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Chapter 1

INTRODUCTION

1.1 Background

Survival data consist of a response variable that measures the duration of time until a
specified event occurs, and a set of covariates that can be either discrete or continuous. Some
observations are right-censored, that is, the time until the event occurs, is not observed due
to withdrawal or termination of the study. Thus survival data consist of a response variable
(duration of time), as well as an additional variable indicating which responses are observed

survival times and which are censored times and some covariates.

In this thesis, a structured framework for the analysis of policy survival times has been
developed. Such a framework must be embedded in the experimental design. The lifetime
of a policy is measured from the inception date up to the lapsing date or a cut-off point.
If the lapsing date is prior to a cut-off point of the study, determined in advance, then the
lifetime is observed (an uncensored observation). If a policy is still in force (alive) when the
cut-off point is reached, the lifetime of this policy is said to be right-censored. This thesis
focuses on grouped data for lifetimes. This scenario has become extremely important, not

only for application in the actuarial context, but also in other fields.

In this thesis, the analysis takes account of the actual lifetime (duration) of the policy
rather than just recording the fact that the policy lapsed or was still alive after (say) twelve
months. In other words, the response variable, lifetime, is a continuous one, and the whole

distribution of lifetimes can be used. This is in contrast to a categorical response where a
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loglinear logit model can be used to express the relationship among the categorical response
and some covariates at a fixed time point of twelve months, conditional on a restricted
experimental design where all the policies must have an exposure of at least twelve months
when investigating the lapses of policies in the first year. There is no such restrictions in
the more general experimental design used in this thesis where all the policies can be used

in the analysis, even those policies with inception dates very close to the cut-off point.

All the policies that are written during a certain month and are recorded at the end of that
month as that month’s business, can be considered as a group of policies with a common
starting point or entry time. In this way policies written in different months or time-periods

have different entry times. This is called staggered entry of policies.

The policy lifetimes (observed and censored lifetimes) are typically of a discrete nature and
principles of grouped data have to be taken into account when fitting lifetime distributions
to such survival data. Statistical analysing techniques for this kind of grouped data are

currently insufficient.

1.2 The Research Problem

The aim of the research is the statistical modelling of parametric survival distributions of
grouped survival data of long- and shortterm policies in the insurance industry, by means
of a method of maximum likelihood estimation subject to constraints. The statistical
methodology is developed from previous research on maximum likelihood estimation subject
to constraints (refer to [11, 30]) and special attention is given to the staggered entry of

policies and the fitting of parametric regression models.

Much literature exist on the fitting of survival distributions, mainly in connection with
non-parametric analyses or the semi-parametric proportional hazards regression model of
Cox [6, 23, 41]. Theoretical results for continuous data of lifetimes are well developed.
Corresponding results for grouped data of lifetimes or the so-called interval-censored data
are available only in special cases, and then again mainly in the non-parametric and semi-
parametric case (refer to [33, 15, 14]). Only in recent years interval censoring in parametric
model fitting were addressed by [27, 22, 14, 36]. This was made possible by modern

computing power and sophisticated statistical programming languages.
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The standard method of estimation to be used in the literature is to maximize the partial
likelihood (at Cox’s model) or the full likelihood (at parametric regression models). The
estimates of the parameters are then found by maximizing the likelihood function numeri-
cally. The methodology of maximum likelihood estimation subject to constraints, used in
this thesis, leads to explicit expressions for the estimates of the parameters, as well as
for approximated variances and covariances of the estimates, which gives exact maximum
likelihood estimates of the parameters. This makes direct extension to more complex designs

feasible.

Once the parameters of the survival distributions have been estimated, estimated hazard
and survivor functions, odds of a lapse, odds ratios and hazard ratios at time t can
be directly calculated, as well as estimated percentiles for the fitted survival distributions.
These estimates form the statistical foundation for scientific decisionmaking with respect to

actuarial design, maintenance and marketing of insurance policies.

The intrinsic value of the methodology described in this thesis is of fundamental importance
to the actuarial science. The statistical modelling offers parametric models for survival
distributions, in contrast with non-parametric models that are used commonly in the actuarial
profession. This leads to more accurate estimation procedures. When the parametric models
provide a good fit to data, they tend to give more precise estimates of the quantities of
interest such as odds ratios, hazard ratios or median lifetimes. Estimates of these quantities
will tend to have smaller standard errors than they would in the absence of distributional

assumptions.

Data from the insurance industry are extensive data sets with very large sample sizes. The
focus in this thesis will be on the estimation of lifetime distributions, based on a large sample
of lifetimes of policies that are grouped into intervals of lifetimes. The variance- covariance
matrix can be estimated as part of this maximum likelihood estimation procedure subject
to constraints, but no meaningful interpretation can be given to the exceedance probability
values that are associated with the very small standard errors of the parameter estimates due
to the large sample size. Therefore discrepancy values will be used to evaluate the fitting of

the lifetime distributions.
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1.3 Generalization of the Statistical Procedures

One important aspect of the research field of survival analysis is the wide range of types
of application. Although the methodology in this thesis is developed specifically for the
insurance industry, it may be applied in the normal context of research and scientific de-
cisionmaking, that includes for example survival distributions for the medical, biological,

engineering, econometric and sociological sciences.

1.4 Future Research

The potential for extending the methodology to other realistic practical application is un-
limited. This can be to the advance of the insurance industry in general. The models
should reflect an interactive adaptability for direct application in practice by salesforce (the

marketing people on ground level), as well as for actuarial planning.

1.5 Outlay of chapters

In chapter two, basic survival functions are defined and a description of the survival distribu-
tions that are used in this thesis, together with their properties, are given. The construction

of different likelihood functions is also discussed.

In chapter three, parametric models are fitted to a single sample of survival data. The
standard method of maximum likelihood estimation is reviewed. This is followed by the
methodology of maximum likelihood estimation subject to constraints, applied in two dif-
ferent scenarios: a fixed censoring time as well as staggered entry of policies. The chapter
is concluded with simulation studies to compare the estimates of the parameters obtained

by the standard and the proposed estimating procedures.

In chapter four parametric regression models are fitted and important indicators of the effect

of the covariates are defined such as risk scores (hazard ratios) and indices (odds ratios).

The developed theoretical results are applied in chapter five to a typical data set from an

insurance company.
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Chapter six concludes with a summary of the most important results in this thesis and

focuses on application of these results in practice, especially in the actuarial industry.

All computer programs that were written in the SAS/IML language to perform the new

methodology are given in appendix A.

The abstract appears at the end of the thesis, just after the references.



Chapter 2

SURVIVAL FUNCTIONS AND
DISTRIBUTIONS

2.1 Introduction

The aim of this chapter is to introduce notation and survival concepts and to summarize

properties of the survival distributions to be used in this thesis.

2.2 Notation

2.2.1 Right-censored continuous survival data

Let X be a nonnegative continuous random variable denoting the lifetime (or survival time)
of a policy. The lifetime of a policy is measured from inception date up to the lapsing
date. If the lapsing date is prior to a fixed termination date of the study, determined in
advance, then the lifetime is observed (an uncensored observation). If a policy is still in
force (alive) when the termination point is reached, the lifetime of this policy is said to be

right-censored.
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A fixed censoring time

Consider the simplest scenario where all policies enter the study at the same time. Let C
be the fixed termination date of the study, determined in advance. C is then the preassigned
fixed censoring time. Instead of observing X1, Xs, ..., X, only T1,T5, ..., T,, are observed
X; if X;<C
c if X;>C
The survival data, based on a sample of size n, can then be represented by pairs of random

where T; =

variables (7},8;) where T1,T5,...,T,, are independent identically distributed random vari-
ables, each with distribution function F' and density function f. §; is the survival status of
the ;% policy and indicates whether the lifetime for the j* policy corresponds to a lapse

(6; = 1) or is censored (§; = 0). This type of censoring is known as Type | right-censoring.

Staggered entry of policies

Staggered entry of policies occur when policies enter the study at different times.

Define C; as the potential censoring time for the j™ policy, associated with lifetime X;.
Ci1, Cs, ..., C,, are independent identically distributed random variables, each with distribution

function G and density function g.

Only pairs (T1,61), (T3, 62), ..., (Tn, 6») can be observed where
T; = min(X;,C;) for the % policy
1 if X;<C; ,thatis, X;is not censored

0; =
0 if X;>C; ,thatis, Xj is censored

Ty, Ty, ..., T, are independent identically distributed random variables with distribution func-
tion F if T; = X; and distribution function G if T; = Cj.

Random entries to the study are assumed. This type of censoring is known as random
right-censoring. Type | right-censoring is a special case of the random censoring model by
simply setting C;=C. With random censoring the crucial assumption that X; and C; are
independent, is made. This assumption means that censoring is not related to any factors
associated with the actual survival time. This is called non-informative censoring. A

graphical test to examine the assumption of non-informative censoring is given by [5, page
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274].

2.2.2 Discrete data

Sometimes the lifetime 7' is a discrete random variable. Discrete lifetimes arise due to
rounding off time measurements. Lifetimes of policies are usually measured on a discrete

time-scale (to the nearest month).

If the lifetimes of the policies are distinct and ¢; < t; < ... < t,, denotes the ordered lifetimes,
then R(¢t;) is the risk set at time ¢,, that is the set of policies that are still alive at a time

just priortot;, 1 =1,2,...,n.

To allow for possible ties in the data, suppose that the lapses occur at D distinct times

11 <ty <..<tp. Define

d; = number of lapses at time ¢;
g number of policies that are at risk at an instant just prior to time ¢;

number of policies that are still alive at time t; or lapse at time ¢;

= number of policies in the risk set R(t;)

2.2.3 Interval-censored data

Introduction

In the case where a large group of policies are followed from a common starting point
(the inception date) over certain periods of time, the data consist of only the number of
policies that lapse or are censored within various time-intervals. Interval censoring is used
to describe this situation where a policy’s lifetime is known only to lie between two values
(interval boundaries). Interval-censored data can involve left and right censoring, as being

outlayed in the scheme of [4, page 144-145].
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Notation

Assume that the lifetime for the j'* policy is bounded between two known values, denoted
b < T < ¢ and it is known whether the policy lapsed. The intervals do not necessarily
coincide and may be overlapping. Left- and right-censoring are special cases of interval-
censored data. Denote the left-censoring time by C; and the right-censoring time by C..
Observations that are left-censored have b; = 0, ¢; = C; and 6; = 1. Observations that are

right-censored have b; = C.., ¢; = oo and 4; = 0.

Grouped data

Grouped data arise due to the grouping of the continuous lifetimes of policies into k adjacent,

non-overlapping fixed intervals
Ij == [aj_l;aj) ]: 1,2,...,k
with ag = 0 and a;, = oc.

