(t) is seen as the pointwise operation

(t,2) s —alt,2)b(t,x) + / " alt, )bty () dy

defined on the set of measurable functions. Q(t) indeed defines various operators. The
aim here is to analyze the problem by rephrasing it in abstract form (abstract Cauchy
Problem (ACP)) as an ordinary differential equation.

Let us start with some thing simple and come back to the abstract Cauchy Problem
(5); To analyze and show existence for this system, we’ll need a two parameter family. We
consider that for 0 <t <T, Q(t) is a bounded linear operator in X; and that ¢t — Q(t)
is continuous in the uniform operator topology. We have the following definitions:

Definition 1.1. (Solution operator for a fractional model)
Consider an operator () applying in the fractional model

DY (u(x,t)) =Qu(x,t), 0<a<l, z,t>0, (6)
subject to the initial condition
u(@,0)= f(z) x>0 (7)

and defined in a Banach space X;. A family (Gg(t))t~o of bounded operators on X is
called a solution operator of the fractional Cauchy problem (6)-(12) if

(i):
(ii) :
(iii) :
(iv):
(v):

It is well known [3, 6] that an operator Qeg (M,w) means Q generates a Cp-semigroup
(Gg(1))i=0 so that there exists M >0 and w such that

Q

Q (O =1 X135
(t is strongly continuous for everyt > 0;

)i
Go(t)v=Gg(t)Quior allve D(Q);

Q(t)D(Q) C D(Q);
o(t)vis a (classical) solution of the model (6)—(12)for all v € D(Q), t > 0.

Q@Q

Q

IG5 < Me. (8)

Whence, by analogy if the fractional Cauchy problem (6)-(12) has a solution operator
(Go(t))e=o verifying (8), then we say that @ € G*(M,w). The solution operator (Gg(t))i=o
is positive if

GQ(t) >0

and contractive if

1Ga(t)llx, <1, (9)
and we say @ € G*(1,0).



Definition 1.2. (Evolution system [16] or propagator [13])
A two parameter family of bounded linear operators U(t,7), 0 < 7 <t < T, is called
propagator or evolution system if the following conditions are respected:
(i) U(r,r)=1I.
(i) Ut,r)U(r,r)=U(t,7) for 0<7<r<t<T.
(iii) (t,7) — U(t,7) is strongly continuous for 0 <7<t <T.

Next, we will find the propagator U(t,7) associated with (5) such that u(t) =U(t,7)u,
is in some sense a solution of (5) satisfying the initial condition u(7) = u,. For that we
need the following principle

1.1 Subordination principle [3, 6]

Let us consider the order « as in (5). Subordination principle summarizes as
follows: The same operator () guarantees better properties of the solution of (5) if we
consider another order v such that v < «a. In order words, the subordination principle
states that if ) generates a solution operator for the model (5) with the order a > 0, then
it also generates a solution operator for the model (5) with any order 4 > 0 such that
v < a. Hence, making use of this principle we just need to consider the model (5):

{ Dpu(t) =Q(t)u(t)  0<7<t<T (10)

u(T) =1ur,
with a=1.
Lemma 1.3. Let Q(t) be a bounded linear operator in X; for 0 <¢ <T. If the function

t — Q(t) is continuous in the uniform operator topology, then for every u, € X, the
abstract Cauchy Problem (10) has a unique classical solution u given by the relation:

ult) = ur + / Q()uls) de. (11)

Proof. see [16, Theorem 5.1, Chapter 5], the proof is done in a Banach space X which is
also true in X;. O

Theorem 1.4. There is a propagator U(t,7) associated with the initial value problem
(10) such that U(t,7)u, is its solution satisfying the initial condition u(7) = u.,.

