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ABSTRACT. In this paper, we show that the concept of sigma-convergence associated to stochastic
processes can tackle the homogenization of stochastic partial differential equations. In this
regard, the homogenization of a stochastic nonlinear partial differential equation is addressed.
Using some deep compactness results such as the Prokhorov and Skorokhod theorems, we prove
that the sequence of solutions of this problem converges in probability towards the solution of
an equation of the same type. To proceed with, we use the concept of sigma-convergence for
stochastic processes, which takes into account both the deterministic and random behaviours of
the solutions of the problem.

1. INTRODUCTION

Algebras with mean value have been highly efficient in deterministic homogenization theory. It is
now a well known fact that given a partial differential equation (PDE) with oscillating coefficients,
one can always, under some structural constraints on its coefficients, solve some homogenization
problems related to this PDE.

Contrasted with deterministic homogenization, very few results are available as regards the
homogenization of stochastic PDEs (SPDEs). We may cite [1, 14, 15, 25, 30, 31] in that context.
In the just mentioned previous work, the homogenization of SPDEs is studied under the periodicity
assumption on the coefficients of the equations considered. In addition, the convergence method
used is either the G-convergence method [1, 14, 15] or the two-scale convergence method [30, 31].
Given the nature both random and deterministic of the solutions of these equations, it is more
convenient to use an appropriate method taking into account both these two types of behaviour.
As regards the SPDEs in a general ergodic environment, no results is available so far. The first
attempt to generalize this to SPDEs beyond the periodic context is undertaken in [28] in which
the authors consider the homogenization problem for a SPDE in an almost periodic setting. The
present work is therefore the first one in which such a problem is considered.

To be more precise, we are concerned with the homogenization problem for the following non-
linear stochastic partial differential equation

du, = (diva(a:,t,%,g,ug,l)ue) —ag (x,t,f,g,us)) dt + M (%,g,us) dW in Qr

ue =0 on 9Q x (0,7) (1.1)
ue(2,0) = u{z) in Q,

where Q7 = @Q x (0,T), Q being a Lipschitz domain in RY with smooth boundary 9Q, T is a
positive real number and W is a cylindrical standard Wiener process defined on a given probability
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space (£, F,P). Under a suitable assumption on the coefficients of (1.1) we prove that the sequence
of solutions to (1.1) converges to the solution of an equation of the same type as (1.1). In view
of the result obtained, one might be tempted to believe that the homogenization process of an
SPDE is summarized in the homogenization of its deterministic part, added to the average of
its stochastic part. This is not true in general. Indeed, one can obtain, passing to the limit, a
homogenized equation of a type completely different from that of the initial problem; see e.g., [31].

The paper is presented as follows. In Section 2, we give some fundamentals of generalized
Besicovitch spaces. Section 3 deals with the concept of sigma-convergence for stochastic processes.
We state therein some compactness results that will be used in the sequel. In Section 4, we state
the problem and prove some fundamental estimates. In Section 5 we collect some useful results
necessary to the homogenization part, and we use them in Section 6 to study the homogenization
of (1.1). We prove there the global homogenization result and we derive the homogenized problem.
Section 7 deals with a corrector-type result. Finally in Section 8, we apply the result of Section 6
to some concrete physical situations.

Unless otherwise specified, vector spaces throughout are assumed to be real vector spaces, and
scalar functions are assumed to take real values. We shall always assume that the numerical space
R™ (integer m > 1) and its open sets are each equipped with the Lebesgue measure dz = dx...dz,,.

2. SOME PROPERTIES OF THE GENERALIZED BESICOVITCH SPACES

We begin this section by recalling some important properties of algebras with mean value
[16, 8, 26, 35]. By an algebra with mean value (algebra wmv, in short) on R we mean any closed
subalgebra A of the C*-algebra of bounded uniformly continuous functions BUC(R¥) which con-
tains the constants, is translation invariant (u(- 4+ a) € A for any u € A and each a € RY) and is
such that each element possesses a mean value in the following sense:

(MV) For each u € A, the sequence (uf).~q (where u(x) = u(x/c), v € RY) weakly *-converges
in L>°(RY) to some constant real-valued function M (u) as & — 0.

It is known that A (endowed with the sup norm topology) is a commutative C*-algebra with
identity. We denote by A(A) the spectrum of A and by G the Gelfand transformation on A. We
recall that A(A) (a subset of the topological dual A" of A) is the set of all nonzero multiplicative
linear functionals on A, and G is the mapping of A into C(A(A)) such that G(u)(s) = (s,u)
(s € A(A)), where (,) denotes the duality pairing between A’ and A. We endow A(A) with
the relative weakx topology on A’. Then using the well-known theorem of Stone (see e.g., [11,
Theorem IV.6.18, p. 274]) one can easily show that the spectrum A(A) is a compact topological
space, and the Gelfand transformation G is an isometric isomorphism identifying A with C(A(A))
(the continuous functions on A(A)) as C*-algebras. Next, since each element of A possesses a mean
value, this yields an application u — M (u) (denoted by M and called the mean value) which is
a nonnegative continuous linear functional on A with M (1) = 1, and so provides us with a linear
nonnegative functional 1 — M (1)) = M(G~1(¢))) defined on C(A(A)) = G(A), which is clearly
bounded. Therefore, by the Riesz-Markov theorem, M (¢)) is representable by integration with
respect to some Radon measure 8 (of total mass 1) in A(A), called the M-measure for A [19]. It
is a fact that we have

M(u) = / G(u)dp for u € A.
A(A)

Next, to any algebra with mean value A are associated the following subspaces: A™ = {¢ €
C™(RN): DYy € A for every a = (ay,...,an) € NV with [a] <m} (where D¢t = olelay /oy - - -
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dyy" and integer m > 1). Endowed with the norm [[[ul[],, = sup|q <, HD;z/JHOO, A™ is a Banach

space. We also define the space A> as the space of ¥ € C*° (Rflv) such that Dy = % €A
for every a = (ay, ...,ay) € NV. Endowed with a suitable locally convex topology defined by the
family of norms ||-||,,, A is a Fréchet space.

Now, the partial derivative of index i (1 < i < N) on A(A) is defined to be the mapping
9; = God/dy; o G~ (usual composition) of D(A(A)) = {¢ € C(A(A)) : G 1(p) € Al} into
C(A(A)). Higher order derivatives are defined analogously. At the present time, let D(A(A)) =
{p € C(A(4)) : G7(p) € A>}. Endowed with a suitable locally convex topology D(A(A))) is a
Fréchet space and further, G viewed as defined on A* is a topological isomorphism of A* onto
D(A(A)).

Analogously to the space D'(RY), we now define the space of distributions on A(A) to be the
space of all continuous linear form on D(A(A)). We denote it by D’/(A(A)) and we endow it with
the strong dual topology. Since A% is dense in A (see [33, Proposition 2.3]), it is easy to see that
the space LP(A(A)) (1 < p < c0) is a subspace of D'(A(A)) (with continuous embedding), so that
one may define the Sobolev spaces on A(A) as follows.

WLP(A(A)) = {u € LP(A(A)) : du e LP(A(A)) (1 <i<d)}(1<p<oo)

where the derivative d;u is taken in the distribution sense on A(A). We equip W1P(A(A)) with
the norm

1
ullwrracay = [1elleacay) + i 10l acay] " (v € WHPAA)),
1<p<oo,

which makes it a Banach space. To the above space is attached the space

WP(A(A))/R = {u € WHP(A(A)) : / udf = 0}
A(A)
equipped with the seminorm u — (ZZ 1 110 \LP (A(A) ))l/”, and its separated completion W;’p(A(A)).

We will see in the sequel that W#p (A(A)) is in fact the completion of WP(A(A))/R since A will
be taken to be an ergodic algebra; see the last part of this section.

The concept of a product algebra wmv will be useful in our study. Let A, (resp. A;) be an
algebra wmv on ]RZJIV (resp. R.). We define the product algebra wmv A, ® A, as the closure in
BUC(RN1) of the tensor product A, ® A; = {35 .. i ®v; : u; € Ay and v; € A, }. This defines
an algebra wmv on RY*!. A characterization of these products is given in the following result
whose proof can be found in [20].

Theorem 1. Let A,, A, and A be as above. For f € BUC(R)1'), we define f, € BUC(R,) and
7 € BUC(RY) by

fy(m) =" (y) = f(y,7) for (y,7) ER} xR,
and put

Bp={fT:7€R}, Cy={f,:y e RV}.