Thus grouped data consist of the numbers of observed and censored lifetimes falling into
each of the k intervals. In the case of the last interval I; = [ay; 00) the policies will lapse

some time in this open interval and all the lifetimes in this interval can be considered as

observed.
Define
d; = number of policies that lapsed in ;
Y] = number of policies entering interval J; that have not lapsed
W, = number of policies with censored lifetimes in I;
assuming that censored lifetimes are independent of the time those policies would have
had they been observed until the lapse
W
— ! J
)

= number of policies at risk of lapsing in I; (policies that are still alive at a;_1)

assuming that censored and observed lifetimes are uniformly distributed over the interva
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2.3 Basic Survival Functions

2.3.1 Introduction

Four functions characterize the distribution of 7', namely the survivor function, which is
the probability of a policy surviving beyond time ¢, the hazard rate function which is
the chance a policy, surviving up to time ¢, will lapse in the next instant, the probability
density (or mass) function which is the unconditional probability of a lapse at time ¢, and
the mean residual life at time ¢, which is the mean time to a lapse, given no lapse at ¢. If

any one of these four functions is known, the other three then can be uniquely determined.

2.3.2 Probability distribution and distribution function

For a continuous random variable 7" the probability density function of T is

Pt <T < t+dt) F(t+dt) — F(t)

==&  ~a%T  a 231
with cumulative distribution function
t
F(t)=P(T <t)= /O f(z) dz (2.3 .2)

f(t) is the unconditional probability of a lapse at time ¢ (probability per unit of time over a

small interval of time) and is called the unconditional lapse rate.

For a discrete random variable T' the probability mass function of T" at time ¢; is

(2.3 .3)

PT=t) i=1,2,..
0 elsewhere

The distribution of T' is characterized by either one of two equivalent functions, namely the

survivor function and the hazard rate function.
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2.3.3  Survivor function

The survivor function at time ¢ is the probability of a policy surviving beyond time ¢, also

called the survival rate at time ¢.

The survivor function for continuous 7" is defined as

S(t) = P(T > t) = /t“f(z) do=1—F(t) for ¢>0 (2.3 .4)

e The graph of S(t} versus t is called the survival curve

e S(t) is a continuous, strictly decreasing function with S(0) =1 and S(c0) =0

d

o [(t)=-5()

The survivor function for discrete T is defined as

S(t)=P(T>1t)=> p(t;) for t>0 (2.3 .5)

ti>t

e The graph of S(t) versus t is for discrete T' a nonincreasing step function with jumps

downward at tq, to, ...

2.3.4 Hazard rate function

The hazard rate function at time ¢ is the conditional probability of a lapse in the next
instant just beyond time ¢ given that the policy has survived up to time . This is also

called the instantaneous lapse rate assuming that the policy was alive up to time t.

For a continuous random variable T' the hazard rate function at time ¢ is defined as
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Pt<T<t+dt|T>t)

dt—0 dt
_ Pt <T <t+dt)N(T >1)]
= b P(T > t)dt
_ oy Pit<T <t+dt) 1
= dt CP(T > 1)
- 10 5

—_4g
= hlt) = égg - g‘t(t)(t) (2.3 .6)

For a discrete random variable T the hazard rate function at time ¢; is defined as

M) = P=g]T2y) - DESREE)
P(T = t;) _p(ty)
P(T > t;_1) -~ S(t-)
_ S-St o S)
a S(tj-1) a 5(t;-1)
= S =)
S(t:) S(t2) S()
Note that S(t) = m . m S S(tj_l)
_ S(t;)
= 8(t) = tgt o = tgu — h(t;)] (23.7)

The hazard rate is zero for a discrete random variable T except at points where a lapse

could occur.
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2.3.5 Cumulative hazard function

For continuous T the cumulative hazard function is defined as

Ht) :‘[Mmdx

iMﬂ=%H@:—EMﬁﬂ (2.3 .8)

For discrete T the cumulative hazard function is defined as

H(t) = > hlt;)

t; <t

2.3.6 Median lifetime, mean lifetime and mean residual lifetime

The survivor function is used to determine the median lifetime (median time to a lapse) and

other percentiles.

median tsy = time point at which  S(ts0)isequalto0.5 (2.3.9)
100 —
ppercentile = t, sothat S(t,) = 100 L (2.3 .10)

The mean lifetime is represented as the area under the survival curve.

u=E(T) = /0°° S(t) dt (2.3 .11)

The variance of T is related to the survivor function by

wmmzzAwwmdp{Amﬂﬂmr (2.3 .12)
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The mean residual lifetime (mean amount of lifetime remaining after a particular time t) is
defined as

/ (@ —t)f(z) do / S(z) dz

t t

mrl(e) = B(T — ¢ | T > 1) = o = ey (2.3 .13)

2.4 Survival Models

2.4.1 Introduction

In this section analytical forms of survival distributions that are often used in fitting survival
data are given. Properties of the Weibull survival model are discussed by [2, 25, 26], while

[22] describes the log-logistic survival model and [34, 26] the lognormal survival model.

2.4.2 Weibull distribution

Consider T' ~ Weib(\, @) A = scale parameter A >0

a = shape parameter a >0
density function ft) = dat* ' exp{-Mt} t>0 (2.4 .1)
1 -
expected value ET) = T(1+ E) AT (2.4 .2)
2 1 -2
variance  war(T) = [F(l + a) —T?(1+ E)] ‘A= (2.4 .3)
survivor function S(t) = exp(—At?) (2.4 .4)
hazard function h(t) = Aat*? (2.4 .5)
1
1 100 o
p™ percentile  t, = [X In (100 — p)] p=12,..99

Q=

=3 dian lifetime tsg = [l In (——100—)]
median fiet 0 = 100 — 50

_ [; 1n(2)] : (24 .7)



| Survival Functions and Distributions I 15
Note that
—InS(t) = AXt°
= In(—InS(t)) =InA+ alnt (2.4 .8)
2.4.3 The log-logistic distribution
Consider T' ~ log-logistic(\, @) A = scale parameter A >0
a = shape parameter a >0
density function f(&) rate ith t>0 (2.4 .9)
ensity functi = T/ Wi 4.
i (L M=)
weset
expected value E(T) = 2 if a>1 (2.4 .10)
QA
9 2m
variance  var(l) = Wcj;a —B(T?) if o>2(24.11)
XA«
surviver function  S(t) = (1+ M%)~ (2.4 .12)
hazard function  A(%) Aot (2.4 .13)
azard functi = — 4.
(L+At2)
- S(t
odds of a lapse at time t S(t)( ) = At° (2.4 .14)
1 a
p"  percentile  t, = [X 100p_p} (2.4 .15)
1\ 2
= median lifetime tso = (X) (2.4 .16)
Note that 5
1-5(t
ln( S(t)( )> =InA+ alnt (2.4 .17)
2.4.4 The lognormal distribution
Consider T ~ lognormal(u, o?).
. exp{-j(He)
density function ft) = — : with ¢>0 (2.4 .18)
to(2m)z
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expected value E(T) = exp(u+0.50%) (2.4 .19)

variance  var(T) = exp(2u+ o?) - [exp(c?) — 1] (2.4 .20)

survivor function Sit) = 1- @[M)———N] (2.4 .21)
g

with @& the standard normal distribution function

hazard function h(t) = f(t)/S(t)

p'" percentile  t, = exp(u+oz,) (2.4 .22)

withz, the p' percentile of the n(0;1) distribution.

2.4.5 Location-scale parameter survival models

Introduction

A univariate location-scale parameter distribution is described by [13] as a distribution with

a probability density function of the form

I y—p
flyimo) = ~-9(==) —oo<y<o (24 .23)
where
i = location parameter — oo < pu < o0
o = scale parameter o >0

= a fully specified probability density function defined on (—o0,00)

The survivor function corresponding to Equation 2.4 .23 is

o0

G[y—;’“‘- where G(z) = / g(z) dz (2.4 .24)

T

The extreme value, logistic and normal distributions are examples of location-scale parameter

distributions that are used in fitting survival models to survival data.

The extreme value distribution

Consider Y =~ EV(o, i) p = location parameter

o = scale parameter o >0
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density function fly) = % - exp {(%) — exp (%)} —00 <Y <00

(2.4 .25)

expected value EY) = pu—0.57720 Euler's constant = 0.5772 (2.4 .26)
2 2

variance  wvar(Y) = Wﬁa (2.4 .27)

The extreme value distribution with 4 =0 and o = 1 is termed the standard extreme value

distribution. A discussion of the exreme value distribution is given by [34].

The logistic distribution

Consider Y ~ logistic(u, o) = location parameter

o = scale parameter o >0

exp (__y - “)

1
density function fly) = —- — 5 —00<y< oo
" {rree (5]
(2.4 .28)
expected value EY) = pu (2.4 .29)
2.2
variance var(Y) = ﬂ-; (2.4 .30)

The logistic distribution is a symmetrical distribution whose probability density function is

very similar to that of the normal distribution.

The logistic distribution with g =0 and o = 1 is termed the standard logistic distribution.

The properties of the logistic distribution are discussed by [2].

The normal distribution

Consider Y ~ normal(u, o) i = location parameter

o = scale parameter o >0
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. . 1 1/y—p 2}
density function = - - exXpl —— ( > —00 <Yy <00
y f) )} p{ 575 Y
(2.4 .31)
expected value EY) = p (2.4 .32)
variance  wvar(Y) = o? (2.4 .33)

The normal distribution with . = 0 and o = 1 is termed the standard normal distribution.

2.5 Relationships between Survival Distributions

2.5.1 Introduction

In analyzing survival data it is often convenient to work with Y = In(T’), the logarithm of

the lifetimes.

2.5.2 Relationship between the Weibull and extreme value distribu-
tions

The extreme value distribution arises when lifetimes are taken to be Weibull distributed.