Proof. From the Lemma (1.3), we already have the existence and uniqueness of the solu-
tion. Let u(t) be this solution. We define the so called solution operator of (10) by

U(t,7)u, =u(t) for 0<7<t<T. (12)

e For every u, € Xy, U(7,7)u, =u(7r) =u, then U(7,7) =1 (condition (i)).

e For every u, € X;, we have U(t,7)u, = u(t) and U(t,r)U(r,7)u, = U(t,r)u(r) = u(t),
then condition (ii) follows from the uniqueness of the solution of (10).

e It is obvious that U(¢,7) is a linear operator defined in all X; since (10) is linear.



5

The relation (11) implies [[u(t)]| < [u.]| + [*|Q(<)]/|[u(s)| ds and from Gronwall’s in-
equality we also have |[u(t)]| < ||u.||exp ( [l dg). Then, (12) yields |U(t, 7)u.|| =

e esxp (S 1QE) ds ).
leading to

el =eso | ) ). (13

Whence, U(t,7) is bounded and, therefore, strongly continuous. This concludes the proof.
m

The fact that Q(t) is bounded actually makes this existence result easier to obtain.
Unfortunately, Q(t) is not always bounded and then, we use, in the following section, a
different approach to obtain an equivalent result.

2 Equivalent norm approach

Let’s come back to the equation (10) and split it to have (1) written in the abstract
form:

{ Dpu(t)=A(t)u(t)+B(t)u(t)  0<7<t<T (14)

u(T) =1u,,
where A(t) is defined as A(t) = A(t) and represents the realization of A(¢) on the domain
D(A(t)) ={ue Xy; A(t)ue X;}, with

[A(t)ur](2) = —alt, z)ur (z) (15)
and B(t) is defined as B(t) = B(t) and represents the realization of B(¢) on the domain
D(B(t)) with

[B(t)u,|(z) :/ a(t,y)b(t,z,y)u.(x)dy. (16)
Making use of the assumptions (3) and (4), A(¢) is bounded (then the previous theorem
and lemma apply) and it is easy to show that (see [6] or [8]) for any u € X;, B(t)u € X7 ,

so we can take D(B(t)) = D(A(t)) and (A(t)+ B(t), D(A(t))) is well-posed operator. Let
us put

T 0
Xllew,Xl)::{w:[o,T]xRaw,xHu(a,x), o=/ | x|w<a,x>|dadx<oo},
0 0

in the following sections the subscript ¢ in A; means the operator A depends on time ¢
but is defined in X instead of X;. Our aim here is to set some conditions in X} under
which the operator sum K;:

Kyp = A+ Byp, on D(A;)ND(B;) = D(A) (17)



is closable, its closure generates a propagator and therefore a C semigroup. We rely on
the following theorem which was originally proved by Tosio Kato [9] and later improved
by Da Prado et al. [5].

Theorem 2.1. Consider in X; the operators A; and B; be generators both belonging to
the class G(1,0). If D(A;)ND(By) is dense in X} and ran(A; + B, +¢&) is dense in X for
some & <0, then K; is closable and its closure K; is a generator from the class G(1,0).

The condition A; and B; € G(1,0) is dropped in this paper to provide a stronger results.
Let us treat the integral operator in (14) as a perturbation of the much easier operator of
multiplication by a on X,

[A(t)u,|(z) = —a(t,z)u,(z). (18)
Recall that (Theorem 1.4 A(t)ies (3 =10,71]) is a family of generators of Cy semigroups
in X, then, for any fixed t € 3=[0,7], A(t) generates a propagator U(t,7),0<7<t<T
and this propagator defines a Cjy semigroup (S4,(s))s>o in X by the relation:

[Sa,(8)us](0) = xaU(0,0—5)u-(0—s)
= xjexp (— / a(f,.)d{) u(0—8), u,€ X, (19)

where y; is the characteristic function of J and o € J. Then, when we say A is the
generators of Cy-semigroups in X;, we mean A generates a propagator which defines a
Co-semigroups in &) satisfying the relation (19). In the following definition, we assume
that Y is a subspace of &} which is closed with respect to the norm ||.||y , not necessary
in the norm ||.||; (hence Y is it self a Banach space).