Then By C Ay and Cy C A, for every f € A. Also for f € A both By and Cy are relatively
compact in A, and in A; respectively (in the sup norm topology).
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Let AP(RY) denote the space of all Bohr almost periodic functions on RY [4, 5], that is the
algebra of functions in B(RY) that are uniformly approximated by finite linear combinations of
functions in the set {y + cos(k - y),y ~ sin(k -y) : k € RN}. Tt is well-known that AP(RY)
is an algebra wmv on RY. As an example we have AP(R)) ® AP(R;) = AP(R) x R,). We
also have that Cper(Y) @ Cper(Z) = Cper (Y X Z) where Y = (0, 1)™ and Z = (0,1). This follows
from the identification Cper(Y) = C(TY) where TV is the N-torus in RV. Similarly we have
Cper(Z) @ AP(R))) = Cper(Z; AP(R])). Other examples of product algebras wmv can be given.

Next, let BY) (1 < p < o0) denote the Besicovitch space associated to A, that is the closure of
A with respect to the Besicovitch seminorm

1/p
||qu = <hmsup|B |/ |de>

where B, is the open ball of RY of radius r. It is known that BY is a complete seminormed vector
space verifying BY C BY for 1 < p < ¢ < oo. From this last property one may naturally define
the space B as follows:

BY ={f € Mi<p<cc By sup | fl, < oo}
1<p<oo

We endow By’ with the seminorm [f] | = sup; <, [|f|,; which makes it a complete seminormed
space. We recall that the spaces B} (1 < p < 0o) are not in general Fréchet spaces since they are
not separated in general. The following properties are worth noticing [20, 26]:

(1) The Gelfand transformation G : A — C(A(A)) extends by continuity to a unique continuous
linear mapping, still denoted by G, of B into LP(A(A)), which in turn induces an isometric
isomorphism Gy, of BY /N = BY onto LP(A(A)) (where N = {u € BY : G(u) = 0}). Fur-
thermore if u € B4 N L>®(RY) then G(u) € L>®(A(A)) and ||Q(u)\|Lx(A(A)) < lull poo vy

(2) The mean value M viewed as defined on A, extends by continuity to a positive continuous
linear form (still denoted by M) on BY satisfying M (u fA(A) G(u)dp (u € BY). Fur-

thermore, M (Tqu) = M(u) for each u € B} and all a € ]RN where T,u(z) = u(z + a) for

almost all z € RY. Moreover for u € BY, we have Jull, = [M(|u|p)]1/p.

In this work, we will deal with ergodic algebras (see [16, 35]). Let us recall the definition of an
ergodic algebra.

Definition 1. An algebra wmv A on R¥ is ergodic if for every u € B, such that ||u — u(- + a)|, =
0 for every a € RY we have |ju — M), = 0.

The class of ergodic algebra plays a crucial role in homogenization theory as it will be seen in
the following sections.

In order to simplify the text, we will henceforth use the same letter w (if there is no danger of
confusion) to denote the equivalence class of an element u € BY. The symbol ¢ will denote the
canonical mapping of B onto BY = BY% /N. Our goal here is to define another space attached to
BY. For that purpose, let us recall that the partial derivative of index 1 <+ < N of a distribution
u € D'(A(A)), denoted by O;u, is defined as follows:

(Osu, @) = — (u, 0;p) for any ¢ € D(A(A)).
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With this in mind, we define the formal derivative of index 4, denoted by 9/dy;, as follows:
) _
ayi :gl 1 o&;ogl.
Considered as defined from B into itself, it is an unbounded operator with domain D; = {u €
B : 0u/dy; € BY}. We set

0
ka:ﬂ1<i<NDiE{U€BZ:a:EBZfOI"lSiSN}~
K3
Since 0/dy; is closed, Bi"p is a Banach space under the norm
N g |]
_ P Lp
lullgrr = {llull, + ; o0 J (u e By").

Moreover, the restriction of G; to 8114,;; is an isometric isomorphism of Bz’p onto WHP(A(A)). We
assume for the remainder of this section that A is ergodic. Then according to Definition 1, the only
elements of BY that are ||-||,-invariant are constant functions. This infers that if u € BY satisfies
Dyu =0, then u is constant. Indeed it can can be shown that u € BY is ||-||;-invariant if and only
if Dyu = 0. So the mapping

N 5 P 1/17
— — u
[Dye[], s wr= [ Dyul, = (E: o )
vilp

i=1

considered as defined on Bi{p , is a norm on the subspace B}L{p /R of 8114,;) consisting of functions
u € Bllél’p with M (u) = 0. Unfortunately, under this norm, 8114’1) /R is a normed vector space which
is in general not complete. We denote by 371#& the completion of Bi{p /R with respect to that
norm, and by J; the canonical embedding of Bi’p /R into B;;i. By the theory of completion of
uniform spaces [6, Chap. II], the mapping 9/0y; : Bz’p /R — BY extends by continuity to a unique
continuous linear mapping still denoted by 9/dy; : B;;i — BY such that

il 0 — 1
o olJ; = o and ||u||3;,§‘ = HDyqu (u € BLY) (2.1)
where D, = (9/dy;)1<i<n. Since G, is an isometric isomorphism of B5” onto W'?(A(A)) we have
by the definition of /0y; that the restriction of G; to Bi"p /R sends isometrically and isomorphically
BYP/R onto W'P(A(A))/R. So by [6, Chap. II] there exists a unique isometric isomorphism
G : Byh — WP(A(A)) such that

GioJi=JoG (2.2)

and

31'06129108% (1<i<N). (2.3)

We recall that in this case (when A is ergodic), J is the canonical embedding of W1P(A(A))/R into
its completion W#p (A(A)) while J; is the canonical embedding of By” /R into B;i. Furthermore,

Since B4 /R is dense in B;_fg (in fact by the embedding J;, B4 /R is viewed as a subspace of B;i,
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and by the theory of completion, J; (B4 /R) is dense in B;i), it follows that, as A is dense in
A, o(A*®/R) is dense in B;i, where A /R = {u € A* : M(u) = 0}.

Remark 1. For u € B4 (that is the space of u € BY such that Dyu € (B%)") we have

6 (2(50)) =9 () = 20 w) = 261 (o(w) = (by deinition) & ( (o).
o 0(55) = stetu)

0 0
) 0; = 6—% 0o on Bi\’p. (2.4)

or equivalently,

Y

Remark 2. The above remark shows that 9/dy;, viewed as defined on BY, is in fact the infinites-
imal generator of the group of transformations T'(y) defined on B% by

Ty)(u+N)=u(-+y)+N.

This shows that all the above results can be obtained through the theory of strongly continuous
groups as shown in [27] (see also [28]).

3. THE ¥-CONVERGENCE METHOD FOR STOCHASTIC PROCESSES

In this section we define an appropriate notion of the concept of ¥-convergence adapted to
our situation. It is to be noted that it is built according to the original notion introduced by
Nguetseng [19]. Here we adapt it to systems involving random behavior. In all that follows, @
is an open subset of RY (integer N > 1), T is a positive real number and Q7 = Q x (0,T). Let
(Q, F,P) be a probability space. The expectation on (Q, F,P) will throughout be denoted by E.
Let us first recall the definition of the Banach space of bounded F-measurable functions. Denoting
by F () the Banach space of all bounded functions f :  — R (with the sup norm), we define
B(Q) as the closure in F'(2) of the vector space H(2) consisting of all finite linear combinations
of the characteristic functions 1x of sets X € F. Since F is an o-algebra, B(f2) is the Banach
space of all bounded F-measurable functions. Likewise we define the space B(); Z) of all bounded
(F, Bz)-measurable functions f : Q — Z, where Z is a Banach space endowed with the o-algebra
of Borelians Bz. The tensor product B() ® Z is a dense subspace of B({2; Z): this follows from
the obvious fact that B() can be viewed as a space of continuous functions over the gamma-
compactification [36] of the measurable space (2, F), which is a compact topological space. Next,
for X a Banach space, we denote by L?(Q, F,P; X) the space of X-valued random variables u such
that ||u| y is LP(§2, F,P)-integrable.

This being so, let A, and A, be two algebras wmv on Rév and R, respectively, and let A =
Ay ©® A; be their product as defined in the preceding section. We know that A is the closure
in BUC(R)'F') of the tensor product A, ® A.. We denote by A(A,) (resp. A(A:), A(A)) the
spectrum of A, (resp. A,, A). The same letter G will denote the Gelfand transformation on A,, A,
and A, as well. Points in A(A,) (resp. A(A;)) are denoted by s (resp. sg). The M-measure on the
compact space A(Ay) (resp. A(A;)) is denoted by 3, (resp. 3,). We have A(A4) = A(A,) x A(A,)
(Cartesian product) and the M-measure on A(A) is precisely the product measure 3 = By @ Br;
the last equality follows in an obvious way by the density of A, ® A; in A and by the Fubini’s
theorem. Points in €2 are as usual denoted by w.
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Unless otherwise stated, random variables will always be considered on the probability space
(Q, F,P). Finally, the letter E will throughout denote exclusively an ordinary sequence (&, )nen
with 0 < e, <1 and &, = 0 as n — co. In what follows, the notations are those of the preceding
section.