The following relationship between the Weibull and extreme value distributions exists:

T ~ Weib(}, ) «— Y=IT)~ EV (l,_il“) (2.5 .1)
«

This result can be proved in the following way. If T ~ Weib(\, ) with density function
fr(t) = dat*™ exp{-Xt*} ¢t>0

and survivor function
Sr(t) = exp { =t}

then, by using the transformation technique, Y = In(T") has density function

frly) = ﬁ(t)-lj—;
— Aa(e)* T exp{-A)} | &
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= dae® exp{—IAe®} —oco<y<oo (2.5 .2)
= exp{—Ae®}  (—=Ae™) - (—1). (2.5 .3)
: o d .
From Equation 2.5 .3 and the relationship fy(y) = —-d—ySy(y) follow that the survivor
function of Y is
Sy (y) = exp {—Ae®}. (2.5 .4)

Equation 2.5 .2 implies that

fr(y) = Aaexp{oay — e}
= exp{ln(\)}-a-exp{ay —exp {In())} exp {ay}}
= aexp{ay+In(A\) —exp{ay+in(A)}}

— aexp {a ly . _h;()‘)] — exp {a ly = _ZZ(A)] }} . (25.5)
—In())

l 1
Let p= ( and ¢ = — in Equation 2.5 5.
e o

ify(y)z—;—exp{gg—'u—exp{y_'u}}. (2.5 .6)

g

Equation 2.5 .6 is the density of the extreme value distribution with parameters o and

=Y ~ EV(o,p) = EV (é 42}”) . (2.5 .7)

This leads to the relationship between the Weibull distribution and the extreme value dis-

tribution:

1 —1
T ~ Weib(A, o) <= Y = In(T) ~ EV (—, nA) (2.5 .8)

(83 (67

2.5.3 Relationship between the log-logistic and logistic distributions

The log-logistic distribution is related to the logistic distribution by the relationship

1
T ~ log-logistic(A, o) = Y =In(T) ~ logistic(In A, —). (2.5 .9)
&
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2.5.4 Relationship between the lognormal and normal distributions

The lognormal distribution is related to the normal distribution by the relationship

T ~ lognormal(u, o?) = Y = In(T) ~ normal(u, o?). (2.5 .10)

In view of the similarity of the normal and logistic distributions, the lognormal model will

tend to be very similar to the loglogistic model.

2.5.5 A linear model representation in log-time

Consider the following log-linear model that describes the basic underlying distribution of

lifetimes:

Y=InT=p+ocW

where W is the error distribution, y is the location parameter and o is the scale parameter.
A variety of distributions for W can be assumed, for example the standard extreme value
distribution, the standard logistic distribution or the standard normal distribution.

e If this linear model format Y = InT = p + oW is used where W has the standard
extreme value distribution, that is W ~ EV/(1,0), with density

f(w) =exp{w —exp(w)} —o0o<w< oo

1 —InA
then Y = In(T) has an extreme value EV (E’ =

underlying Weibull()\, ) distribution with parameters

) distribution and T has an

— 1
A = exp {—?‘ﬁ} and a= = (2.5 .11)

e If this linear model format Y = InT = p + oW is used where W has the standard
logistic distribution with density

flu) = 2P0)

—_— - < <
Itexpw))? 0%

1 —In)
then Y = In(T) has a logistic (a, ) distribution and 7" has an underlying log-

a
logistic(\, ) distribution also with parameters

- 1
)\:exp{——'tf} and a=—. (2.5 .12)
o
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e If this linear model format Y = InT = p + oW is used where W has the standard

normal distribution with density

2
flw) = exp(wl) —o0o<w< 0o
(27)2
then Y = In(T) has a normal(u, o?) distribution and 7" has an underlying lognormal(y, o2)

distribution.

The first of the three results is now proven. The other two results follow in a similar way.

If the error distribution W ~ EV(1,0), with density

f(w) = exp{w — exp(w)} —oo<w <00
In(T) —

g

then, by using the transformation technique and the fact that W = , the density

function of T is

frt) = fww)-|—

_ exp{M—_ﬂ_exp{ln(t)_ﬂ}}_ll|
g o ot

o2

—Gﬂ) . exp (—t% .exp{%“})

= exp(%ﬂ) L £2=1 . exp (— exp{ } -t%) (2.5 .13)

o
Equation 2.5 .13 is the density of the Weibull distribution with parameters

— 1
)\zexp{T’u} and az;

Il
4~
M|
~~
|
-
Q|+
2
o
|
q|'
=

= T ~ Weibull(}, a)

In a similar way, if W ~ EV(1,0), with density

f(w) =exp{w—expw} —o0<w< o0

—p
g

then, by using the transformation technique and the fact that W = , the density

function of Y is

friy) = fw(w) | W

—00 < Y < 00 (2.5 .14)

1i199% 2627
‘"%391 b
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Equation 2.5 .14 is the density of the extreme value distribution with parameters o and
1

o «

— Y ~EV(o,p) = EV (l, —l"(A))

To summarize, if the general linear model format Y =1In7 = p + oW is used, where the
error distribution W is the standard extreme value EV/(1,0) distribution, then Y = In(T)

1 —In)
has an extreme value EV | —, - ) distribution and T has an underlying Weibull(\, @)
o

o
distribution with parameters

- 1
Azexp{—ﬁ} and a=—.
a

2.6 Construction of Likelihood Functions

2.6.1 Introduction

The standard method of fitting survival models, specified in section 2.4, to survival data
is the method of Maximum Likelihood Estimation (MLE). The first step is to create the
specific likelihood function to be maximized. Likelihoods for different scenarios are now

given.

2.6.2 Likelihood function for random right-censored continuous data

Assume the random right-censoring model where 13,75, ..., T;, are independent identically
distributed random variables, each with distribution function F' and density function f. §;
is the survival status of the j** policy and indicates whether the lifetime for the j* policy

corresponds to a lapse (6; = 1) or is censored (6; = 0).

Consider the pair (T}, ;) for the it* policy. The likelihood function is constructed by con-
sidering the contribution to the likelihood of the pairs (¢;,6; = 1) and (¢;,6; = 0) separately
(refer to [25]).

e The contribution to the likelihood of the pair (¢;,6; = 1) is the probability that the '
policy lapses at time t; = x;. This probability is
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= f(t)dti - [1 = G(t:)] (2.6 .2)

Equation 2.6 .1 follows from the fact that the observed survival times are independent

of the censoring times.

e The contribution to the likelihood of the pair (¢;,6; = 0) is the probability that the i*"
policy survives at least time t; = C;. This probability is

= g(t:)dt; - S(t:) (2.6 .3)

The complete likelihood for the i** policy under random censoring is

L(t, 6:) = {F(t)dt]L — Gt} - {g(t:)dt:S(t:)} 0 (2.6 .4)

Under the assumption of n independent censored and observed survival times, the full
likelihood function is obtained by multiplying the respective contributions of the n pairs
(t;,6;) ©=1,2,...,n in the data set. This likelihood function of the full sample is

n

L(tl,tg, ...,tn; 61,62, ceey (Sn) = H L(t,,&)

= Tl = Gl - s (e~
= f[l{[f(ti)dti]éi [S(ti)]l—&'} . {[1 _ G(ti)]éi [g(ti)dti]l_(si}

(2.6 .5)

Let 8 be the vector of parameters of the survival model. The survival model specifies the
distribution of T;, independent from the distribution of C;. Only the first term of the product
in Equation 2.6 .5 involves the unknown lifetime parameters 8, so that the last term of the

product, namely
61 —6i
(-G o(e)ae=*}
can be treated like constants when maximizing L(t1, %2, ..., tn; 61, 62, ..., 65). Thus the likeli-
hood function, up to a multiple constant, is

1(9) = H )% - St (2.6 6)

The log-likelihood function

n

In L(6) = i - In[f (t)] + (1 = 6) - In[S ()] (26 7)

1=1
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is maximized to obtain the maximum likelihood estimators of the unknown parameters 6.
The procedure to obtain the values of the MLE involves taking derivatives of inL(8) with
respect to 0, setting these equations equal to zero, and solving for 6.

2.6.3 Likelihood function for interval-censored data

Consider the lifetime of the j* policy that is bounded between two known values, that is
b; <Tj < ¢j. Itis also known whether this policy lapsed. Observations that are left-censored
have b; = 0, ¢; = C; and §; = 1, while observations that are right-censored have b; = Cy,
¢; = oo and §; =0, with C; and C; the left- and right-censoring times respectively.

In constructing a likelihood function for interval-censored data, the information each ob-
servation provides, needs to be considered as the contribution of that observation to the
likelihood (refer to [4]).

e An observation corresponding to an exact lifetime t; provides information on the
probability that the lapse occurs at this time t;, which is approximately equal to the
density function of T at this time. This probability is f(¢;).

e For a right-censored observation, it is known that the lifetime is larger than C; with
C, the right-censoring time. Thus the information provided is the survival function
evaluated at C,, that is S(C,).

e For a left-censored observation, it is known that the lapse has already occurred, so
that the contribution to the likelihood is the cumulative distribution function evaluated
at (), that is F(C)) =1 — S(C}) with C; the left-censoring time.

e For interval-censored data, it is known that the lapse occurred within the interval,
so that the information is the probability that the lifetime is in this interval. This
probability is S(b;) — S(c:).

The likelihood function may be constructed by putting together the above-mentioned com-

ponents.

L) o« [[f)- 11 SC)- TT I =S@)-]]IS(®:) = S(e)] (2.6 8)

i€D 1€RC i€ LC el
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D is the set of observed lifetimes (lapses)
RC is the set of right-censored observations
LC is the set of left-censored observations
I is the set of interval-censored observations

Consider the n pairs (¢;,6;) ¢ = 1,2,...,n in the data set. Some of the responses are
observed, while other responses are left, right or interval-censored. By making use of the
principles of construction of the likelihood for interval-censored data in Equation 2.6 .8 it

follows that

n

£(0) = TTIF )% - [0 - [1 = S - [S(Bi) — S(ta))*% (2.6 .9)

i=1

with b; the lower end of a censoring interval.

2.6.4 Likelihood function for right-censored grouped data

Consider the grouped data case as a special case of interval-censored data where the n
lifetimes of policies are grouped into k adjacent, non-overlapping fixed intervals

Ij = [aj_l;aj) ]: 1,2,...,]{5
with ag = 0 and a; = .
The likelihood function for right-censored grouped data is stated by [24].

For complete data with no censored lifetimes, the n observed lifetimes are grouped into k
intervals so that
n=dy + dy + ... + di, with d;=number of lapses in I;.

The unconditional probability of a lapse in I; is
Ty = S(aj_l) - S(a]’) ] = 1,2, ,k)

. Then (dy,ds, ..., di) has a multinomial probability function

n!
dilds!...dg!

. The likelihood function can thus be taken as

7r1d1 7r2d2 T

L(9) =n! 1_11 { [S(aj‘l)d

|
it

S(a]® } (2.6 .10)
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For incomplete data, where the n censored and observed lifetimes are grouped into &
intervals, it is further assumed that the W, censored lifetimes in I; occur at the midpoint
of the interval a} = a;_1 + $h; with hj = a; — a;_, the length of interval I;.

For interval I; = [a;_1;a;), conditional on surviving till a;_1,

e the probability of a lapse is
S(a;j-1) — S(a))

S(a;-1)

q; =

e the probability of surviving until a7 is

S(aj-1) — S(a3)

* J

B T S(a)

e the probability of surviving the full interval I; is

P = 1—g
_ 4 S1) ~5(a))
S(aj-1)
_ _S(ay)
S(a;-1)
The conditional likelihood for interval I; is
Li®) o (g [ (2.6 .11)

where Y} is the number of policies at risk of lapsing in I;, that is policies that are still alive
at aj—1.