Definition 2.2. Let Sy,(s)s>0 be a Cp-semigroup and A; its infinitesimal generator. A
subspace Y of &) is called A;—admissible if it is an invariant subspace of Sy, (s), s > 0

ie. S4,(s)Y CY, and the restriction of Sy, (s) to Y (i.e. Sy, (s):=S54,(5),,5>0)is a
Co-semigroup in Y (i.e. it is strongly continuous in the norm ||.||y).
If T:Y — A is the embedding operator of Y into X}, we have
Sa () Tu=TS ()u, uey,
which gives
ATu=TAwu, ue D(A),
with

Recall that the adjoint A} of A; is a linear operator from D(A}) C X} into A} (the
dual of &) and is defined as follows: D(A;) is the set of all elements z* € X} for which
there is a y* € X} such that

(x*, Ayr) = (y*,x) forallz € D(A;) (21)

and if z* € D(A}) then y* = Afz* where y* is the element of A} satisfying (21). With in
mind the the assumptions (3) and (4), we can state the following lemma:
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Lemma 2.3. Let A, and B, two operators defined by (20) and satisfying, for all A €
(0,00) C p(4;) and & € (0,00) C p(By),

© 1

(AL — Ay) IHYSX’ (22)
. 1

ot~ By < 23

in the Banach space Y. If either A,” or B, are densely defined in Y*, then for any n <0
we have the inequality:

Inl||v] v, vED(/lt*)ﬂD(Bt*). (24)
Proof. We suppose that D(Bt*) is dense in Y* and define the sum
KtﬁZ:AtU‘f“Bt(]"’ﬁ.th)_lU, UGD(K):D(At), e <0.

It’s obvious that K;. also satisfies the relations (22) or (23) since A, and B; do. Then
the relation (22) yields

M = Ko)ully < | =EKoo) My lully

y* S ||At*U+Bt*U+7]U|

IN

1
X”UHYy ueyY, A>0, <0,

leading to
lully < SIOT=Koully, we ¥, A0, <0
< %H(Ktﬁ—)\[)tu, ueY, A\>0,e<0
< ﬁ”(f(t’e—i—n])uﬂy, u€Y,e<0, where we have set —A=n<0
or !

I(Koe+nDully > nlllully, we D(K..)=D(A,), <0, n<0.

Immediate properties of Hermitian conjugate give

(Ko 401 )v)| y-, vE€D(K*,)=D(A?), e<0, <0, (25)

v+ = [nllv|
and
K*.v=Av+Bf(I+eB}) v, ve D(K*.)=D(A}), e<0. (26)
Since B, is densely defined in Y* we have
(I+eBf)™ —1T as ¢ /0
and then,
K* v — Atv+ Bfv as ¢ /0.

Substituting the latter relation in (25) yields (24).
The approach is the same if we consider that it is rather A,” which is densely defined in
Y*. ]



Corollary 2.4. Let A; and B; two closed and densely defined operators satisfying, for all
A€ (0,00) C p(A;) and k € (0,00) C p(By),

1 1
(A=A 1 < % (27)
(RN (28)

on X, let Y < A be admissible with respect to A; and B; and let the operator B; verify
Y C D(By). (29)

We assume that the induced generators A, and B,, given by (20), are closed, densely
defined and satisfy the relations (22) and (23) respectively. If D(B;}) is dense in X7} then

v <||A v+ B v+ oy, ve D(A)NT* X, n<o0, (30)

[nlllv]
where T: Y — &) is the embedding operator.