Definition 2. A sequence of random variables (us)e>0 C LP(Q, F,P; LP(Q71)) (1 < p < 00) is said
to weakly X-converge in LP(Qr x Q) to some random variable ug € LP(Q, F,P; LP(Qr; BY)) if as
€ — 0, we have

fQTXng(w,tw)f( t, %, L w) dedtdP

Y e g

— foTXQXA(A) Uo(z,t, s, 507w)f(x, t,s, 80, w)dzdtdPdg

for every f € L”/(Q,]-"7 P; LPI(QT;A)) (1/p" =1—1/p), where 4y = Gy o up and f: Gio(oof)=
o f. We express this by writing u. — ug in LP(Qr X Q)-weak X.

(3.1)

Remark 3. The above weak Y-convergence in LP(Qr x ) implies the weak convergence in
LP(Qr x ). One can show as in the usual setting of X-convergence method [19] that each
feLr(Q,F, P, LP(Qr; A)) weakly Y-converges to po f.

In order to simplify the notation, we will henceforth denote L?(Q, F,P; X') merely by L?(Q; X) if
it is understood from the context and there is no danger of confusion. Definition 2 can be formally
motivated by the following fact. Assume p = 2; then using the chaos decomposition (see [7, 32])

of Ue and f we get ua(xat7w) = Zjil uE,](xvt)q)J(w) and f(x7t7ya7-aw) = Z};n;l fk('rvtvy’T)q)k(w)
where u. ; € L*(Qr) and fi, € L*(Qr; A), so that

t
/ ue(z, t,w)f <x,t, rr ) dzdtdP
QT xQ e’e’
can be formally written as

Z/ dP/QT e j(z,t) fi <x ho ) dxdt,

and by the usual ¥-convergence method (see [26, 19]), as € — 0,

/ Ue i (2, t) fi (z,t, , ) dxdt — // uoj z, s,so)ﬁ€ (z,t,8,s0) dedtdf.
Qr QTXA

Hence, by setting

o0

oo
uo(z,t, s, s0,w Z (x,t,5,80)P;(w); f(x,t,s,50,w) Z (z,t,8,80) Pr(w)

j=1 k=1

we get (3.1). We can also see that (3.1) is a straight generalization of the usual concept of X-
convergence.
The following result holds.

Theorem 2. Let 1 < p < co. Let (ug)eep C LP(Q; LP(Qr)) be a sequence of random variables
verifying the following boundedness condition:

sup E ||u||?, < 0.
s E e g,

Then there exists a subsequence E’ from E such that the sequence (ug).cp is weakly 3-convergent
m LP(QT X Q)
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Proof. Letusset Y = LP (QrxQxA(A)) and X = LP (Q; LP (Qr: C(A(A)))) = G(LP (Q; LP (Qr; A))).
Applying [20, Theorem 3.1] with Y and X we are led at once to the result. I

The following result will be very useful in the homogenization process.

Theorem 3. Let 1 < p < co. Let A = Ay ® A: be an algebra wmv on ]Rév x R, with the
further property that A, is ergodic. Finally let (us)ece C LP(€2; LP(0,T; Wol’p(Q))) be a sequence
of random variables which satisfies the following estimate:

E p .
Slelg‘ ||u€||Lp(O,T;W01’p(Q)) <

Then there exist a subsequence E' of E and a couple of random wvariables (up,u1) with uy €
LP(Q; LP (0, T; Wy P(Q))) and uy € LP(Q; LP(Qr; By (RT;B;%))) such that, as E' 3 ¢ — 0,
ue = ug in LP(Qr x Q)-weak; (3.2)
Ou. . dup N Ouy
Proof. The proof of the above theorem follows exactly the same lines of reasoning as the one of
[26, Theorem 3.6]. I

in LP(Qr x Q)-weak 2, 1 <i < N. (3.3)

In practice, we will mostly deal with the following modified version of the above theorem.

Theorem 4. Assume that the hypotheses of Theorem 3 are satisfied. Assume further that p > 2
and that there exist a subsequence E' from E and a random variable ug € LP(2; LP(0,T; Wy P(Q)))
such that, as E' 2 ¢ — 0,

ue — ug in L*(Qr x Q). (3.4)
Then there exist a subsequence of E' (not relabeled) and a BZT (R; B;iu)-valued stochastic process
uy € LP(Q; LP(Qr; BYy (RT;B;iy))) such that (3.3) holds when E' 5 e — 0.

Proof. Since (u.)-cp is bounded in LP(€; LP(0, T; Wy P(Q))), there exist a subsequence of E’ not
relabeled and vy € LP(Q; LP(0,T; W, *(Q))) such that u. — v in LP(Qr x Q)-weak (and hence
in L?(Qr x Q)-weak since p > 2) as E’ 3 ¢ — 0. From (3.4) and owing to the uniqueness of the
weak-limit, we infer that ug = vg, so that (3.2) holds true with wug as in (3.4). The remainder of
the proof follows exactly the same lines of reasoning as in the proof of [26, Theorem 3.6]. I

4. STATEMENT OF THE PROBLEM: A PRIORI ESTIMATES AND TIGHTNESS PROPERTY

4.1. Problem setting. Let (2, F,P) be a probability space on which is defined an infinite se-
quence of independent standard 1-d Brownian motion (Wj)i>1. We equip the probability space
by the natural filtration, denoted by F*, of Wj. Now let U be a fixed Hilbert space with orthonor-
mal basis {ej, : k > 1}. We may define a cylindrical Wiener process W by setting W = "7 | Wiey
(see [9]). By Lo(U, X) we denote the space of Hilbert-Schmidt operators from U to the Hilbert
space X:

Ly(U, X) = {R €LU,X): > |Replk < oo} .
k=1
We can define another Hilbert space Uy C U by setting

oo o0
Uy = {v = Zakek : Zaik_2 < oo} .
k=1 k=1
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Note that the embedding Uy C U is Hilbert-Schmidt. We endow U, with the norm ‘”‘2240 =
> ope, aik™2. It is a well known fact that there exists Q' € F with P(€’) = 1 such that W(w) €
C(0,T;Up) for any w € £ (see, for example, [9]).

For any given G € L?(; L?(0,T; Lo(U, X)) such that G(t) is Ft-adapted we may define the

stochastic integral
t 0o .t
/ GdW = / GerdWy,
0 1”0

as an element of the space of X-valued square integrable martingale. Moreover we have
3

t r T
2
/OGdW gClE(/O |G|L2(u,x>> )

for any r > 1. For the two results and more details on stochastic calculus in infinite dimension
we refer to [9]. From now we will set |G|, = |G|, x) for any Hilbert space X and for any
Ge LU X).

Let @ C RN be an open and bounded domain with smooth boundary. Throughout we will set
H =L*Q), V = W;?(Q) and denote by |u|,u € H, ||v||,v € V their respective norms. We will
also denote by |v|, v € RY the Euclidian norm on R¥. The symbol V' will denote the dual of
V and (u,v) denotes the duality pairing between u € V' and v € V. The inner product in H is
denoted by (u,v) for any u,v € H. In this work we are interested in the asymptotic behaviour
as € — 0 of the solution of (1.1) which is defined on the stochastic system (Q, F,P), F*', W. We
assume that all the coefficients in (1.1) are measurable with respect to each of their arguments.
Furthermore, for a.e (z,t) € Q x (0,T), (y,7) € RN x R and for all z € R and A € RY, we assume
that

Al. a(z,t,y,7,p1,0) =0,

A2. (a(x,t,y,T,u, >‘) - (Z(.T,Ly,’r, s >‘/) ! (>‘ - )‘/)) 2> c1 |>‘ - )‘/|p7

A3. |a(x,t, Y, Ty 1, /\)‘ < 62(1 + |:U|p_1 + |>\|p—1)7

A4. |a0(m,t,y,7,u)\ < 03(1 + ‘,LLD?

A5. |a0(x, LY, T, /1') - ao(.’E, Ly, T, ,U,/)| <cs |M - /*L/| s

A6. (a) [ao(x,t,y,7,u) —ao(a’,t',y, 7, u )| < m(|x — 2| + [t = '] + [u — u/|)(1 + |u| + |u']),

A6. (b) la(w, t,y, 7, u,v) — (@', 'y, 7w, V)| <l — o] + £ — ¢] + [u— o' P 4

VI VP - OO Jul + ]+ V] VPR v = v
where m is a continuity modulus (i.e., a nondecreasing continuous function on [0, 4+00)
such that m(0) =0, m(r) > 0 if r > 0, and m(r) = 1if r > 1).
As far as the operator M is concerned, we will suppose that

A7. it is a measurable mapping from RY x R x H into Lo(U, H) such that
(a) ‘M(vavu) - M(va’U)‘Lg < ¢ |u - U‘ ’
(b) [M(y, 7, u)lp, < e7(1 4 [ul).