The overall likelihood function is

L(®) =[] L;(6) (2.6 .12)

If class intervals are narrow, another possibility is to treat the data as continuous and assume
that all lifetimes in interval I; occur at the interval midpoint.



Chapter 3

PARAMETRIC MODEL FOR A
SINGLE SAMPLE FROM A
HOMOGENEOUS POPULATION

3.1 Introduction

Under a univariate model, a distribution is fitted to the lifetimes without using any covariates.

The model must describe the basic underlying distribution of lifetimes.

Let 7" be a non-negative continuous random variable representing lifetime from a homoge-

neous population. Y = 1In(T) is used to represent the log-lifetime.

The standard way of fitting parametric models to an observed set of survival data is to use
the method of maximum likelihood (refer to [5, page 319-322]).

A new method of fitting parametric models to an observed set of survival data will be
introduced in this chapter and is called maximum likelihood estimation subject to con-

straints.

27
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3.2 Standard Method of Maximum Likelihood Estimation

3.2.1 Introduction

In the univariate case, a log-linear model (a linear model in log-lifetime) could be fitted to
a survival data set. This model is of the form

Y=InT =p+oW

where W is the error distribution, p is the location parameter and o is the scale parameter.

The standard way of fitting such a model to an observed set of survival data is to use the
method of maximum likelihood.

3.2.2 Likelihood function for the linear model in log-time

The likelihood function for this linear model in log-time may be derived as follows.
Consider the n pairs (y;,6;) 4= 1,2,...,n in the data set with y; = In(t;).

The basic form of the likelihood function for random right-censored continuous data is,
from Equation 2.6 .6, equal to

D) = TG [Srw)
n (5 1—5~
_ S L P bl
_ 1;1 [ a] [SW( . )] (3.2.1)
The log-likelihood function for random right-censored continuous data is then
InL(p,0) = 36 - In [fw(yl_ ]+Z (1=6)-1n [sw(yla ")] (3.2 2)

with

the first sum over observed lifetimes (uncensored observations)
the second sum over right-censored observations.

The basic form of the likelihood function for interval-censored data follows from Equa-
tion 2.6 .9 as

me==ﬁm@Ww&wm@ﬂ—&mﬁw&w-&wm@
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I [t 2]

i—1 g

{1 - Sw(yi—;‘ﬁ)] "

b,

- [Sw(yi - “)]1_& :

1-0;
[t - sw )

3

(3.2 .3)

with b; the lower end of a censoring interval.

The log-likelihood function for interval-censored data is

InL(p,0) = Z&-ln[fW(yi— ]"‘Zl_ ' ln[Sw y’_ ]
Z((Si)-ln[l—s ]+Z 1-6 ln[Sw(b

Yi — K
S
) - swtb)
(3.2 4)
with
the first sum over observed lifetimes (uncensored observations)
the second sum over right-censored observations

the third sum over left-censored observations
the fourth sum over interval-censored observations.

3.2.3 Maximum likelihood estimators of the log-linear parameters

[5] shows how maximum likelihood estimators of the log-linear parameters 1 and o associated
with

e the extreme value distribution, the error distribution for the Weibull model
e the logistic distribution, the error distribution for the log-logistic model

e the normal distribution, the error distribution for the lognormal model

can be found numerically by the Newton-Raphson procedure (refer to [21]). When the
iterative procedure has converged, the variance-covariance matrix of the log-linear parameter
estimates can be approximated by the inverse of the information matrix, evaluated at the
parameter estimates. The square roots of the diagonal elements of this matrix are then the
standard errors of the estimated values of the log-linear parameters.

[4] shows how the LIFEREG procedure of the SAS statistical package computes these maxi-
mum likelihood estimators of the log-linear parameters p and o and explains how the SAS
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output must be interpreted. SAS allows for right-, left- and interval-censored data. The SAS
programs appear in Appendix A. The variance-covariance matrix of the log-linear parameters
u and o, obtained from the observed information matrix, are also available in the SAS
package.

The invariance property of the maximum likelihood estimator provides that the maximum
likelihood estimators of A and « at the Weibull and log-logistic are then given by

Q»

A —i 1
)\=exp{—éﬁ} and &= — (3.2 .5)

An application of this standard technique to a reallife insurance company data set is done
in chapter 5.

Applying the method of statistical differentials, also called delta method ([13, page 69-72]),
leads to formulaes for the standard errors of the estimates and the covariance between the
two estimates.

var(\) = exp <_?M> . {Umﬂ(#) +ﬂ2'ua7'(a) - 2@60"’{”’0)} (3.2 .6)
o)

G2 a4 o3
. var(4)
var(d) = =1 (3.2.7)
$ A — [ cov(ft,0) . var(o
cov(A\, &) = exp (%) . l ((}3 ) _ f &g )} (3.2 .8)

Once maximum likelihood estimates of the parameters p and o, or equivalently, A and «
are computed, estimates of the survivor function and the hazard function are available for
the distribution of T' (or Y = In(T')), that is the Weibull (or extreme value), log-logistic (or
logistic) and lognormal (or normal).

3.3 MLE subject to Constraints - A Fixed Censoring Time

3.3.1 Introduction

Proposition 1, which is proved in [11], provides a method of finding the ML estimate for the
mean vector of the exponential family, subject to certain constraints on the mean vector.
From the estimate of the mean vector the estimates of the parameters in the model are

computed.

Models can be easily formulated in terms of the implied constraints, which may be linear or

non-linear in p.
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Proposition 1

Consider a random vector y, with probability function belonging to the exponential family.
Let g(p) be a continuous vector valued function of u, for which the first order partial

derivatives exist.

Let G, = 99() be the derivative of g(p) with respect to p and G, = 89—“-)—
O ey
The ML estimate of i subject to the constraints g(u) = 0, is given by
.=y - (G.V,) (G V,.G,)"g(y) +olly — pl) (3:3.1)

This result implies that the MLE of 1 must be obtained iteratively.

The variance-covariance matrix V could be known, or it could be some function of u, say
V.. The iterative use of the estimation procedure thus depends on the form of G, and V..

The matrix GyV#GL in Equation 3.3 .1 should be non-singular, and therefore the inverse,
denoted by x, is any generalized inverse (refer to [31, page 123]).

An expression for the asymptotic variance-covariance matrix of the estimator fi, is given in

Proposition 2.

Proposition 2

The asymptotic variance-covariance matrix of fi, is given by
cov (fie) = Vi = (Gu V) (GuV,.G,) GV, (3.3 .2)

In [10] these propositions are applied to provide a method for fitting certain continuous prob-
ability distributions to an observed frequency distribution. The method requires that some
function of the cumulative distribution function must be written as a linear model. The
estimation algorithm described in [11] is applied to find the maximum likelihood estimates of
the parameters in this linear model. From these estimates, the estimates of the parameters
of the distribution can be found. This fitting method will be described in the notation of
the survival analysis problem under consideration, regarding the lapses of policies.

3.3.2 Notation for a fixed censoring time

Consider the simple experimental design, as described in [38], where all policies enter at the
same time with C the pre-assigned fixed censoring time. Instead of observing X, Xs, ..., X,
only Ty, T5, ..., T, are observed where
T X, if X;<C
’ c if X;>C.



I Parametric Model for a Single Sample from a Homogeneous Population l 32

The survival data, based on a sample of size n, can then be represented by pairs of random
variables (Tj,6;) where T1,T5, ..., T, are independent identically distributed random varia-
bles, each with distribution function F' and density function f. §; is the survival status of
the j® policy and indicates whether the lifetime for the j** policy corresponds to a lapse
(6; =1) or is censored (6; = 0).

A frequency distribution is formed when the observed values of the random variables 77,75, ..., T,
are grouped into k adjacent, non-overlapping fixed lifetime intervals [z;_1;2;) j=1,2,...,k
with g = 0, 24,1 = C and z; = oo, as shown in Table 3.1.

Table 3.1: Relative frequency distribution of survival data - fixed censoring time
Interval Lifetime Frequency | Relative Frequency | Probability | Vector of Upper
number Intervals Vector Vector Vector Class Boundaries

f D ™ x
first [0,21) fi P1 s! T

second [.’131, .’L‘Q) f2 D2 YD) T9

third (22, 23) f3 J2 LE T3
(k — 1) | [z5—2, Tp—1) Jr—1 Dk—1 Th—1 Tp-1

ki [xk—l, OO) fr Pk Tk
In Table 3.1, the last interval in the second column is an open interval containing all the
censored lifetimes. The z%s, j = 1,2,...,k — 1 represent the upper class boundaries and
f; denotes the observed frequency for the 4% lifetime interval with n the total number of
observations j=1,2,... k.
Define

x = (®,Z,...,2,-1) asthe (k—1)x1 vector of upper class boundaries,

f = (fi,fe,---, fx) asthe kx1 frequency vector and

p = Ji as the k x 1 relative frequency vector.

n

f is a discrete random vector with a multinomial(n, 7) distribution, where 7w = (71, g, ..., 7%)’

and 7; is the probability that an observed lifetime falls in the it" lifetime interval.
The relative frequency vector p is an observed probability vector from a multinomial popu-
lation with np = f being multinomial(n, ) distributed.

E(p) = = (3.3 .3)
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Cov(p) = V= % (diag(m) — 7] (3.3 4)

Note that p is the MLE of 7 in the case of no constraints.

The MLE of 7 should be determined in terms of constraints imposed by the survival distri-
bution to be fitted.

Note that f is a discrete random vector with a multinomial(n, 7) distribution and that the
multinomial distribution is a member of the exponential family. Therefore Equation 3.3 .1
of Proposition 1 in [11] can be reformulated in terms of the survival analysis problem under

consideration.

The MLE of 7 subject to the constraints g(7) = 0 is

F.=p— (G- V.) (G, V. G,)" g(p) (3.3 .5)
with 5 5
G, =29 4 g - 9g(m) (3.3 .6)
or o T=p

This result implies that the MLE of w must be obtained iteratively by means of double ite-
rations. The variance-covariance matrix V to be used is the estimated variance-covariance
matrix of the multinomial distribution as stated in Equation 3.3 .4.

A double iteration takes place over p and 7. For every value of 7 the iteration is performed

over p to obtain a new estimate for 7.

