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ABSTRACT 
Natural convective flow through a vertical plane channel 

has been considered. Both of the heated walls are kept at the 
same temperature. These heated walls have sharp-edged wavy 
surfaces. Conditions under which both laminar and turbulent 
flow exists in the channel have been considered. Now using a 
wavy heated wall can increase the heat transfer rate in external 
natural convective flows. Using wavy heated walls in vertical 
channel flows could therefore potentially also increase the heat 
transfer rate. However the added flow resistance resulting from 
the wall waviness will normally decrease the flow through the 
channel which would tend to decrease the heat transfer rate 
from the heated walls. Therefore a need existed to examine 
what effect the wall waviness does have on the heat transfer 
rate in natural convective flow through a vertical channel and it 
was for this reason that the present study was undertaken. The 
flow has been assumed to be steady and the Boussinesq 
approximation has been adopted. The basic k-epsilon 
turbulence model with the effects of the buoyancy forces fully 
accounted for has been used. The solution has the Rayleigh 
number, the Prandtl number, the ratio of channel width to the 
heated channel height, the ratio of the amplitude of the wall 
waviness to the heated channel height, and the ratio of the pitch 
of the wall waviness to the heated channel height as parameters. 
Results have only been obtained for a Prandtl number of 0.74 
(the value for air at temperatures near ambient) and for a single 
value of the dimensionless pitch of the wall waviness. This 
leaves the Rayleigh number, the width to heated height ratio of 
the channel, and the amplitude of the wall waviness to the 
heated channel height ratio as parameters. Results have been 
obtained for a range of values of these parameters and the effect 
of these parameters on the mean Nusselt number has been 
studied. 

 

INTRODUCTION 
Heat transfer from the walls of a vertical channel through 

which there is a natural convective flow effectively occurs in a 
number of practical situations. Now using a wavy heated wall 
can increase the heat transfer rate in external natural convective 
flows. Using wavy heated walls in vertical channel flows could 
potentially also increase the heat transfer rate. However, the 
added flow resistance resulting from the wall waviness will 
normally decrease the flow through the channel which would 
result in a decrease in the heat transfer rate from the heated 
walls. Therefore, a need existed to examine what effect the wall 
waviness does have on the heat transfer rate in natural 
convective flow through a vertical channel and it was for this 
reason that the present study was undertaken.  

Natural convective flow through a symmetrically heated 
vertical plane channel has been considered. Both of the heated 
walls are kept at the same temperature. These isothermal heated 
walls have sharp-edged wavy surfaces, i.e. have surfaces which 
periodically rise and fall. The surface waves, which have a saw-
tooth (or triangular) cross-sectional shape, run normal to the 
direction of flow over the surface and have a relatively small 
amplitude. The flow situation considered is thus as shown in 
Figure 1. The pitch and amplitude that define the characteristics 
of the surface waves are shown in Figure 2. Conditions under 
which both laminar and turbulent flow exists in the channel 
have been considered. It will be noted from Figure 1 that there 
are adiabatic wall sections above and below the heated wall 
sections, i.e., the total channel height was greater the heated 
channel height, H.  In obtaining the results presented here these 
adiabatic wall sections had a height of 0.4H so the total channel 
height was 1.8H. 

Laminar natural convection in vertical parallel-plate 
channels with smooth walls has been quite extensively studied, 
experimental,   analytical  and  numerical  studies  having  been 
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Figure 1 Flow situation considered 

 
undertaken [1–6]. Quite a wide range of geometrical and 
thermal aspects of the problem such as the edge effects, 
interactive convection and radiation, channel aspect ratio, effect 
of channel wall conductivity, effect of a vent on the channel 
wall, variable fluid property, and flow reversals have been 
considered [7–36]. 