We note that an example of nontrivial functions a, ag and M satisfying A1.-A7. are the
functions a(x,t,y, 7, u,A) = g(z,t,y,7) |)\\p72 A, ao(z,ty, 7, 0) = golx, tyy, 7)h(p), M(y,7,u) =
(M (y, 7, u))k>1 With My, (y, 7,u) = g1(y, 7)Apu > 0, where 352, [A|* < 00, g, g0 € C(Qrp; B[R} ),
g1 € B(R) ') and h is a continuous Lipschitz function on R. We recall that B(R)’f!) is the space
of bounded continuous real-valued functions defined on Ré\f hah

Note that A1.-A83. imply that A(z,t,y,7,u, Du) = —diva(x,t,y, 7, u, Du) satisfies

E sup
te[0,T]
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Cl1.
<A(x’ t? y’ 7_? u7 ‘Du) - A(x7 t? y’ 7_7 U, D,U)’ U — U>

> / (a(z,t,y, 7,u, Du) — a(z, t,y,7,v, Dv)) - (u — v)dz,
Q

C2. (A(z,t,y,7,u, Du),u) > ¢, |Dul?,
p/
C3. ||A(z, t,y, 7, u, Du)] WL (Q)
on @Qr and on co,
C4. the mapping 0 — (A(z,t,y,7,u+ 0v, D(u+ 0v)),w) : R — R is a continuous function for
any u,v,w € V.

< cb(1+|Du|?) for some positive constant ¢, depending only

To simplify the notations we will set throughout

a® (-, ue, Due)(z,t) = a <x,t, 6
x t
a8(~,u5)(x,t) = Qg <I7ta ga E’us) )

t
ME('7UE)($7t) = M <m7 au€> )
and
x t
Ag('auEaDus)(Ivt) =A <SC,t, ) 7“87Du6) .
g £

It is to be noted that the just defined functions make sense as trace functions; see e.g. [26, 34]
for the justification. By a strong probabilistic solution of (1.1) we mean an Ft-adapted stochastic
process u. such that:

u. € LP(Q, F,P; LP(0,T;V)) N L*(Q, F,P;C(0,T; H)),
and for all ¢ € V and for almost every (w,t) € © x [0,T] the following holds true

aqm@+Am%m$»mumiww:a&@—émaw&»@@

#3 [ HE o). D

where Mg (-, u:(s)) = M®(-,us(s))ex. Under the above conditions, it is easily seen that if u. and
v, are two solutions to (1.1) on the same stochastic system (Q, F,P), Ft, W with the same initial
condition u, then u.(t) = v.(t) in H almost surely for any ¢. Thanks to this fact together with
the Yamada-Watanabe’s Theorem (see [24]) and the existence result of martingale solutions in [2],
we see that (1.1) has a unique strong probabilistic solution.

4.2. The a priori estimates. Throughout C will denote a generic constant independent of e.
We have the following result whose proof can be obtained in a standard way.

Lemma 1. The solution u. of (1.1) satisfies the following inequalities

E sup |uc(t)]" <C, (4.1)
0<t<T

T
E /0 \Duc(t)P dt < C. (4.2)
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The following result is very crucial for the proof of the tightness property of u..

Lemma 2. There ezists a constant C' > 0 such that
T
E sup / lus(t 4+ 0) — u:(t)|y, dt < v,
16]<s Jo
for any e, and § € (0,1). Here we assume that uc(t) has zero extension outside the interval [0,T].

Proof. Let us assume 6 > 0 (as we will see in what follows the same argument will apply for 6 < 0).
We will denote by p' the Holder conjugate of p (i.e., ; + ; = 1). It is clear that

’ ’

, t+6 p t+6 p
lus(t +0) —u:(t)[5 < C A% (- ue(s), Duc(s))ds| +C / as (-, us(s))ds
¢ v ¢ v
t v (4.3)
+C / Me(- us(s))dW
0 v
< I1(t,0) + Ix(t, 0) + I3(t, 0).
It is not difficult to show that
Lpto ,
L(t,0) < 0% / A (-, uu(s), Duc(s))|” ds.
t
Therefore
T o T 46
]Esup/ L(t,0)dt < Cé?E/ / | Du.|” ds.
0<s Jo 0o Ji
Thanks to (4.2) we have that
T /
E sup / L(t,0)dt < C6'7 . (4.4)
0<s Jo

Thanks to A4., we have that

’

p

t+0
Ig(t,ﬁ)g(](/t (1+|u5(3))ds> ,

which implies that

’

T T t+6 p
]Esup/ I(t,0)dt < / E ((5 —|—/ [us(s)] ds) dt.
0<5 J0 0 t

‘We invoke from this that

T T 46 2
Esup/ L(t,0)dt < C / E <5+/ |u5(s)|ds> dt
0<6 Jo 0 t

Thanks to (4.1) we deduce from this that

| "ﬁ\

T
]Esup/ Ir(t,0)dt < CoP . (4.5)
0<5 Jo
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Next, by using Burkhélder-Davis-Gundy’s inequality we see that

»’
2

T T t+6
E sup/ Ig(t,ﬁ)dth/ IE(/ |M€(-,u€(s))2ds> dt
0<6<6Jo 0 t

<c /ﬁa(/fﬁM*f(',us(s))fds)gdt

By condition A7.,

[NES

T
E sup / I3(t,0)dt < C
0<0<sJo

T
S +E sup |uc(s)*dt| |
0 s€[0,7)

which clearly implies that

T ,
Ewp/]ﬁﬂﬁﬁ%% (4.6)
0<6<5Jo

Combining (4.4), (4.5) and (4.6) we infer from (4.3) that
T !’
E sup / luc(t +8) —uc ()P dt < C87,
0<0<s.Jo

since % < 1. A same inequality holds for 8 < 0. This ends the proof of the lemma. I

4.3. Tightness property. To prove the tightness of the law of (ue, W) we will mainly follow the
idea in [2] and in [10]. Let us consider the mappings:

Y] iw € Qi u(w) € LP(0,T; H)
5w e Q— W(w) € C(0,T;Up).

We denote by &1 = LP(0,T,H) ( resp., Gy = C(0,T;Up)) and B(S1) (resp., B(S3)) its Borel
o-algebra. The mappings

I (A) = Poyi(A) = P((¢])"(4)), A€ B(6&y),

I5(A) = Poy5(A) = P((v5) "' (4)), A€ B(6y),
and

I = II¢ x IT§

define families of probability measures on (&1,B(61)), (62, B(62)) and (6 = &1 x Gy, B(6; X
S,)), respectively.

Lemma 3. Let p,,, vy be sequences of positive numbers such that p,,, v, — 0 as n — co. The set
T T /
71, ;/ ID=|Pdt < L, |20 <K ace. t, sup / 2t +8) = 2(O)F < vaM
0 [0|<p,, JO
is a compact subset of LP(0,T; H).
Proof. The proof is the same as in [2, Proposition 3.1]. I
The following result is of great importance for the rest of the work.

Lemma 4. The family 1I¢ is tight on G.
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Proof. Let 6 > 0 and let Lg, K5, M5 positive constants depending only on ¢ to be fixed later. It
follows from Lemma 3 that

T T
Zs =1 ;/ D[P dt < Ly, |+(t)]® < K5 ae. £, sup / 2(t 4+ 0) — (D)7 < v M;
0 [0]<p,, JO
is a compact subset of LP(0,T; H) for any 6 > 0. Here we choose the sequence p,,,v, so that
S L (u,) 7 < co. We have that

Un

T
P(uc ¢ Z5) <P (/0 |Duc(s)[” ds > L5> +P ( sup |ue(s)|* > Kg)

s€[0,T]
T ’
+P sup/ luc(t +0) — u.(t)|” dt > v, Ms | .
10]<p, 70

Thanks to Tchebychev’s inequality we have

1 T 1
Pluc ¢ Z5) < 7B | IDuo)ds+ B sup Juc(o)P
Ls Jo Ks  sefo,1)

1 r o
+ZVnM5E sup/0 |ue(t+6) — u(t)|” dt.