The observed relative frequency vector p = p, is used as an initial estimate for 7 and p.
In the first iteration over p, the p in Equation 3.3 .5 is replaced by this initial estimate,
while the V. in Equation 3.3 .5 is estimated by VPO = % [diag(py) — PoPy] and the G, in

Og(m . This results in a new estimate for 7.
T lw=p,
In the second iteration over p, only p in Equation 3.3 .5 is replaced to obtain the second

Equation 3.3 .5 is replaced by G,, =

- estimate for 7, while V. and G, are kept constant at /Vpo and G,,, since iteration at this
stage is over p. This is repeated until convergence is attained over p. The final estimate
for  at convergence during this first stage of iteration over p then becomes the second
estimate for 7 in G, and V. Once again iteration takes place over p, again starting with
the observed relative frequency vector p = p, as estimate for 7w and keeping V. and G,
constant at the estimated value at convergence. lteration over p gives the third estimate
for m in G, and V. and once again iteration takes place over p, again starting with the
initial p, vector as estimator for 7v and keeping V', and G, constant at the new estimated
value at convergence. This procedure continues and convergence will be attained when the
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final estimate for 7 in the iteration over p corresponds with the final estimate of 7 in the
iteration over 7. This value then will be the MLE for 7.

Define 7g as the cumulative sum vector of the 7;'s. Hence
!

Ty + o

Tg=8S XmT=

T+ Tyt T

where S is a (k — 1) x k matrix of the form

1 0 0 --- 0 O
1
1 0 0 O
S=|11 1 0 0 and  w=|
1 1 1 1 0 T
Let
I
)
xr =
Tr-1
then the cumulative distribution function
Flz)=Sxm=mg (3.3.7)
It follows that
z=F(rg) (3.3 .8)

specifies the constraints on the elements of g and hence on 7.

By using Equation 3.3 .2 of Proposition 2, the asymptotic variance-covariance matrix of 7,

is
cov (7)) =V~ (G, V) (G, VG,) G,V (3.3.9)

Next it will be shown how the estimation procedure may be utilized to fit continuous survival
distributions, such as the Weibull, log-logistic and lognormal to grouped survival data.
For the Weibull and log-logistic survival distributions some function of the survival function
S(z) = 1 - F(z) = 1 — wg may be written in terms of a linear model, from which
the parameters of the survival distribution may be estimated. For the lognormal survival
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distribution some function of the cumulative distribution function of the standard normal
distribution may be expressed in terms of a linear model, from which the parameters of the

lognormal distribution may be estimated.

The procedure to find the ML estimates of these three survival distributions can be easily
implemented using a matrix algebra package, for example the SAS/IML procedure of the
SAS System.

3.3.3 Fitting of a Weibull distribution to grouped survival data

From Equation 2.4 .8 follows that

In(-InS(¢)) =InA+alnt (3.3 .10)

where ¢t denotes the continuous survival time.

In the current notation for grouped survival data in terms of the vector of upper class

boundaries, Equation 3.3 .10 becomes

In(—InS(z))=InA-14+a-lnx (3.3 .11)
or from S(z) =1 — F(x)
In{-In(l1-F(z))}=mA-1+a-Inz (3.3 .12)
or from Equation 3.3 .7
In{-ln(l—mg)} = InA-1+a-nz (3.3.13)
1 Inz,
1 1
= InA\- +a- v
1 Inzr_1
1 Inx
B 1 Inz, In A
o .« .. e a
1 Inxzr,

= (1,lnz)- ( lr;)\ )

S n{-lh-me)} = X -(1“> (3.3 .14)

(07
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Equation 3.3 .14 is a linear model in the parameters In A and «. According to the general
result for a linear model y = X3 + € where E(y) = X3 is equivalent to C- E(y) =0
with C =1 — X(X'X)~1X"’, Equation 3.3 .14 is equivalent to

(I- Xy(Xy/X1) "' Xy) In(-ln[l—7s]) = 0

N

v

C ‘In(-In[l—mg]) = O
0

N /

g(m) =

C is the projection matrix orthogonal to the columns of the design matrix X;. Note that
CXl = O

The function g(7) = 0 satisfies the conditions of Proposition 1 and the estimation algorithm
in [11] can be used to estimate the parameters A and « of the Weibull distribution.

To summarize, the constraints imposed by the Weibull distribution are specified by

g(m)=C.In{-In(1 —75)} = C.In{~-In(1-S-m)} =0 (3.3 .15)
with
C=1-X,(X/X,)'X, and X;=(1,Inz) . (3.3 .16)

The derivative of g(7) with respect to 7 is given by

- o oo () oo () 9
— _C.- diag (ﬁ)-dmg(l_ﬂs)-s (3.3 .17)
_ _C.D,"'.-D,'-S (3.3 .18)

where D and D, are diagonal matrices with the elements of In(1 — 7g) and (1 — 7g),

respectively, on the main diagonal and

1 0 0 0 O
1 1 0 0 O
S = 1 1 1 0 0
1 1 1 1 0

From Equation 3.3 .5 follows that the MLE of 7, the vector of probabilities, is
7.=p— (G, V) (G,VG,) - C.In{—In(1 - S - p)} (3.3 .19)
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with p = i where f = (f1, fo,..., fx) is the frequency vector being multinomial(n, 7)
distributed.

The variance-covariance matrix 'V to be used is the estimated variance-covariance matrix

of the multinomial distribution, which follows from Equation 3.3 .4 as

V =~ [diag(p) — pp] (3.3 20)

Since Equation 3.3 .19 is still a function of the unknown parameter 7, the double iterative
procedure in [11] must be implemented. Once the iterative procedure in Equation 3.3 .19
has converged, the estimated parameters of the Weibull distribution can be solved from

«

The estimated lambda parameter of the Weibull distribution then is
X = exp(In \)

and the estimated alpha parameter a.

The SAS/IML program to fit a Weibull distribution to grouped survival data with a fixed
censoring time appears in Appendix A.

3.3.4 Fitting of a log-logistic distribution to grouped survival data

From Equation 2.4 .17 follows that

In (%) =InA+alnt (3.3 .22)

where t denotes the continuous survival time.

In the current notation for grouped survival data in terms of the vector of upper class

boundaries, Equation 3.3 .22 becomes
1-S5(z)\ F(x)
1“( S(x) ) - ln(l——F(a:)
- n(75)
- ].—-ﬂ's

= In(wg) —In(1—7g)
= InA-1+4+a-lnz (3.3 .23)
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1 In z,
1
= InA- tao.| DT
1 Inxi_q
1 Inz
B 1 Inzx, In A
- ... a
1 Inzp
= (1,lnz)- ( A )
«
g In A
N ln( ) —ln(ms)—In(l—7s) = Xi - (3.3 .24)
1-— Ts (67

Equation 3.3 .24 is a linear model in the parameters In A and a.

Similar to the case of the Weibull distribution, Equation 3.3 .24 is equivalent to

(X000 (7 75) = o

V=

C -ln( s > =0
].—71'5

~ /

g(m) =0

The function g(7) = 0 satisfies the conditions of Proposition 1 and the estimation algorithm
can be used to estimate the parameters A and « of the log-logistic distribution.

To summarize, the constraints imposed by the log-logistic distribution are specified by

_ Ts ) _ _S7 |_ ) —In(l—S - 7)] =
g(w)_c.ln{l_ﬂs}_c.1nl1_s_7r]_C.[ln(s 7)—In(l—S-m)] =0
(3.3 .25)
with
C=1-X,(X/X,)'X,and X;=(1,Inz) . (3.3 .26)

The derivative of g(7) with respect to 7 is given by

_ 0g(m)
Gr = or

- oo () - (k) 9]
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= C- [diag (;‘_—1;) + diag (1 _17‘_5)] -S (3.3 .27)
= C.[Ds7'+ Dy S (3.3 .28)

where D3 and D, are diagonal matrices with the elements of g and 1 — 7rg, respectively,

on the main diagonal and

1 0 0 O
1 1 0 0 O
S = 1 1 1 0 0
1 1 1 1 0

The MLE of 7, the vector of probabilities, is in this case

* S-p
~ _ o ] A .
f.=p— (G:V) (G, VG,) C'ln{—_—l—S-p} (3.3 .29)

with p = 7 where f = (f1, f2,---, fx) is the frequency vector being multinomial(n, )
distributed. The variance-covariance matrix V to be used is again the estimated variance-

covariance matrix of the multinomial distribution, namely

V = = [diag(p) - pp] (3.3 .30)

Since Equation 3.3 .29 is still a function of the unknown parameter 7r, the double iterative
procedure must be implemented. Once the iterative procedure in Equation 3.3 .29 has
converged, the estimated parameters of the log-logistic distribution can be solved from

In\ S .7,
( ‘; >=(X1/X1)—1X1f.1n{ﬁ}. (3.3 .31)

The estimated lambda parameter of the log-logistic distribution then is
X = exp(In \)

and the estimated alpha parameter &.

The SAS/IML program to fit a log-logistic distribution to grouped survival data with a fixed
censoring time appears in Appendix A.

3.3.5 Fitting of a lognormal distribution to grouped survival data

From Equation 2.5 .10 follows that

T ~ lognormal(p,0?) <= In(T) ~ normal(y, c?). (3.3 .32)



I Parametric Model for a Single Sample from a Homogeneous Populationl 40

where T' denotes the continuous survival time.

In the current notation for grouped survival data in terms of the vector of upper class

boundaries, Equation 3.3 .32 becomes

x ~ lognormal(y,0?) <= Inz ~ normal(u,o?)

Inz—p-1
%—— ~ normal(0,1). (3.3 .33)

From Equation 3.3 .8 and Equation 3.3 .33 follow that

Inz —p.l
——t= =7 (mg)
o

specifies the constraints on the elements of wg = 7.5 and hence on 7 where ®(-) is the
cumulative distribution function of the standard normal distribution.

= o (mg) = — ‘Inz (3.3 .34)

=& (ms) = X,- ( - ) (3.3 .35)

. . . . 1
Equation 3.3 .35 is a linear model in the parameters -—/é and 7.

Equation 3.3 .35 is equivalent to

(I - X1 (X/X1)7'Xy) @7 (ms) = 0O

C 'CI>_1(71'5) =0
g(m) =0

The function g(m) = 0 satisfies the conditions of Proposition 1 and the estimation algorithm
can be used to estimate the parameters . and o2 of the lognormal distribution.

To summarize, the constraints imposed by the lognormal distribution are specified by

g(w)=C.d  (ms) =C.&27 (S -m) =0 (3.3 .36)
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with
C=1I-X,(X/X,)'X,and X, =(1,lnz) . (3.3 .37)

The derivative of g() with respect to 7 is

_0g(m) _ 0 o qq
Gr=—F—==C- s ®'(S-m)8 (3.3 .38)

In order to find %@‘1(5 - ) consider the scalar case. Let

m=® (M) = ®(z) .

g
Then &~ Y(m;) = ln(a:ia) — P — 4, so that
87'('1‘(1) (WZ) N _8—7;: - 671','/62,; a ¢(Z,) ’

with ¢(-) the probability density function of the standard normal distribution.