Less attention has been given to turbulent natural 
convection in vertical parallel-plate channels. Early work in this 
area is reported by Miyamoto et al. [37] who undertook an 
experimental study for the case where there is a uniform wall 
heat flux on the walls. Fraser et al. [38] measured velocity 
profiles in turbulent natural convection in an asymmetrically 
heated vertical channel while La Pica et al. [39] experimentally 
studied flow in an asymmetrically heated vertical parallel-plate 
channel with horizontal inlet and outlet with a uniform wall 
heat flux. Cheng and Mueller [40] studied turbulent natural 
convection coupled with radiation in large vertical channels 
experimentally and numerically. Habib et al. [41] undertook an 
experimental study of turbulent natural convection in a vertical 
flat plate channel. Fedorov and Viskanta [42] numerically 
studied turbulent natural convection in a vertical parallel-plate 
channel, considering both the case where there is a uniform 
wall heat flux at the walls and where there is a uniform wall 
temperature. Other studies of turbulent natural convection in 
channels are given in [43–48]. 

Natural convection flows in vertical channels with 
obstructions occurs in a number of engineering applications and 
a number of experimental and numerical studies have been 
undertaken in this area [49–60]. However none of these deal 
with the type of wavy wall situation considered here.  

There have been a number of previous studies of natural 
convective  heat transfer from vertical plates with various  types 

Figure 2 Definitions of amplitude and pitch 
of surface waviness 

 
of wavy surface, most of these studies being based on the 
assumption that the flow is laminar. Yao [61] studied natural 
convection from a semi-infinite, vertical, sinusoidal, isothermal 
surface while Moulic et al. [62] studied heat transfer from the 
same type of surface for the case where there is a uniform heat 
flux at the surface. In both cases, the local Nusselt number was 
found to vary periodically with half the wavelength of the plate. 
Kumari et al. [63] undertook a numerical study of natural 
convection to a non-Newtonian power-law fluid from a semi-
infinite, vertical plate with an isothermal surface having 
sinusoidal waves, a similar study also being undertaken by Kim 
[64]. These authors also found that the local Nusselt number 
varied periodically with half the wavelength of the plate and 
Kim [64] found that the local Nusselt number decreased with 
increasing surface wave amplitude. Rees and Pop [65,66] 
studied natural convection from wavy surfaces in porous media. 
A numerical study of natural convective flow from a surface in 
which the "waves" are normal to the direction of flow is 
described by Oosthuizen and Garrett [67]. Oosthuizen [68] 
considered laminar, transitional and turbulent flow over an 
isothermal plate with sharp triangular waves.  

 

NOMENCLATURE 
 
A [-] Dimensionless amplitude of surface waves. 
AF [m2] Frontal area of heated surface 
a [m] Amplitude of surface waves 
g [m2/s] Gravitational acceleration 
H [m] Height of heated surfaces 
k [W/mK] Thermal conductivity 

Isothermal 
Heated Section, 
Height, H 

Isothermal 
Heated Section, 
Height, H 

Natural Convective 
Flow 

Adiabatic 
Wall 

Adiabatic 
Wall 

Adiabatic 
Wall 

Adiabatic 
Wall 
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Nu [-] Nusselt number based on frontal area of heated surface 
and on channel height 

Nul [-] Local Nusselt number based on channel height 
Nuw [-] Nusselt number based on frontal area of heated surface 

and on channel width 
P [-] Dimensionless pitch of surface waves 
Pr [-] Prandtl number 
p [m] Pitch of surface waves 
Q’ [W] Mean heat transfer rate from heated surface 
q’ [W/m2] Local heat transfer rate per unit area 
Ra [-] Rayleigh number based on channel height 
Raw [-] Rayleigh number based on channel width 
Tw [K] Wall temperature of heated surfaces 
Ta [K] Fluid temperature at channel inlet 
W [m] Dimensionless channel width  
w [m] Channel width 
 
Special characters 
 [m2/s] Thermal diffusivity 
 [K-1] Bulk expansion coefficient 
 [m2/s] Kinematic viscosity 
 