Proof. Let v e D(A,")NT*X;, then there is w € X} such that v = T*w. we also have
T*X; C D(B,") thanks to the condition (29). Therefore, the relation (26) of the previous
lemma applies to v =T"w as:

K* . T*w=A:T*w+ B (I +eB)'T*w, ¢<0.
Since T' is the embedding operator of Y into X}, we have
K* T*w=A;T*w+ B;T*(I +eB;) 'w, <0,

which is well posed since the operator B;T: Y — A&} is bounded thanks to (29). Since B}
is densely defined in X7, we have

(I4+eBf)™'—1 as ¢ /0
and then,
K*, . T*w= A:T*w+ BfT*(I +eB}) 'w — AT *w+ BT *w as ¢ /0.
Substituting the latter relation in (25) with v=T"w yields (30). O

Remark 2.5. It is in general possible to find in the Banach Space X, a new norm ||.|,
which is equivalent to its natural norm

T oo
lull = / / tlu(o,z)| dod,
0 0

such that the operator A; becomes a generator of the contraction semigroups on Xj.



Indeed, since A; is the generator of a Cy semigroup, let’s say (S4,(s))s>0, there is
M >0 and w such that Vs >0, ||(Sa4,(s)||1 < Me“*.
We have

[(Sa,(s)ullx Me*?||ul|y, Yue X,

<
< My (31)

t

We set

HuH:(MMAt)lsgge“s//x]SAt(s)u(a,xﬂdada:

Simple calculations show that
[ [ sluto.a)ldods = ull < ML Jull < MMl uel (32

which proves that the norm ||.|| is equivalent to ||ul|;.
On the other hand we have

T oo
1S4, (S)u| = (MMy,) e supe™ w(s+s) //$| Sa,(5)Sa,()u(o,z)|dodz
0 0

s>0

1S4, ()ull < (MMa,)~ e supe™ I MMy, 6
s>0
which gives
154, (S)ul < e

This proves that the semigroup Sa,(s)s>o is in the class G(1,w) of quasi-contractive semi-
groups in the Banach space A} equipped with the norm ||.||. Next we extend this result
and characterize the existence of an equivalent norm in X for the pair of generators

{4, B} .

Definition 2.6. Let A; and B; be the generators of Cy-semigroups Sa,(s)s>o and Sg, (s)s>0
in Xy. The pair {A;, B;} is called renormalizable with constants w and v if for any
sequences {1 . ap >0 and {6z}, 6 >0, n €N, one has

>0sup >0e_wm’“e_”z‘s’c 1S4, (a1)SB,(61)...54, (an)SB, (6n)ull1 < oo (33)
5150, 550
neN

for each u € AXj.
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Lemma 2.7. Let A; and B; two generators of Cy-semigroups in X; equipped with its

natural norm
T oo
Htuz//x\u(o,x)\dadx.
0 0

The pair {A;, B} is renormalizable with constants w and v if and only if there is an
equivalent norm ||.|| in A} such that A; and B; are closed, densely defined and we have
(w,00) C p(A) and (v,00) C p(B), so that for all A>w, k>,

1

M—A) M < —— 4

II( ¢) H_A_w, (34)

|51 = B~ < — (35)

~k—v’
with
,O(At) = {)\ € C, M — At . D(At> — Xl inVertible}

and

p(Bt) = {)\ c C, M — Bt : D(At) — Xl invertible}

the resolvent sets of A; and B, respectively.

Proof. Let’s suppose that there is an equivalent norm ||.|| in X; such that A; and B, are
closed, densely defined and satisfy the relations (34) and (35), then using Hille-Yosida’s
condition, there are w and v such that Vo, § >0,

1S, ()ull < lulle“®, [|Sp, ()ull < [[ulle”, forallue X,.
Since ||.|| and ||.||; are equivalent, there are M >0 and N >0 such that

[Sa, (a)ully < M|[Sa, (a)ul| < Me*

and
1S5, (8)ully < N||Sp, (6)ul| < Ne*?,
leading to
e Y| Sa, ()ully < My, <oo,Va>0
and

eﬂ”SHSBt(fS)UHl < Np, <00,¥d>0andu € &).