Applying this result to the vector of derivatives, Equation 3.3 .38 becomes

1

)

Since G, depends on u and o in the iterative procedure, these parameters will be estimated

G,=C- S. (3.3 .39)

within the iterative stages and the final estimates will be obtained on convergence.

The SAS/IML program to fit a lognormal distribution to grouped survival data with a fixed
censoring time appears in Appendix A.

3.3.6 A measure to compare the fit of survival distributions

A simple measure of discrepancy for comparing the fit of the survival distributions, is the
statistic

Xy
D,» = W (3.3 .40)

X
n
where X%, is the Wald goodness of fit statistic (refer to [1]).

The Wald statistic in the survival analysis context is defined as

Xw =9(p) - (G, VG,)" - g(p).
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with V = %[dz’ag(p) — pp'] the estimated variance-covariance matrix of the multinomial

distribution.

When fitting a Weibull distribution

9(p) = C.In{-In(1-S-p)}

and

. 1 , 1
Gp = -—C' dzag (m) . dzag (1——Sp) . S

When fitting a log-logistic distribution

g(p)=C.[In(S - p) —In(1 - S - p)]

. 1 _ 1
G,=C- [dwg (S—p) + diag (m)} - S.

When fitting a lognormal distribution

and

g(p) = C.27Y(S - 7)
and

1
G,=C- S

)
P

with 1, and o, the estimated values of x and ¢ at the first iteration.

The number of degrees of freedom equals the number of independent constraints imposed
by the model. In general, a value of D,2 less than 0.05 may be regarded as a good fit.

The Pearson's x? statistic and the maximum likelihood x? statistic (refer to [38, page 16-18]
are asymptotically equivalent to the Wald statistic.

The calculation of the Wald statistic and the associated discrepancy is shown in the SAS/IML
programs in Appendix A.
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3.4 MLE subject to Constraints - Staggered Entry

3.4.1 Introduction

Consider the following experimental design as illustrated in Figure 3.1. Policies enter the
study at different times (staggered entry). The event to be occurred is a lapse. The lifetime
of a policy is measured from inception date up to the lapsing date. If the lapsing date is
prior to a fixed termination date (cutoff date) of the study, determined in advance, then the
lifetime is observed (an uncensored observation). If a policy is still in force (alive) when the
termination point is reached, the lifetime of this policy is right-censored. Random entries
to the study are assumed. This type of censoring is known as random right-censoring.
The censoring is noninformative in that the lapse and censoring times are independent.

3.4.2 Notation for staggered entry

C; is the potential censoring time for the 7t policy, associated with lifetime X;.
C1,Cy, ..., C,, are independent identically distributed random variables, each with distribution
function G and density function g. A further assumption that X; and C; are independent is

made.

The survival data, based on a sample of size n, can then be represented by pairs
(T1,61),(T5,62), ..., (T, 6,) where

T; = min(X;, C;) for the 5% policy
5 = 1 if X; <C; ,thatis, Xj is not censored
10 if X;>0C; ,thatis, X; is censored

T1,T5, ..., T, are independent identically distributed random variables with distribution func-
tion F if T; = X and distribution function G if T; = Cj.
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X Status = a lapse
v Observed lifetime

[ 1 1 !

I T I T
Entry 1 Entry 3

_Entry 2 V Entry 4

Entry dates Cutoffldate

T Status = in force
Censored lifetime

Figure 3.1: Experimental design for staggered entry of policies
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To set notation for the staggered entry case, assume for illustration purposes four different
entry times for the policies. The lifetimes of the n; policies that enter the study at the
first entry time (called the first sample of size n; ) can be grouped into k adjacent, non-

overlapping fixed intervals
Ij = [wj_l;a:j) j'——_- 1,2,...,]{/‘
with zop = 0 and zx = oo. The last interval is an open interval containing all the censored

lifetimes of the first sample.

The lifetimes of the ny policies that enter the study at the second entry time (called the
second sample of size ny ) can be grouped into (k — 1) adjacent, non-overlapping fixed

intervals
IJ =[{I,‘J_1;x]) ]:1,2,.,k_1

with g = 0 and z;_; = co. The last interval is an open interval containing all the censored

lifetimes of the second sample .

The lifetimes of the ng policies that enter the study at the third entry time (called the third
sample of size ng ) can be grouped into (k — 2) adjacent, non-overlapping fixed intervals

Ij = [.’L‘j~1;$j) j = 1,2, ceny k—2

with g = 0 and x;_5 = co. The last interval is an open interval containing all the censored

lifetimes of the third sample.

The lifetimes of the n4 policies that enter the study at the last entry time (called the fourth
sample of size ny ) can be grouped into (k — 3) adjacent, non-overlapping fixed intervals

Ij = [fL’j_l;.'L'j) j = ].,2, ,k‘ -3

with o = 0 and z;_3 = co. The last interval is an open interval containing all the censored

lifetimes of the fourth sample.

Four frequency distributions are formed when the observed and censored lifetimes of all the
policies are grouped into the different lifetime intervals. The total number of observations

in the data set is n = ny + ng + n3 + ng4.
The four vectors of upper class boundaries are defined as follows:

k — 1) x 1 vector (sample 1)

(k-1)

"is a (k —2) x 1 vector (sample 2)
(k — 3) x 1 vector (sample 3)
(k—4)

k —4) x 1 vector (sample 4)
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The four relative frequency vectors are observed probability vectors from four independent
multinomial populations. Let p,, py, p; and p, be the four relative frequency vectors.

P1 = (p11,P12,P13,--»P1k) IS an observed probability vector (sample 1)
Dy = (P21,P22,D2.3, --,P2k—1) IS an observed probability vector (sample 2)
P31,DP32,P33, - D3 k—2) is an observed probability vector (sample 3)

p3 = (
Dy = (Paj,Pa2,P43, -, Pak—3) is an observed probability vector (sample 4)

Each sample is from a multinomial population ¢=1,2,3,4 with
E(p;) = m;
Cov(p,) = V; = 1 [diag(m-) - im‘rré]
n; n;

where 7y = (711,712,713, ...,T) is @ k x 1 probability vector
Ty = (21,22, 23, ..., T2 k1)  is @ (kK — 1) x 1 probability vector
3 = (731,732,733, ..., T3 k—2) is a (k — 2) x 1 probability vector
4 = (T4, T2, 743, ..., Tak—3) isa (k— 3) x 1 probability vector

m; ; is the probability that an observation from sample 7 will fall in the j* interval, that is
the interval probability of the ji* interval from sample i i=1,2,3,4 j=1,2,... k.

=  p;, Py, P3 and p, are four observed probability vectors corresponding to
n;p;, being multinomial(n;; ;)

with n; the number of observations in the i** sample i =1,2,3,4 .
Table 3.2 gives the relative frequency distributions of the four samples.

The vectors ¢; 3 =1,2,3,4 of upper class boundaries for the i** sample (entry group)

are
z
x1
Z2 z1
) T
x3 T2
T3 T2
oo .’DB
T = Ty = T3 = and Ty = T3
Tk—4
Tp-3
Tr—-2

Tr—-1
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Define the combined vector of relative frequencies (combined observed probability vector)
as p’ = (p!,ph.ps,p}) and the combined probability vector as ' = (7}, 75, 75, 7)).

Note that p is the MLE of 7r in the case of no constraints. 7 is to be estimated under
certain constraints.

The MLE of 7 should be determined in terms of

e constraints imposed by the experimental design

e constraints imposed by the survival distribution to be fitted



Table 3.2: Relative frequency distributions of survival data - staggered entry
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Interval Lifetime Intervals Observed Probability Vector Probability Vector Vector of Upper Boundaries
number Entry 1 Entry 2 Entry 3 Entry 4 Dy Pa ‘ D3 l Dy T ‘ ™9 ‘ w3 Ty T 5 T3 T4
first [0,21) [0,21) [0,21) 0,z1) D11 | D21 | P31 I D41 T3 | 2,1 | 3,1 | 4,1 zy I z1 z] | z
second [$1, 332) [131 , 1‘2) [561, $2) [331, 932) P12 P22 D32 P42 71,2 72,2 73,2 74,2 Z2 1)) T2 Z2
third [z2,23) [x2,3) [z, 23) [z2,23) P13 P2,3 P33 P43 71,3 2,3 3,3 T4,3 T3 T3 T3 T3
Tk—4
(k=3)"  [zk_s,7k-3) | [@k-a,Th-3) [Th—a,Pk—3) | [Th-a,00) P1,k—3 DP2k-3 P3,k—3 P4,k-3 | T1,k—3 T2k—3 T3 k-3 T4k-3 Tk-3 Lk-3 Tk-3
(k—2)" | [xp—3, Tp-2) | [@k—3, Th—2) [rg_3,00) DP1k—2 | P2,k—2 | P3,k—2 T1,k—2 | T2,k—2 | T3,k—2 Tk—2 | Th—2
(k- 1)th [Th_2,2k_1) [€—2,00) Pilk—1 | P2,k~1 T1k—1 | T2,k—1 Th—1
Kt [Tg—1,00) D1,k 1,k
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3.4.3 Definition of Constraints

Constraints imposed by the survival distribution to be fitted

Constraints imposed by the Weibull distribution

A Weibull distribution with parameters A and « subject to the constraints g can be written

from Equation 3.3 .13 as

In(—In(l—-mg)) = InA-1+a-lhe

Constraints imposed by the log-logistic distribution

A log-logistic distribution with parameters A and a subject to the constraints g can be

written from Equation 3.3 .23 as

In(mg) —In(l—-mg) = InA-1+a-lnzx

Constraints imposed by the lognormal distribution

A lognormal distribution with parameters p and o? subject to the constraints 7, can be

written from Equation 3.3 .34 as

¢ lmg) = —§-1+é-lnw
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Constraints imposed by the experimental design

Consider Figure 3.2, illustrating the constraints imposed by the experimental design.
o M, = M= m3;= m; Jj=12,..,k—4

® M+ Mg—1+T1he—2+T1 k-3 = Tokp-1+T2k-2+ T2k-3

= M3k—2+ M3k-3

= T4,k-3
® Tik-2 = T2k-2
T1,k—3 = T2k-3
where m;; = probability of an observation from sample 7 will fall in the 4t interval

interval probability of " interval from sample ¢ :=1,2,3,4 j=1,2,..