[0]<p,

From Lemmata 1 and 2 it follows that
C C C 1 %

Plu. ¢ Z5) < — 4+ — + — 3 —(u,)7.
(e ¢ 25) < -+ 30+ 57 20 5 (im)

By Choosing

6C 6C (E o (un)%)
K5=L5:TandM5= 5 5

we have that 5
P(ue ¢ Zs) < 3 (4.7)

The sequence of probability measure I1§ = Po 5 (A) = P(W € A) for any A € B(S,) is constantly
consisting of one element so it is weakly compact. As C(0,T;Up) is a Polish space we have that a
sequence of probability measures which is weakly compact is tight. Therefore for any 6 > 0 there
exists a compact K5 C &5 such that P(W € K;5) > 1 — 5. It follows from this and (4.7) that

P((ue, W) € Zs x Ks) > 1—6.
So we have found that for any § > 0 there is a compact Zs x K5 C & such that
II°(Zs x K5) > 1 — 0.
This prove that the family II¢ is tight on & = LP(0,T; H) x C(0,T;Up). I
It follows from Lemma 4 and Prokhorov’s theorem that there exists a subsequence II¢7 of
IT® converging weakly (in the sense of measure) to a probability measure II. It emerges from

Skorokhod’s theorem that we can find a new probability space (9, F,P) and random variables
(ue;, W), (ug, W) defined on this new probability space and taking values in & such that:

The probability law of (W<, u,,) is 11, (4.8)
The probability law of (W, ug) is I, (4.9)
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We — W in C(0,T;Up) P-a.s., (4.10)

e, — ug in LP(0,T; H) P-a.s.. (4.11)

We can see that {W*/} is a sequence of cylindrical Brownian Motions evolving on . We let Ft

be the o-algebra generated by (W (s),uo(s)),0 < s < ¢ and the null sets of F. We can show by

arguing as in [2] that W is an Ft-adapted cylindrical Wiener process evolving in . By the same

argument as in [3] we can show that for all ¢ € V and for almost every (w,t) € Q x [0,7] the
following holds true

t

(e, (1), &) + /0 0 (-, e, (3), Due,) - Dorls = (u, &) — /O ag! (e, (5))ods
+Z / e, (5)), 0)AW .

(4.12)

5. PRELIMINARY RESULTS

In this section we collect some useful results that will be necessary in the homogenization
process. The notation is that of the preceding sections. Before we can go further, let us however
observe that property (3.1) (in Definition 2) still holds true for f in B(Q;C(Qr; B% ™)) where
B = By N LR and p' = p/(p - 1).

With this in mind, the following assumption will be fundamental in the rest of the paper:

ai(xa tv yty >‘) € Bi and aO(‘T,tv Yy N), Mk(v ) p’) € B,24

= 5.1
for any (x,t) € Qp and each (u,\) € RN*1 1 <i< N, k>1 (5.1)

where p’ = p/(p—1) with 2 < p < 0.
Arguing exactly as in [26, Proposition 4.5] we have the following result.
Proposition 1. Let 1 <i < N. Assume (5.1) holds true. Then for every (¢q, ¥) € (A)N*+1 and

every (z,t) € Qp, the functions (y,7) = ai(x,t,y,7,vo(y, )7‘1’(11, 7)), (Y, 7) = Mi(y, 7,%0(y, 7))
and (y,7) — ao(z,t,y, 7,1 (y, 7)) denoted respectively by a;(x,t,-, -, 1, ), M (-, %) and ag(z, t,

lie respectively in Bf:, B? and B%.

Now, let (1, ¥) € B(Q;C(Qr; (A)N*1)). Assuming (5.1), it can be easily shown that the
function (x,t,y, 7,w) — a;(x, t,y, 7, Yo(x, t,y, 7,w), ¥(z,t,y,7,w)), denoted by a;(+, ¢y, ), lies in
B(9;C(Qr; B, ™)) (use also Proposition 1). We can then define its trace

(x,t,w) = a;i(z,t,x/e t/e, Yoz, t,x/e t/e,w), U(z, t,x/e, t/e,w)),

from Qr x  into R, as an element of L (Qr x ©), which we denote by a$(-, 1, ¥¢). Likewise we
can define the functions ag(-, ) and a§(-, ¥g), Mk(-, o) and Mg (-, ).
The next result allows us to rigorously set the homogenized problem.

Proposition 2. Let 2 < p < oo and let 1 < i < N. Assume (5.1) holds. For any (¢, V) €
B(:C(Qr; (A)N*T) we have

ai (-, 5, U%) = ai(-, g, ) in LP (Qr x Q)-weak S as £ — 0. (5.2)

Let a(,%0, ) = (ai(, %o, V))1<i<n. The mapping (o, V) = al-, ¥g, V) of B(Q;C(Qrs: (A)NH1))
into LP' (Qr x Q; BY )N extends by continuity to a unique mapping still denoted by a, of LP(Qr x

'a'aw0)7
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. / /
Q; (BR)NTL) into LP (Qr x 5 BR)N such that

(a(-,u,v) —a(-,u,w)) - (v—w) >eci|v—wf ae inQr xQx R?]JV x R,

—1 —1
i o,V o s < 8 (1 16l gy wanmny + IV lgn xanimsym )

||ai(~,u,v) 7ai(.’u’w)”LP/(QTXQ;BZ/) (5 3)
_92 .
<co |1+ lul+ V] + Wllaigrcamz) IV = Wlie@rxaiss)™)

|ai(x7tvy77—7uvw) - ai(‘r/vt/a vavv7W)| <
< mlfo — ')+ [t — ¢+ fu — o) (L+ 1P+ ol + o)
a.e. in Qp x A x RY xR,

for all u,v € LP(Qr x Q; BY), v,w € LP(Qr x Q; (BY)N) and all (z,t),(2',') € Qr, where the
constant ¢ depends only on ca and on Qr.

Proof. As discussed above before the statement of the proposition, we know that the function
a;(+, o, ¥) lies in B(Q;C(Qr; B ™). Since Property (3.1) (in Definition 2) still holds for f €
B(9;C(Qr; BY, ™)) the convergence result (5.2) follows at once. Besides, it is immediate from the

definition of the function a;(-, vy, ¥) (for (g, ¥) € B(;C(Qr; (A)N+1))) and from some obvious
arguments that the remainder of the proposition follows from [34, Proposition 3.1]. 1I

It emerges from the preceding proposition, the following important corollary.

Corollary 1. (1) Let (uc)eer be a sequence in L*(Qr x Q) such that u. — ug in L*(Qr x Q) as
E>e—0, whereug € LP(Qr x Q). Let U € B(;C(Qp; (A)N)), and finally let 1 < i < N. Then,
as E>e— 0,

ai (-, ue, ) — a; (-, up, ) in Lp/(QT x Q)-weak X.
(2) Let g € B(Q) @ C°(Qr) and ¥, € B(Q) ® Ci°(Qr) @ A®. Fore >0, let
QE = ’(/)O + 61#? (54)

ie., Po(z,t,w) = Py(z,t,w)+eh; (x,t,x/e,t/e,w) for (x,t,w) € Qr X Q. Let (u:)eecr be a sequence
in L?(Qr x Q) such that ue — ug in L*(Qr x Q) as E 3 ¢ — 0 where ug € L*(Qr x Q). Then, as
E >¢e— 0, one has

(i) a5 (-, ue, D®.) — a; (-, ug, Dby + Dythy) in LP (Qr x Q)-weak 3.

Moreover, if (ve)eck s a sequence in LP(Qr X Q) such that ve — vg in LP(Qr x Q)-weak ¥ as
E > e — 0 where vg € LP(Qr x Q;BY), then, as E> e — 0,

(i) / as (-, ue, DO, v dadtdP — / / i (-, ug, Dby + 0, )TodadtdPdp.
QT XQ QT XQAXA(A)

Proof. We just sketch the proof since it is very similar to the one of [26, Corollaries 4.7-4.8]. For
part (1), let f € LP(Qr x Q; A), and let (¢;); be a sequence in B(Q) ® C5°(Q7) such that 1, — ug
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in LP(Qr x Q) as j — co. We have

fQTXQ af(-,”e, \IIE)‘]"Edq;dtd}}D - foTXQXA(A) az(mo,\/f’)fdacdtdpdﬂ
= fQTXQ [af(" Ue, qj&) - a?(',U/(L \I/E)] fed[)jdtdp
+ Jopxa (050, U9) — ag (-, U9)] f°dwdtdP

+ fopwa @ (ot UE) fodadt — [fo o na) @i(- o, ¥) fdzdtdPdp
== Ag + Bg’j + Ce,j

where

A = fQTXQ (a5 (-, ue, UF) — af (-, ug, ¥°)] fedxdtdP,

B.; = fQTxQ [ (-, uo, UF) — a5 (-, ¢, ¥°)] fodudtdP,

Ceij = Jorwa @ (ot UE) fodudt — [[o o Gi(-, uo, 0) fdwdtdPdp.
As far as A, is concerned, we have

Al [t ol (1 e+ ol () 1 dedia.
QT XQ

From the convergence result u. — ug in L?(Q7 x Q), we infer that m (Juc — ug|) — 0 a.e. in Q7 xQ
as F 3 € — 0, so that, by Egorov’s theorem, A, — 0 as £ 5 ¢ — 0. As for C; ;, we see that the

function (z,t,w) = a;(x,t,-,-,9;(z,t,w), ¥(z,t,-,-,w)) belongs to B(Q;C(@T;Bil’oo)), in such a
way that we use the convergence result (5.2) to get

Coj— // (ai(.,djj, T) — (-, uo, @)) FdwdtdPdB = C; as E > ¢ — 0.
QT XQXA(A)
But as

‘@‘ < // m (|¢; — uol) (1 N N T L ]@‘pl) ‘ﬂ dzdtdPdp,
QrxQxA(A)

arguing as before we get 6j — 0 as j — oo. We also have limgs._olim;_,c Be ; = 0, so that part
(1) follows from the equality

limpse o (S 05 (e, W) f2dadtdP = [fo o n a) @l w0, ©) FdudtdPd)
=limpsc 0 Ac +limps. 0 hmj—)oo Bs,j +limpsc o hmj—)oo Cs,j =0.