We see that for any sequences {1, a >0, and {6, }2_,, 6 >0, n €N, one has

sup e WFEke TRk ||Sy ()8, (61)...54, (an) S, (6, )ull1 < 0o
a120,...,00,>0
5150,..26,>0

neN
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and the pair {A;, B;} is renormalizable with constants w and v. Conversely, we consider
the pair {A;, B;} renormalizable with constants w and v. Then,

T oo
M:= sup e_wza’“e_”m’“//x|5’At(ozl)SBt(51)...5At(ozn)SBt(én)u(a,:vﬂdadm<oo.
150 ns0 0 9
neN, [[ul[1 <1
(36)

Now we use the uniform boundedness principle showed in [9] and define in &; the norm:

T oo
|u|| :=M~2  sup e_wzo"“e_”z‘s’“//x|SAt(al)SBt((51)...5’,4t(ozn)SBt(én)u(a,xﬂdadx.
a1>0,...,an, >0
5150016150 0 0
neN

Using the fact that

T oo T oo
//x|SAt(ozl)SBt(51)...SAt(an)SBt(§n)u(0,:17)|dadm§Me‘*’za’“e”z‘s’“//x|u(0,x)|d0dm,
0 0 00

(37)
it is clear that

T oo T oo
||| SM_QM//m|u(a,x)|dadx and //m|u(0,x)|dadm§M2||u|| forue &;.  (38)
0 0 0 0

Then,
llul| < M |ully and ||Jul|y < M?||u|| foru e A&;. (39)

Hence the norms ||.|| and |.|[; are equivalent. Moreover (37), (39) and the fact that
A; € G(M,w) also yield

T oo
1S4, (SJul < M2 _sup >Oe*“’2“'fe*”“k / / ]S 4,(a1)SB,(01)..-S4,(n)SB, (0r) S 4, (S)u(o, x)| dodx
515076050 0 0
neN

M= sup e FMe || Sy (1) S, (01)-Sa, (0n) S, (62) S a, (s )l
120,...,an >0
0120,...,0n>0
neN

M7 sup e TEeT 0[Sy, (1) Sp, (61).-Sa, () S, (8a) 11| S, (S)ully
a12>0,...,an>0
01>0,...,6n>0
neN
M=  sup e “F%ke %Sy ()8, (61)...54, (an)SB, (6,)||1 M e
a12>0,...,an,>0
51>0,...,00>0
neN

M2 Jull,

e lull

IN IN

IN

VANVAN

(40)
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We have
154, ()ul| < e [|ul|, u € X,.

On the same way we have
1S5, (¢)ul| < e”*|lul|, ue X;.

Which means that the generators A; € G(1,w) and B; € G(1,v) in the Banach space &)
endowed with the norm ||.||. Hence, A; and B; are closed, densely defined and satisfy the
relations (34) and (35) in (A&, ||.|])- O

Actually we have in hands all the essential elements allowing us to state the following
perturbation theorem:

Theorem 2.8. Let A; and B; be a renormalizable pair of generators of Cy-semigroups
on X; and the induced generators A, and B, be closed, densely defined and satisfy the
relations (22) and (23) respectively. Further, let the Banach space Y < &) be admissible
with respect to operators A; and B, so that Y C D(B;). If either A, or B," is densely
defined in Y*, or only B} is densely defined in X}, then the closure K, of the operator
sum K;:

K= A+ B, on D(A,)ND(B;) =D(A) (41)

exists and K is the generator of a Cy-semigroup.

Proof. We just have to prove that the range of (K;+n) for some 1 <0 ie dense in &} and
apply the theorem (2.1). Let T be the embedding operator of corollary 2.4, we have by
the definition 2.2 that

ATu=TAwu, forucD(A)

and
B, Tu=TBu, forue D(Bt).

We also have D(B;") D T*X;} since D(B,) DY. Therefore D(K,) is dense in X; and we
obtain D(K;) D TD(A,) since A, is closed, densely defined in Y which is itself densely
embedded in AXj.