These constraints can be written as

o 1l:-m;—1-m,;=0
1'7T1,j_1'7r3,j:0
1'7T1,j_1'7r4,j:0 ]:1’2”k_4

ol -myp+1-mp1+1-mpo+l-mp3—1-mp1—1-mMopo—1-mp 3=0
1 mp+1-mpq+1-mp o+l -mp3—1-m3p20—1-m3;,3=0
lL-mp+1-mpa+1-mpot+l-mp3—1-mp3=0

ol -mpo—1-mp =0

1-mp—3—1-mp3=0

50
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S
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Figure 3.2: Constraints imposed by the experimental design

Sample 1

Sample 2

Sample 3

Sample 4
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These constraints in matrix form are G- 7w = 0 with 7’ = (w7}, =}, 7)) where

™y = (711, T2, M 3,...,T1k) IS @ k X 1 probability vector

3

o = (ma1,M22,M23,...,Mak—1)" is @ (k — 1) x 1 probability vector

(
(

3= (731,732,733, ..., T3 k—2)" is @ (k —2) x 1 probability vector
(

3

T4 = (T4, Ta,2,Ta3, ..., Tak—3) is a (k—3) x 1 probability vector

and

I 0 0 O O —I 0 0 0 0 0 0 0 0
I 0 0 O 0 0 0 0 —I 0 0 0 0
I 0 0 0 O 0 0 0 0 0 0 0 I 0

=)

001 1 1 1 0 -1 -1 -1 o 0 O 0 0
001 1 11 0 0 0 O 0 -1 -1 o 0
001 1 1 1 00 0 0 O o 0 0 0 -1

00 01 00 o0 0 -1 0 o 0 0 0 0
001 0 00 0 -1 0 O 0 0 0 0 0

3.4.4 Method of maximum likelihood estimation subject to constraints:
staggered entry

The technique of maximum likelihood estimation subject to constraints is implemented in

the following way:

1. One survival model is fitted under constraints imposed by the Weibull /log-logistic/lognormal
distribution over the four entry groups.

2. Four survival models (Weibull /log-logistic/lognormal models), one for each entry time,
are fitted under constraints imposed by the Weibull/log-logistic/lognormal distribution
and under further constraints that

e )\;'s are equal and «;'s are equal when fitting a Weibull or log-logistic
or
e 1;'s are equal and o;'s are equal when fitting a lognormal

3. A joint histogram is fitted to the four histograms of the four relative frequency distri-
butions under constraints imposed by the experimental design.
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3.4.5 Fitting of one survival distribution to the four histograms
Fitting of one Weibull distribution to the four histograms

Recall that a Weibull distribution with parameters A and « under the constraints g can be

written as
In{—-In(l—-7mg)}=InA-1+a-lnz (3.4 .1)
or
1 Inxz,
1 In o
In{-In(1—-mg)} = Ini- +a-
1 In x5
1 Inzy
1 Inz,
B 1 Inz, In X
N 1 Inxzs o
1 Inzy
| S S ——
In A
= In{-In(l -=wg)} = X, : ( N ) (3.4 .2)
Q
where
A
T
i) T
To I
T3 4
T3 T2
.« e x3
T, = Ty = T3 = and Ty = T3
T4
Tp-3
Tp—2
Tr—1

Equation 3.4 .2 is a linear model in the parameters In A and a. This model is equivalent to

(I - Xy (X/X1)7'Xy') - In{~In(1 - 75)} = O

.

C ‘In{-In(1-mg)} = 0

J

g(m) = 0
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C is the projection matrix orthogonal to the columns of the design matrix X;. Note that
CX,;=0.

The function g(7r) = 0 satisfies the conditions of Proposition 1 and the estimation algorithm
can be used to estimate the A and a of the Weibull distribution.

To summarize, the constraints imposed by the Weibull distribution are specified by

gr)=C.In{—-In1—-7g)} =C.In{-In(1-S-m)} =0 (3.4 .3)

with
C = I = X]_(X]_,X]_)_lxll . (34 4)

The derivative of g{m) with respect to 7 is

_ Og(m)

Cr = om
_ _C diag[——— ) . ai ( ! ) s (3.4 .5)
B 1ed In(1 - mg) g 1-mg o
- —-C-D;7'-Dy!-8 (3.4 .6)

where

D; and D, are diagonal matrices with the elements of In(1 —7r5) and (1—ms), respectively,
on the main diagonal and 8 is a block-diagonal matrix created from four matrices §,, S5, S5
and S, associated with the four entry periods.

The estimated vector of probabilities is in this case
#.=p— (G, V) (G,VG,) -C.In{—-In(1 - S - p)} (3.4.7)

with p/ = (p'l,p'g.pé.pﬁl) where p, = (Pl,l,p1,2,p1,3, --.,Pl,k)' by = (P2,13p2,2,P2,3,---,PQ,k—l)'
D3 = (P3,1,p3,2,P3,3a ---,Ps,k—Q)' and p, = (P4,1,p4,2,]34,3, ---,P4,k—3)' are four relative frequency
vectors corresponding to n;p; being multinomial(n;;7;) @ =1,2,3,4 distributed.

The variance-covariance matrix V to be used is the estimated variance-covariance matrix
of the multinomial distribution for each entry period.

— V= block(vl, /‘72, /‘73, /‘74)

and |
"71' = —_— [dzag(pz) — pZP;] 1= 17 273’4
n;
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In the notation for staggered entry of policies, as described in Table 3.2 with four entry
periods and k, the number of class intervals, for illustration purposes equal to seven,

Py = (P1,1,P1,2,P1,3, P14, P15, P16, P1,7) 1S @ 7 x 1 relative frequency vector
P2.1,P2,2,P2.3, P24, D25, P2,6) is a 6 x 1 relative frequency vector

Py = (
Ps = (P31,P32,P3,3,P34,P35) is a b x 1 relative frequency vector
DPs = (Pa,1,Pa,2,Pa,3,P14) is a 4 x 1 relative frequency vector

7y = (m11, 71,2, 1,3, T1,4, 1,5, T1,6,T1,7) 15 @ 7 x 1 probability vector

(71'2,1, 72,2, 723,724, T2 5, 71’2,6)/ isabxl probability vector
(731, 32,733,734, 735)" is @ b x 1 probability vector

)
3
74 = (T41,Ta2,Ta3,Ta4) is a 4 x 1 probability vector.

S is a 18 x 22 block-diagonal matrix, that is

S= blOCk(Sl, Sg, S3, S4)

with
1000000
1100000
1110000

S. —

: 1111000
1111100
1111110
100000
110000

S:=] 111000
111100
111110
10000
11000

S; =
11100
11110
1000

Ss=|1100].
1110
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The matrix S is given below.

10 0 0 0 0 O 0 0 0 0O O O 0 0 0 0 O 0O 0 0 O
11 0 0 0 O O 0O 0 0 0O O O 0O 0 0 0 O 0O 0 0 O
11 1 0 0 0 O 0 0 0 0 0 O 0O 0 0 0 O 0O 0 0 O
11 1 1 0 0 O 0o 0 0 0O 0 O 0O 0 0 0 O 0O 0 0 O
11 1 1 1 0 O 0O 0 0 0 O O 0O 0 0 0 O 0 0 0 O
11 1 1 1 1 0 o 0 0 0 0 O 0 0 0 0 O 0 0 0 O
0O 0 0 0 0 0 O 1 0 0 0 0 O 0 0 0 0 O 0 0 0 O
0 0 0 0 0 O O 1 1. 0 0 0 O 0 0 0 0 O 0O 0 0 O
0O 0 0 0 0 0 O 11 1 0 0 O 0 0 0 0 O 0O 0 0 O
S = o 0 0 0o O O O 11 1 1 0 0 0 0 0 0 O 0O 0 0 O
0O 0 0 0 0 0 O 11 1 1 1 0 0O 0 0 0 O 0 0 0 O
0O 0 0 0 0 0 O 0O 0 0 0 O O 1 0 0 0 O 0 0 0 O
0O 0 0 0 0O 0 O 0 0 0 0 0 O 11 0 0 O 0O 0 0 O
0O 0 0 0 0 0 O 0O 0 0 0 0 O 11 1 0 O 0o 0 0 O
0O 0 0 0 0O o0 O 0O 0 0 0 O O 11 1 1 0 0O 0 0 O
0O 0 0 0 0O 0 O 0O 0 0 0 0 O 0 0 0 0 O 1 0 0 O
0O 0 0 0 0 0 O 0o 0 0 0 0 O 0O 0 0 0 O 1 1 0 O
0O 0 0 0 O O O 0O 0 0 0 0 O 0O 0 0 0 O 1 1 0

Notethatvl isa’7x7, /‘72 isa 6 x 06, Vg isabxband /V4 is a 4 x 4 matrix
so that V is a 22 X 22 matrix.

Since Equation 3.4 .7 is still a function of the unknown parameter 7, the double iterative
procedure must be implemented. Once the iterative procedure in Equation 3.4 .7 has
converged, the estimated parameters of the Weibull distribution can be solved from

In\

(67

= (XXX, In{-In(1 -8 - &)} (3.4 .8)

The estimated lambda parameter of the Weibull distribution then is

~

X = exp(In\)
and the estimated alpha parameter &.

The SAS/IML program to fit a Weibull model to grouped survival data with staggered entry
of policies appears in Appendix A.

Fitting of one log-logistic distribution to the four histograms

Recall that a log-logistic distribution with parameters A and « under the constraints g can

be written as
In(wg) —In(l—mg)=InA-1+a-lnz (3.4.9)
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or
s
1 = | —In(1-
n(l_ﬂ_s> n(mg) —In(1—mg)
1 Inx;
1 1
— In\- fao-| 172
1 In x5
1 Inxzy
1 Inz,
B 1 Inxzy In\
B 1 Inz; «a
1 Inzy
———————
In A
:>ln( T ) _ X, - ( " ) (3.4 .10)
1-— s «
where
T
x
Zo T
To I
I3 )
T3 Z2
e T3
T, = Ty = T3 = and Ty = T3
Tp—4
Tp—3
Tr—2
T

Equation 3.4 .10 is a linear model in the parameters In A and a. This model is equivalent

to

(N J

C is the projection matrix orthogonal to the columns of the design matrix X;. Note that
CX,=0.

The function g(7r) = 0 satisfies the conditions of Proposition 1 and the estimation algorithm
can be used to estimate the \'s and a's of the log-logistic distribution.
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To summarize, the constraints imposed by the log-logistic distribution are specified by

glm) = C.ln{ s }: C.In [—S-L} — C.[In(S-7)—In(1l—S-m)] =0

1—mg 1-S- -«
(3.4 .11)
with
C=1-X,(X/X)'X,/ . (3.4 .12)
The derivative of g(7) with respect to 7 is
_ Og(m)
Gr = on
, 1 . 1
= C. [dzag (ﬂ'_s) + diag (1 — 7"5)] -8 (3.4 .13)
= C-D;7'+D,'-8S (3.4 .14)

where

D3 and D, are diagonal matrices with the elements of 7rg and 1 — 7rg, respectively, on the
main diagonal. The matrix S is the same S matrix that was used when fitting a Weibull

model.