SOLUTION PROCEDURE 
The flow has been assumed to be steady and fluid properties 

have been assumed constant except for the density change with 
temperature that gives rise to the buoyancy forces, this being 
treated by means of the Boussinesq type approximation. A 
standard k-epsilon turbulence model with the effects of the 
buoyancy forces being fully accounted for has been used in 
obtaining the solution. The channel has been assumed to be 
wide in the transverse direction so edge-effects are not 
accounted for, i.e. the flow has basically been assumed to be 
two-dimensional. However, because the possibility exists that a 
three-dimensional flow pattern could develop when transition 
from laminar to turbulent flow is occurring, a three-dimensional 
solution covering part of the channel width has been adopted. 
However, in no case was such three-dimensional flow found to 
occur. The governing equations were solved using the 
commercial finite-volume based cfd software package Fluent. 
Extensive grid independence and convergence-criteria 
independence testing was undertaken and this indicated that the 
heat transfer results given here are grid and convergence 
criteria independent to within about one per cent. The mean 
heat transfer rate per unit surface area can be expressed relative 
to the actual surface area or relative to the projected normal 
surface area, the Nusselt numbers based on these two mean heat 
transfer rates being denoted by NuT and Nu respectively. 

 

RESULTS 
The solution has the following parameters:  

• the Rayleigh number, Ra, based on the height of the heated 
channel wall section, H, and the overall temperature 
difference Tw – Ta,  i.e.: 

• 
  3

w a HT T
Ra

g




    (1) 

• the Prandtl number, Pr 
• the dimensionless amplitude, A, the amplitude being 

expressed relative to the height of the heated channel wall 
section, H, i.e.: 

a
A

H
     (2) 

• the dimensionless pitch, P, the pitch also being expressed 
relative to the height of the heated channel wall section, H, 
i.e.: 

p
P

H
     (3) 

• the dimensionless width of the channel, W, the width also 
being expressed relative to the height of the heated channel 
wall section, H, i.e.: 

w
W

H
      (4) 

Results have only been obtained here for Pr = 0.74 and for a 
dimensionless pitch of 0.095. Results for other dimensionless 
pitch values showed the same basic characteristics as those for 
a dimensionless pitch value of 0.095.  This leaves Ra, A, and W 
as parameters. Results are presented here for Ra values between 
approximately 105 and 1016 and for A values between 0 and 
approximately 0.025. 

The mean heat transfer rate from the heated walls has been 
expressed in terms of two Nusselt numbers: 

and
( ) ( )T

F w a T w a

Q H Q H
Nu Nu

k A k AT T T T

 
 

 
 (5) 

where Q’ is the mean heat transfer rate from the heated wavy 
walls and AF and AT  are the frontal area and the total surface 
area of the heated wall surfaces respectively. 

Attention will first be given to the case where the heated 
walls are smooth, i.e., where A=0.  At low values of Ra and W 
the flow will be fully developed while at the larger values of Ra 
and W the flow essentially consists of separate non-interacting 
boundary layer flows over the two heated walls. If the flow 
remains laminar, the Nusselt numbers for the two limiting cases 
are given by: 

(a) Fully-Developed Flow 

          
12

w
w

WRa
Nu                                             (6) 

(b) Boundary Layer Flow 

 0.25
0.619w wNu WRa                           (7) 

Based on their experimental and numerical results, Azevedo 
and Sparrow [15] derived the following correlation equation 
that applies for all values of Ra and W provided that the flow 
remained laminar: 

 
0.52

20.25

12
0.619w

w w

WRa
WRaNu


            

  (8) 

The variation of Nuw with WRaw given by this equation is 
compared with the results obtained here for A = 0 in Figure 3. It 
will be seen that at the smaller values of WRaw while the 
present numerical results are such that Nuw is a function of 
WRaw, the form of the function differs from that given by 
equation (8). This is because in the present study the overall 
height of the channel is greater than H because of the presence 
of   the  unheated  sections  below  and  above  the   heated  wall 
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Figure 3 Comparison of the variation of Nusselt number 

based on channel width with WRaw for a channel with 
a smooth surface, i.e. A = 0, as given by the Sparrow 

and Azevedo [12] correlation equation with the present 
results for A = 0 and various values of W 

 

 
Figure 4 Variation of Nusselt number with Ra for  
W = 0.4 and for three values of the dimensionless  

amplitude of the surface waviness 
 

section. At larger values of WRaw in the boundary layer type 
flow regime the present results are in good agreement with 
equation (9) as long as the flow remains laminar. When 
transition occurs Nuw is no longer a function of WRaw alone and 
the Nusselt numbers are higher than those given by equation 
(9). 