Now let v € D(K;) C X}, then we obtain

(KTu,v) = (A Tu,v)+ (B;Tu,v)

or
(u, K;T*0) = (T Ayu,v) + (u, By T*v).

Then,

(A, T*) = (u, K;T*) — (u, B;T*v)
= (u, AIT*v), ue D(A),

which means T*v € D(A,") and, then, T*D(K}) C D(A,"). Since D(B;,") D T* X}, we have

T*D(K})C D(A, )nD(B,). (42)
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Assuming now by contradiction that ran(K;+7) is not dense in X; for some 1 <0, then
there is v € A} such that
(Ki+n)u,v)=0, ue D(K,),

which means
ve D(K}) and (K[ +n)v=0.

Hence,
T*ve D(A,)ND(B,"), since T*D(K}) C D(A, )N D(By).

If Bf is densely defined in X7} then we apply the corollary (2.4) and find that T*v =0.

If either A, or B, is densely defined in Y*, then we apply the lemma (2.3) to also find
that T*v = 0. Therefore, we obtain v = 0, which is impossible. Hence, ran(K; +n) is
dense in X for all n < 0. Because A; and B, are a renormalizable pair of generators of
Co-semigroups on X7, we can use the Lemma (2.7) and Hille-Yosida theorem to say that
A; and By are of class G(1,0). Therefore the operator K; = A;+ B, is closable and the
relation

nlllully <[[Kw+nully, we D(Ky), n <0,

yields the existence of the closure K; of K;. The theorem (2.1) completes the proof. [

Corollary 2.9. Let the operators A(t) = A and B(t) = B, independent of ¢ and satisfying
the conditions of Theorem 2.8, then the closure K (t) =K given as

Kt =AY+ By, on D(A)ND(B)= D(A) (43)
exists and is the generator of a Cy-semigroup.

Proof. In concrete applications, A(t), t €7 is often a measurable family of generators or
generators belonging uniformly to the class G(M,w), for some constants M and w, and,
since we are in one dimensional case, one can easily verify, as shown in [16], that, in this
case the induced multiplication operator A is an anti-generator or generator in Lp(J, X7),
for some p € [1,00) with 3 C R,. This reduces the problem to finding certain conditions
for the operator sum

K= A+ By, on D(A)ND(B) = D(A) (44)

to be closable and its closure generates a Cjy semigroup and Theorem 2.8 ends the proof.
O

Remark 2.10. By the relation (19), it follows that the closure of A(t)+B(t) generates a
propagator.

This allows us to consider the following conservativeness result.

Theorem 2.11. (a) The Cy semigroup (Sg, (s))s>0 generated by K, = A, + B is conser-
vative if and only if the associated propagator U(t,7),0<7 <t <T, is conservative.

(b) If the operators A; and By, satisfy the conditions of Theorem 2.8, then the model (14)
is conservative.
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Proof. (a) We make use of the relation (19) and properties of U given in the Definition
1.2. (b) The second part of the proof follows from (a) and based on [7, Theorem 6.13]. [

Before concluding, it is important to add that alternative and similar analysis to this
work can be done using the recently introduced definitions of fractional derivatives with
and without singular kernel [1, 2, 12] and this may yield an analogue result.

2.1 Concluding Remarks

We have exploit the subordination principle, set conditions on the generators in-
volved in the semigroup perturbation and used the renormalization method, which is
different from the preceding ones, to analyze the fractional models of type (14). We
dropped the class G(1,0) for the class G(1,v) of quasi-contractive semigroups in X; =
Ly([0,T]x[0,00), zdodz), and showed existence results and conservativeness for the frac-
tional non-autonomous fragmentation model (14), therefore, giving a stronger result than
[5, 9], where the model was autonomous and not generlized with coefficients independent
of time. The result obtained here can lead to the full characterization of the infinites-
imal generator for the fractional non-autonomous fragmentation model (14) and later
for fractional non-autonomous fragmentation-coagulation or non-autonomous transport-
fragmentation-coagulation models, which remain open problems.
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