Part (2) is a mere consequence of part (1). Il

Another important result which will be needed is the

Lemma 5. Let (uc). be a sequence in L?(Qr x Q) such that ue — ug in L2(Qr x Q) as e — 0
where ug € L*(Qr x Q). Then for each positive integer k we have ,

Mg (- us) — My(-,ug) in L2(Qr x Q)-weak ¥ as e — 0.

Proof. First of all, let u € B(£;C(Q7)); then the function (z,t,y,7,w) — M (y, 7, u(x,t,w)) lies
in B(Q;C(Q; BX™)), so that we have Mg (-,u) — My(-,u) in L?(Qr x Q)-weak ¥ as ¢ — 0. Next,
since B(Q;C(Q7)) is dense in L2(Qr x Q), it can be easily shown that

M (- ug) — My (-, u0) in L*(Qr x Q)-weak ¥ as ¢ — 0. (5.5)
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Now, let f € L*(Q; L*(Q1; A)); then

/ ME (-, ug) fedadtdP — / / M(-, uo) fdadtdPdp

QrXQ QT XQUXA(A)

= / (M,‘:(-,us)—M,i(-,uo))fsdxdth—i—/ M; (-, uo) fEdxdtdP
QT X0

QT X0
- / / M (-, uo) fdzdtdPdp.
QT XQUXA(A)

Using the inequality
‘/Q XQ(M;:(W“E) - MZ("UO))fsdl“dth‘ < Cllue = ol 2(gpxa) 1l 2(@rxa)
T

in conjunction with (5.5) leads at once to the result. I
Remark 4. From the Lipschitz property of the function M} we may get more information on the

limit of the sequence M (-, u.). Indeed, since | Mg (-, us) — M (-, u0)] < C |ue — up|, we deduce the
following convergence result:

Mg (- ue) — My (ug) in L*(Qr x Q) ase — 0
where Mk(uo)(az,t,w) = fA(A) J/\i\k(s,so,uo(a:,t,w))dﬂ, so that we can derive the existence of a

subsequence of M (-, u.) that converges a.e. in Qr x 2 to M, (up). For the next sections we will
need the following function: M (ug) = (M (uo))k>1-
We end this section with some useful spaces. Let
Fo" = LP(Q x (0,T); W™ (Q)) x L(Qr x V)
and - -
oo = [B(Q) ® C°(Qr)] x [B(Q) ® C5°(Qr) @ €]
where V = B (R,; B;&’ﬁy) and € = o, (AX)®[o,(A;°/R)], and o, (resp. g,) denotes the canonical

mapping of BY (resp. Bﬁy) onto BY (resp. Bﬁy). F.? is a Banach space under the norm

||(“0»U1)HJF5*P = HUOHLP(QX(0,T);W01=P(Q)) F il @rxaw) -

Moreover, since B(f2) is dense in L?(Q), it is an easy matter to check that Fg° is dense in Fy”.

6. HOMOGENIZATION RESULTS

Let (ue;) be the sequence determined in Section 4 and satisfying Eq. (4.12). It therefore satisfies
the a priori estimates (4.1)-(4.2), so that, by the diagonal process, one can find a subsequence of
(ue,); not relabeled, which weakly converges in LP(€; L?(0,T; WyP(Q))) to ug determined by the
Skorokhod’s theorem and satisfying (4.11). Next, due to the estimate (4.1) (which yields the
uniform integrability of the sequence (u.,); with respect to w) and the Vitali’s theorem, we deduce
from (4.11) that, as j — oo,

ue; — up in L*(Qr x Q). (6.1)

Then, from Theorem 4, we infer the existence of a function u; € LP(€; LP(Qp; BY (Ry; B;giy)))

such that .
Ou, - Oug . Oouq
o0x; o0x; 0y

in LP(Qr x Q)-weak ¥ (1 <i < N) (6.2)
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hold when ¢; — 0.
With this in mind, the following global homogenization result holds.

Proposition 3. The couple (ug,u1) € Fé’p determined above solves the following variational prob-
lem

N fQTXQ uotpodrdtdP + foTXQXA(A) ao(-, uo)ffodxdtdﬁ’flﬂ
+ [forxaxaca) @ o, Dug + 0r) - (Dg + 04y )dedtdPdss (6.3)
= Jo o' (M(uo). ) dWdP for all (b, v1) € Fg-.

Proof. In what follows, we omit the index j from the sequence ;. So we will merely write € for ¢;.

With this in mind, let ® = (¢, 00¢;) € F§° with ¢y € B(Q) ® C5°(Q1), 1 € B(Q) @C(Qr) ®

[A%° @ (A;°/R)]. Define ®. as in (5.4) (see Corollary 1). Then, ®. € B(f2) ® C5°(Qr) and, using
®. as a test function in the variational formulation of (4.12) we get

_ _ oD, _
/( (ue(T), @ (T))dP = / (u®, ®.(0)) dP + / Ue s dxdtdP

2 QTXQ

_/ as(-,ustuE) D(bgdxdtdp
QrxQ

—/ ag (-, ue )@ drdtdP
Q

TXQ

or equivalently, taking into account the fact that ®.(0) = ®.(T") = 0,

D, _ _
—/ usa dxdtdP + / a® (-, ue, Due) - DO dxdtdP (6.4)
QT XQ 8t QT XQ

T
+/ ag(.,us)@sdl‘dt(ﬂ@ = / / (ME('3UE)7®5) dWEd]?).
QrxQ 0o JQ

We consider the terms in (6.4) respectively.
Firstly we have

/ Ue 0P dedtdP = / us%dxdtd]p + 5/ Ue (3%) dzdtdP
QrxQ ot QT xQ ot QrxQ ot

+ / Ug <8w1> dxdtdP.
QTXQ 87_

But in view of (4.11) we have that u. — ug in L?(Qr x ) (strong). Moreover, since (¢, /97)¢ —
M (d,/07) = 0 in L*(Qr x Q)-weak, we deduce from the preceding strong convergence result

that
b _ _
/ Uge 0%, dxdtdP — Ug %da?dtdp.
QT xQ ot Qr xQ ot

Next, from Corollary 1, it follows that a§(-,u.) — ao(-,up) in L2(Qr x Q)-weak ¥, so that

/ - ag(-, ue) O drdtdP — / / i Qo (-, ug)YydrdtdPdf.
Qr %2 QT xQOxA(A)
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As far as the term fOT Jo (M#(-,uc), @) dW=dP is concerned, thanks to Remark 4 we get at once

/Q/OT (M*(-,ue), ®.) dWEdP — /Q /OT (M(u@,%) AW dP.

The last term is more involved. Indeed, by the monotonicity argument, it emerges that

/ (@°(s e, Dus) — a(-,uz, D®.)) - (Dus — D®.)dadtdP > 0. (6.5)
QrxQ

Owing to the estimate (4.2) (denoting by E the mathematical expectation on (Q,F,P)) we infer
that

0,

T AE(. P’
i;llgE”a (7u€7DuE)||Lp’(QT)N <

so that, from Theorem 2, there exist a function y € v (Qr x BZ/ )N and a subsequence of € not
relabeled, such that a®(-,u., Du.) — x in Lp/(QT x Q) N-weak ¥ as ¢ — 0. We therefore pass to
the limit in (6.5) (as e — 0) using Corollary 1 to get

/ / (% — @(-, up, DB)) - (Du — D®)dzdtdPds > 0 (6.6)
Qr xQOxA(A)

for any ® € F§° where Du = Dug + 04y (u = (ug,u1)) and DO = Dy, + 8121. By a density and
continuity arguments (6.6) still holds for ® € Fé’p. Hence by taking ® = u+ Av for v = (v, v1) €
]Fé’p and X\ > 0 arbitrarily fixed, we get

A// (X — @(-, uo, Du + ADv)) - DvdzdtdPdS > 0 ¥v € FL?.
QrxQOxA(A)

Therefore by a mere routine, we deduce that x = a(+, ug, Dug +ﬁyu1). Putting all the above facts
together we are led to (6.3), and the proof is completed. I

The problem (6.3) is equivalent to the following system:
// a(-, up, Du) - O, dadtdPdfB = 0 for all ¥, € B(Q) @ C(Qr) ® € (6.7)
QrxxA(A)

and
- fQTXQ ugydzdtdP + foTXQ{A(A) a(-, uo,TD/uv) . DzbodxdzidPiiﬂ
+foTxQxA(A) ao (- uo)YgdadtdPdf = fQ fo (M (uo),vbo)dW dP (6.8)

for all ¢, € B(Q2) ® C§°(Qr).