Turning next to a consideration of the effect of the wall 
waviness on the heat transfer rate, Figure 4 and Figure 5 show 
typical variations of mean Nusselt number, Nu, with Rayleigh 
number for A values of 0, 0.0119, and 0.0238. Figure 4 shows 
results for W = 0.4 while Fig. 5 shows results for W = 0.2. It 
will be seen from these two figures that, for the conditions 
considered, the wall waviness has a relatively weak effect on 
the Nusselt number variation, the wall waviness effect being 
more pronounced in the turbulent flow region than in the 
laminar flow  region.   In the laminar boundary  flow region  the  

 

Figure 5 Variation of Nusselt number with Ra for W = 0.2 and 
for three values of the dimensionless amplitude of the 

surface waviness 
 

 
Figure 6 Variation of Nusselt number with dimensionless 

amplitude of the surface waviness, A, for two values 
of W and for Ra = 2x1014 

 

 
Figure 7 Variation of Nusselt number with dimensionless 

amplitude of the surface waviness, A, for two values  
of W and for Ra = 2x1010. 
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Figure 8 Variation of Nusselt number with dimensionless 

amplitude of the surface waviness, A, for two values 
of W and for Ra = 2x106 

 

 
Figure 9 Variation of Nusselt number with dimensionless 

channel width, W, for two values of the dimensionless 
amplitude of the surface waviness, A, for Ra = 2x1012 

 
waviness can produce a small increase in the Nusselt number 
while in  the  turbulent  flow  region a  decrease  in  the  Nusselt 
number is produced. These effects are shown more clearly by 
the results given in Figure 6 to Figure 8 which illustrate the 
form of the variation of Nusselt number with dimensionless 
surface waviness amplitude, A, for two values of W and for 
three values of Ra, each of the figures giving results for a 
different value of Ra . 

The effect of the dimensionless channel width, W, on the 
wall heat transfer rate, i.e., on the Nusselt number, is illustrated 
by the results shown in Figure 9 to Figure 11. These figures 
show the variation of Nusselt number with W for two values of 
the dimensionless surface waviness amplitude, A, for three 
values of Ra, each of the figures giving results for a different 
value of Ra. It will be seen from these results that at the larger 
values of Ra and W the dimensionless channel width has a 
comparatively small effect on the Nusselt number, the flow 
then being in the boundary layer flow regime. It will also be 
seen that the form of the variation of Nu with W is dependent 
on the values of Ra and A. 

Figure 10 Variation of Nusselt number with dimensionless 
channel width, W, for two values of the dimensionless 
amplitude of the surface waviness, A, for Ra = 2x1010 

 

 
Figure 11 Variation of Nusselt number with dimensionless 

channel width, W, for two values of the dimensionless 
amplitude of the surface waviness, A, for Ra = 2x106 

 

 
 

Figure 12 Typical local Nusselt number, Nut, contours. These 
results are for A = 0.02382 and W =0.4 for the Rayleigh 

numbers indicated. 
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Two typical local Nusselt number distributions over the 
surface of the heated plate are shown in Figure 12. It will be 
seen from these results that the local heat transfer rate is much 
higher at the top of the wall waves that at the valleys between 
these waves. 

CONCLUSIONS  
The results of the present study indicate that for the flow 

situation considered: 

• The presence of the surface waviness has only a relatively 
small effect on the mean Nusselt number values under all 
conditions covered in the present study. 

• At the lower values of Ra considered the waviness produces 
almost no change in the Nusselt number, at the intermediate 
values of Ra considered the waviness produces a small 
increase in the Nusselt number while at the higher values Ra 
considered the waviness produces a decrease in the Nusselt 
number, the heat transfer rate being based on the projected 
frontal area of the heated surfaces. 

 

Turbulence starts to have a significant effect on the mean 
heat transfer rate at approximately the same Rayleigh numbers 
for all condition considered in the present study  
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