As far as (6.7) is concerned, let (z,t) € Q7 and let (r,&) € R x RN be freely fixed. Let m(z,t,7,&)
be defined by the cell problem

(w,t,r,6) €V =B, (Ry3ByY ) :

Jaqay @G, r, &+ 07 (2, t,1,€)) - 0wdp = 0 for all w € V. (6.9)

Then from the properties of the function a, it follows by [18, Chap. 2] that Eq. (6.9) admits at
least a solution. Now if w1 = 71(z,¢,7,§) and e = wa(x,t,7,£) are two solutions of (6.9), then we
must have

/ @C,r,&+0m) —a(-,r,§ +0m2)) - (971 — 972) dB = 0,
A(A)
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and so, by assumption A2., 971 = 975, so that a’;? = 5”? (1 <i < N) since 9;,7; = Gy (8”)

0y dyi
for j = 1,2. Hence m; = 72 since they belong to V. Next, taking in particular r = ug(z,t,w) and
¢ = Dug(z,t,w) with (x,t,w) arbitrarily chosen in Q7 x 2, and then choosing in (6.7) the particular
test functions v, (7,t,w) = ¢(w)p(z,)w ((z,t,w) € Qr x Q) with ¢ € C(Qr), ¢ € B(Q) and
w € &, and finally comparing the resulting equation with (6.9) (note that £ is dense in V), the
uniqueness of the solution to (6.7) tells us that u; = 7 (-, ug, Dug), where the right-hand side of the
preceding equality stands for the function (x,t,w) + 7(x,t, uo(z,t,w), Dug(x,t,w)) from Qr x Q
into V.
We have just proved the

Proposition 4. The solution of the variational problem (6.7) is unique.

Let us now deal with the variational problem (6.8). For that, set
dlaitir€) = [ A+ R (tr )ds
A(A)

and
= Go(-,r)dB; M(r) = M(-,r)d
CIO($7ta7") /A(A) aO( ,’I") 67 (T) A(A) (7r) ﬁ

for (z,t) € Qr and (r,€) € R x RV arbitrarily fixed. Substituting u; = (-, ug, Dug) in (6.8)
and choosing there the particular test functions 9y(z,t,w) = p(z,t)d(w) for ¢ € C5°(Qr) and
¢ € B(Q2) we get by Itd’s formula, the macroscopic homogenized problem, viz.

dug = (div g(-, -, uo, Dug) — qo(-, -, uo)) dt + M (ug)dW in Qr
up =0o0n 9@ x (0,T) (6.10)
up(x,0) = u’(z) in Q.

In view of (6.3), (6.10) admits at least a solution. Moreover the following uniqueness result holds.

Proposition 5. Let ug and ugk be two solutions of (6.10) on the same probabilistic system

(Q,]:'7 P), W, Ft with the same initial condition u®. We have that ug = u# P-almost surely.

Proof. From the definition of ¢y and M , it is not difficult to see that they are Lipschitz continuous
with respect to the variable ug. It also follows from the definition of the operator ¢ that it satisfies
properties similar to A1.-A3.. Now the proof is quite standard but we give the detail for sake of
completeness. The functions ug and u# given in the proposition satisfy

dwy = (div q(z,t,ug, Dug) — div q(m,t,u#, Duo#)> dt — (qo(x,t, ug) — qo(x, t, uo#)) dt
+(M (uo) — M (ud))dW,

where wy = ug — u# . For sake of simplicity we will omit the dependence on the variables x,¢ in
the following computations. Thanks to It6’s formula we have

djwo[? = 2(div(q(uo, Dug) — q(ufl , Duff)), wo)dt — 2(qo(uo) — qo(ud ), wo)dt
M (o) = M(uf )7, dt + 2(M (ug) — M (uff), wo)dWV.
Due to the monotonicity of div(g(u, Du)), the Lipschitz continuity of ¢o(.) and M we have that
djwo|? + C|Dwo|? < Clwo|?dt + 2(M (ug) — M (ull), wo)dW .
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Note that we also used the Cauchy-Schwartz’ inequality to get the above estimate. Integrating
over [0,t] and taking the mathematical expectation to both sides of the latter equations yield

t
Bjuwo (1) < CI_E/ o (s) [2ds.
0
Now we can conclude the proof of the proposition by invoking the Gronwall’s lemma. i

Remark 5. The pathwise uniqueness result in Proposition 5 and Yamada-Watanabe’s Theorem
(see, for instance, [24]) implies the existence of a unique strong probabilistic solution of (6.10) on
a prescribed probabilistic system (Q, F,P), Ft, W.

We are now in a position to formulate the main homogenization result.

Theorem 5. Assume that A1.-A7. hold. Suppose moreover that (5.1) holds true. Let2 < p < oo.
For each & > 0 let u. be the unique solution of (1.1) on a given stochastic system (Q, F,P), Ft, W
defined as in Section 4. Then as € — 0, the whole sequence u. converges in probability to ugy
in L2(Qr) (i-e., |[ue — uo||r2(qqp) converges to zero in probability) where ug is the unique strong
probabilistic solution of (6.10).

The main ingredients for the proof of this theorem are the pathwise uniqueness for (6.10) and
the following criteria for convergence in probability whose proof can be found in [13].

Lemma 6. Let X be a Polish space. A sequence of a X-valued random wvariables {x,;n > 0}
converges in probability if and only if for every subsequence of joint probability laws, {Vn, m.;k >
0}, there exists a further subsequence which converges weakly to a probability measure v such that

v({(z,y) e X x Xjz=y}) =1

Let us set LP = LY (0,7, H), LP? = L?(0,T,H) x L?(0,T,H), &Y = C(0,T : Up), and finally
& =LP x LP x 8W. For any S € B(LP) we set II°(S) = P(u. € S) and II" = P(W € S) for any
S € B(6"). Next we define the joint probability laws :

5" =11 x I1¥
vof =TI x I1° x .
The following tightness property holds.

Lemma 7. The collection {v*= ;e,¢' € E} (and hence any subsequence {v°%i : €j,€; € B'}) is
tight on &.

Proof. The proof is very similar to Lemma 4. For any § > 0 we choose the sets Z5 and ICs exactly
as in the proof of Lemma 4 with appropriate modification on the constants Kg, Ls, Ms so that
I¢(Zs) > 1 —g and IV (KCs) > 1 — g for every € € E. Now let us take K5 = Zs X Zs x K5 which is
compact in &; it is not difficult to see that {v= (K5) > (1 — 8)2(1—2) >1—¢ for all &,¢’. This
completes the proof of the lemma. i

Proof of Theorem 5. To prove Theorem 5 we will mainly use the idea in [10]. Lemma 7 implies that
there exists a subsequence from {5} still denoted by {9} which converges to a probability
measure v. By Skorokhod’s theorem there exists a probability space (€2, F,P) on which a sequence
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Ue, , Ugr , W7) is defined and converges almost surely in L2 x 8" to a couple of random variables
J J

(up,vo, W). Furthermore, we have

. -
Law(ue;,uer, W7) = 1595,
J

Law(ug,vo, W) = v.
Now let Z}'* = (ue,, W7), Z;*' = (uer, W9), ZH = (uo, W) and Z% = (vg, W). We can infer from

the above argument that (HEJ"EQ') converges to a measure II such that

H() = P((UO,’U()) S )
As above we can show that Zj'= and Z; satisfy (4.12) and that Z" and Z" satisfy (6.10) on

the same stochastic system (Q,]? , I@),]—_'t,W, where Ft is the filtration generated by the couple

(ug,vo, W). Since we have the uniqueness result above, then we see that u® = v° almost surely
and ug = vg in LP(0,T; H). Therefore

II ({(x,y) e P2y = y}) =P (up =vg in LP(0,T; H)) = 1.

This fact together with Lemma 6 imply that the original sequence (u.) defined on the original
probability space (2, F,P), F*, W converges in probability to an element ug in the topology of
L?(0,T; H). By a passage to the limit’s argument as in the previous subsection it is not difficult to
show that ug is the unique solution of (6.10) (on the original probability system (Q, F,P), F*, W).
This ends the proof of Theorem 5. i

7. A CORRECTOR-TYPE RESULT

Our aim in this section is to prove some general corrector-type results.
Here and henceforth, we set, for a function v = (vg,v1) € Fé’p, Dyv = Dvg + Dyv; and
Dv = Dvg + 901 = G{¥ (D, v). The following result holds.

Theorem 6. Let the hypotheses be those of Theorem 5. There exists a continuous nondecreasing
function T : [0,00) — [0,00) with 7(0) = 0 such that for all ® = (¥4, 0(¢1)) with ¥, € LP(Q x
(0,T); WgP(Q)) and v, € LP(Q x (0,T); W *(Q)) ® [Ar ® (A} /R)], if we define . as in (5.4)
(see Corollary 1), then

limsup | Due — D[, oy <7 (D0 = Dy @Il g, v ) - (7.1)
E—r

Proof. The proof follows closely the one of its homologue in [26]. We repeat it here for reader’s
convenience. Let Fj be the vector space of all ® as in the statement of Theorem 6. Endowed
with an obvious topology, Fi has F§° as a dense subspace (this is straightforward). Thus, we first
establish (7.1) for ® in F3°. Owing to A2., for ® € F§°,

c1|[Dus — D700, wayn
< Jopxa(@ (e, Dug) — a*(-,ue, D®.) - D(u. — . )dwdtdP = B..

As shown in the proof of Proposition 3, we see that, as € — 0,

B. — // (a(-, up, Du) — a(-, ug, DP)) - D(u — P)dadtdPdf = B,
QrxQxA(A)
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where u = (ug,u1) is as in Proposition 3. It follows that

. B\~
limsup | Due — DPel| (g xopn < <01> -

But using Holder’s inequality together with the properties of the function a (see especially assump-
tion A6. in Section 4), we get

-2 2
B < co |1+ |uo| + |Dul + |Dq)|HIl7,P(QT><Q><A(A)) [D(u— q))HLP(QTxQxA(A))N )

and by the obvious inequality |D®| < |Du — D®| + |Dul,

p—2
B < co (111 + [uol + 2 1Duolll 1 g e ay + P = Dl g mipnaiany ) X
2
x ||D(u — ‘I’)“LP(QTXQXA(A))N :
Now, set o = |1+ [uo| + 2 [Duoll| »(@pxaxa(a)) and

o(r) = C—ir% (o + r)l_% for r > 0.

cf
Then the function 7 is independent of ® and satisfies hypotheses stated in Theorem 6 (this is
straightforward by observing that [[D(u—®)|[,,o, xaxaayy = ”Dyu_Dy@”LP(QTxQ;BQ)N)’
Whence (7.1) is shown for ® in F§°.
Now, let ® € F}. Let (¥;); be a sequence in F§° such that ¥; — @ in F|} as j — co. Set

v = (%003‘; 9(901]')) and ® = (¢, 0(¥1)),
and define V; . = ¢,; +e¢pi; and . = by + €77 as in (5.4). We have

timsup | Due = Dell r(@pxeyn < limsup [|Due = DWjell 1o grxayy +
limsup | DV;. = DPcl| 1,0, xayw

E—

=v <||ID)yu - D,V HLP(QTxQ;BZ>N) Flimsup [ DW.c = DPell oo -
e—

Now, since ¥; — @ in Fg, we get DU; — D® in LP(Qr x  x A(A))N as j — co. On the other
hand, it can be easily shown that lim HH(I) |D¥;. — D<I>sHLp(QTXQ)N = 0. Hence, taking the limit
—

Jj—ro0€

(as j — o0) of both sides of the last inequality above, we are led to (7.1). I

All the ingredients are now available to state the corrector result.

Corollary 2. Let the hypotheses be as in Theorem 6. Assume moreover that
ur € LP(Q x (0,7); Wy P (Q)) © [o(Ar ® (4, /R))].
Then, as € — 0,
ue —ug —eui — 0 in LP(Q x (0,T); HY(Q)).

Proof. 1t is clear that, on one hand, eu§ — 0 in LP(Qr x Q) as ¢ — 0; and on the other hand,

due to the tightness property, it can be shown that the convergence result (6.1) still holds with
L?(Qr x Q) replaced by LP(Q x (0,T); L?(Q)), so that we have u. —uo — 0 in LP(0,T; L?(Q)) a.s.,
and hence u. —ug — 0 in LP(Q x (0,T); L*(Q)). Thus u. —ug —eu§ — 0 in LP(Q x (0,T); L*(Q))
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as ¢ — 0. It remains to show that D(u. —ug —eu§) — 0 in LP(Q x (0,T); L?(Q))" as ¢ — 0. But,
if we set ®. = ug + eu§, then applying (7.1), we get

limS(Ile [Due = DO 1n(0pxyy =0

e—>
since v (||]D)yu - qu)||LP(QT><Q;Bi)N> =7(0) = 0, and so ;1_% |[Due — D®¢|[1n(gp )y = 0. Thus

D(u: — ug — cu§) — 0 in LP(Qr x Q)V, and the result follows from the continuous embedding
LP(Q x (0,T); L*(Q)) — LP(Qr x Q). We are therefore done. I

Remark 6. If we assume that u. — wo in LP(Qr X ), then the corrector result is finer and
expresses as follows:

ue —ug — eu§ — 0 in LP(Q x (0,T); WHP(Q)) as € — 0.
This results holds especially in the deterministic setting since we have in that case the strong

convergence result u. — wup in LP(Qr). In the stochastic framework, the above results fails in
general, and we can not have a better result than the one in Corollary 2.

8. SOME CONCRETE APPLICATIONS OF THE ABSTRACT HOMOGENIZATION RESULT

In this section we give some applications of the results of Section 6 to concrete situations that
occurred in some physical setting.

Example 1. The homogenization of (1.1) can be achieved under the periodicity assumption:
(5.1)1 The functions a;(z,t,-,-, pu,A), ao(x,t,-, -, u) and Mg(-,-, ) are both periodic of period 1
in each scalar coordinate, for any fixed (z,t) € Qp, (1, A\) € R x RN and 1 <i < N and
k> 1.
This leads to (5.1) with A = Cper(Y X Z) = Cper(Y) @ Cper(Z) (the product algebra, with
Y = (0,1)" and Z = (0,1)), and hence B, = L" (Y x Z) for 1 <r < cc.

per
Example 2. The above functions in (5.1); are both Besicovitch almost periodic in (y, 7). This
amounts to (5.1) with A = AP(R) ) = AP(R)) © AP(R,) (AP(RY') the Bohr almost periodic
functions on RY).

Example 3. The homogenization problem for (1.1) can be considered under the assumption
(5.1)2 a;(z,t,-,-, 1, A) is weakly almost periodic while the functions ag(z,t, -, -, 1) and Mg(-, -, i)
are almost periodic in the Besicovitch sense. This yields (5.1) with A = WAP(R)) ©®
WAP(R,) (WAP(R)'), the algebra of continuous weakly almost periodic functions on
R see e.g., [12]).

Example 4 (Homogenization in the Fourier-Stieltjes algebra). Let us first and foremost define
the Fourier-Stieltjes algebra on RY. The Fourier-Stieltjes algebra on R is defined as the closure
in BUC(RY) (the bounded uniformly continuous functions on R™) of the space

FS.(RY) = {f ‘RY =R, f(z) = / exp(iz - y)dv(y) for some v € M*(RN)}
RN

where M, (RY) denotes the space of complex valued measures v with finite total variation: |v| (RY) <
o0. We denote it by FS(RY).

Since by [12] any function in F'S,(RY) is a weakly almost periodic continuous function, we have
that FS(RY) C WAP(RY). It is a well known fact that F.S(RY) is an ergodic algebra which is
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translation invariant (this follows from the fact that F'S,(RY) is translation invariant), so that
all the hypotheses of Theorem 3 are satisfied with any algebra A = FS(RY)® A,, A, being any
algebra wmv on R..

This being so, we aim at solve homogenization problem for (1.1) under the assumption

(5'1)3 ai(xat,'v'vﬂaA) € BZT(RT;Bf?S(Rg]JV))v ao(x,t,~,~,u), Mk(','hu') € B?AT(RT;B%S(RZJ;\[)) for

any (1, A) € R x RY, and for all (x,t) € Qp, (1 <i < N)

where Bg s(RY') denotes the closure of the algebra FS(R)') with respect to the seminorm
[[|,;» and A is any arbitrary algebra wmv on R;. We are then led to (5.1) with A =
FSRM) o A,.

Remark 7. It should be stressed that the problems solved in Examples 3 and 4 are new in the
literature as far as the homogenization of SPDEs is concerned.
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