The estimated vector of probabilities in this case is

7. =p— (G, V) (G, VG,)" - C.ln{ﬁ} (3.4 .15)
1-S-p
with p' = (p).ph,ps.py) where p; = (P11,P1,2,P13, -, P1k) P2 = (P2,1,P2,2:P2,35 -y P2,k—1)"
D3 = (P3,1,D3,2,P3,3, -, D3,k—2) and Dy = (P4,1,P4,2,P4,3, .., Pak—3)" are four relative frequency
vectors corresponding to m;p; being multinomial(n;;7;) ¢ = 1,2,3,4 distributed. The
variance-covariance matrix V to be used is the estimated variance-covariance matrix of the
multinomial distribution for each entry period.

Since Equation 3.4 .15 is still a function of the unknown parameter 7, the double iterative
procedure must be implemented. Once the iterative procedure in Equation 3.4 .15 has
converged, the estimated parameters of the log-logistic distribution can be solved from

In A ’ —1~ ! S - 7.
( a )—(Xlxl) X1~ln{1_s.ﬁ_c}. (3.4 .16)

The estimated lambda parameter of the log-logistic distribution then is

X = exp(In \)
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and the estimated alpha parameter &.

The SAS/IML program to fit a log-logistic model to grouped survival data with staggered
entry of policies appears in Appendix A.

Fitting of one lognormal distribution to the four histograms

Recall that a lognormal distribution with parameters p and o2 under the constraints 7, can
be written as

1
1 In Ty
_ B 1 +_1_' In x4
o 1 o In 23
1 Inxzy
1 Inz,
- 1 In o —g
N 1 In 3 %
1 In Ty
N e’
_£
= & Y(mg) = X, : ( Iy ) (3.4 .18)
[
where
€
T
Zo ' T
T T
I3 2 T2 '
T3 T2
T, = Ty = Ty = T3 and Ty = I3
Tk—4
Tr—3
Tk—-2
Tr—1

1

Equation 3.4 .18 is a linear model in the parameters —{E} and =.

Equation 3.3 .35 is equivalent to

(I - X1(X)'X1)7'Xy') &7 (ws) = 0
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C is the projection matrix orthogonal to the columns of the design matrix X ;. Note that
CX, =0.

The function g(m) = 0 satisfies the conditions of Proposition 1 and the estimation algorithm
can be used to estimate the parameters p and o of the lognormal distribution.

To summarize, the constraints imposed by the lognormal distribution are specified by
g(m) = C.¢7}(ms) = C.27H(S-m) =0 (3.4 .19)
with

C=I-X,(X/X)'X, . (3.4 .20)

The derivative of g(m) with respect to 7 is

_09(m) _ ~. 0 g
G, = e C 6‘7rq) (S-m)-8S (3.4 .21)
that is equal to
1
G,=C- S . (3.4 .22)

son [s [22ET)]

The matrix S to be used is the same matrix as defined at the fitting of the Weibull or the
log-logistic model.

Since G, depends on p and o in the iterative procedure, these parameters will be estimated
within the iterative stages and the final estimates will be obtained on convergence.

The SAS/IML program to fit a lognormal model to grouped survival data with staggered
entry of policies appears in Appendix A.

3.4.6 Fitting of four survival distributions to the four histograms
Fitting of four Weibull distributions

Four Weibull distributions are to be fitted to the four histograms.
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Consider four Weibull distributions with parameters (A1, 1), (A2, @2), (A3, 3) and (Ay, )
respectively.

Maximum likelihood estimation of the parameters is done subject to constraints imposed
by the four Weibull distributions and further constraints that the A;'s are equal and «;'s are

equal.

The four Weibull models under constraints 7g1, g2, g3, Wsa, can be written from Equa-
tion 3.3 .14 as follows:

].Il)\l
851
In{—In(1—mg)} 1 nz; 0 0 0O O O O In Ay
lIl{—lIl(].—ﬂ'SQ)} . 0 0 1 ln:L'Q 0 0 0 0 (6]
In{-ln1-mgs)} | |0 0 0 0 1 lnzz 0 O || In)
In{—1In(1 —7mg4)} 0 0 O O O O 1 Inmzy o
1I1)\4
Oy
(3.4 .23)
where
T
I
T2 1
T2 z
X3 T3
I3 T2
PRI :1‘,'3
r] = o9 = o T3 = and LTy = T3
Tk—4
Tk-3
Tr—2
T—-1

Equation 3.4 .23 is a linear model in the parameters In A\;, o, In A9, e, In A3, 3, In A4 and

QY.

Maximum likelihood estimation of these parameters subject to further constraints that the
\;'s are equal and the o;'s are equal can be done similar to the fitting of one Weibull to the
four histograms, when the following changes are made.

From Equation 3.4 .23 follows that the design matrix for the fitting of four Weibull distri-
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butions is
1 nz 0 0 0 O 0 O
0 0 1 Inzy 0 O O O
X =
0O 0 o0 O 1 Inzz3 0 O
o 0 o o o0 o 1 Inxzy

The four Weibull models in Equation 3.4 .23 are equivalent to

In{—In(1 — mg1)}
o 1w | M{=Im(1-7s)} |
\(I—X1(X‘1'X1) Xl)' In{—In(1 —mgss3)} -0
In{—In(1 —7g4)}
In{—In(1 —mg)}
In{-In(1—-7ms)} |
& In{-In(1—ms)} | ’
\ In{-In(1 - 7ss)}
g(m) =0

C is the projection matrix orthogonal to the columns of the design matrix X ;. Note that
CX,=0.

The constraints that the )\;'s are equal and the «;'s are equal are specified by

h’l)\l
(&3]
111)\2
H| “ | =0 (3.4 .24)
111)\3
a3
111)\4

(67

where

I
—
O O O O O

O O O = = =
— = =0 O O
o O O O O
|

O =
o O O O

|

[y

(e}
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Equation 3.4 .24 is equivalent to

].11).1
Qi
Inn Ay In{-In(1 —7s1)}
In{—In(1 -
o = (XXX n{=In(l=ms)} (3.4 .25)
ll’l)\g ln{—ln(l 71'53)}
g ln{ ln(l 71’54)}
11'1)\4
&7}
that is
hl)\l
1441
In Az In{—In(1 —7g)}
1
H| | = HX/X)'X/ n{=In(l - ms2)}
In A3 . — . In{—In(1 — mgs3)}
Qg 111{ 111(1—71'34)}
111)\4
7]
or
In{—In(1—-7s)}
0 = D In{—In(1 —mg2)}
In{—In(1—7ms3)}
In{—In(1 —7mg4)}
(3.4 .26)

Equation 3.4 .26 specifies the further constraints of equal parameters for the four histograms.

In the notation for staggered entry of policies, as described in Table 3.2 with four entry
periods and k, the number of class intervals, equal to seven, matrix D is a 6 x 18 matrix.

A new matrix is formed that takes the further constraints into account. This matrix is
created by concatenating the six rows of D to the 18 rows of C. This new matrix is then

used instead of the matrix C in further calculations.

Fitting of four log-logistic distributions

Four log-logistic distributions are to be fitted to the four histograms.
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Consider four log-logistic distributions with parameters (A1, 1), (A2, @2), (A3, a3) and (A4, )

respectively.

Maximum likelihood estimation of the parameters is done subject to constraints imposed by

the four log-logistic distributions and further constraints that the \;'s are equal and ¢;'s are

equal.

The four log-logistic models under constraints g1, Tgo, Ts3, g4, can be written from

Equation 3.3 .24 as follows:

In{ms;} —In{1 —mgs}
In{mwsz} —In{1 — mwgy}
In{mgs} —In{1 — mg3}
In{mgs} —In{1l —mwg4}

where
Zy
T2
T3
r =
Tr—1

L9 =

T
)

T3

Tr—2

o O O =

Inx,
0
0
0

Ir3 =

0

1 ln:z:z

0
0

z
T2

x3

Tk—3

0

0
0

O = O O

In A\
aq
0O 0 O In A,
o 0 O Qo
Inzs 0 O | In);
0 1 Inzy Qs
In \4
QY
(3.4 .27)
T
)
and Ty = T3
Tk—4

Equation 3.4 .27 is a linear model in the parameters In Ay, a1, 1n A9, ag,In A3, a3, In A4 and

QY.

Maximum likelihood estimation of these parameters subject to further constraints that the

A:'s are equal and the o;'s are equal can be done similar to the fitting of one log-logistic to

the four histograms, when the following changes are made.

From Equation 3.4 .27 follows that the design matrix for the fitting of four log-logistic
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distributions is

1 nz; 0 0 O O O O

0 0 1 lnz, 0 0 O O
X] =

0O 0 0 O 1 Inzz O O

0O 0 O O O O 1 Inzy

The four log-logistic models in Equation 3.4 .27 are equivalent to

In{mwg1} —In{l —mg}
, 1 ! In{mwgy} —In{l — g
\(I—Xl(xixl) Xl)l- m}ﬂ;i_lnil_ﬂzj =0

In{mgs} —In{l — g4}
1n{7T51}—1n{1—7751}
ln{ﬂ'sg}—ln{l—ﬂgz}
11’1{71'53}—1I1{1—7l’53}
11’1{71'54}—11’1{1—71'54}

i g(m) =0

C is the projection matrix orthogonal to the columns of the design matrix X ;. Note that
CXl = 0

The constraints that the );'s are equal and the o;'s are equal are specified by

In )\
aq
In Ag
H| ® | =0 (3.4 .28)
In A3
Qs
In My

Qy

where

[
—
S O O o O

O O O ===
=== O O O
O O O O O
|
[y
o O O O
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Equation 3.4 .28 is equivalent to

In )\1
(631
ln)\z lIl{ﬂ'Sl}—ll’l{l —71'51}
1 —In{1 -
@ | (xyx )Xy | P il el (3.4 .29)
In \s In{mgs} —In{1 — mg3}
Qg ln{7r54}—ln{1—7r54}
In )\4
Oy
that is
11’1)\1
gy
In A, In{rsi} —In{l —7s}
| ® _ H(X X)X In{me} —In{1 — mwgo}
In s N .~ . In{mwgs} —In{1 — mgs}
as In{msy} — In{1 — mwg4}
lIl>\4
87]
or
In{ms;} —In{1l—mws}
0 D In{mwso} —In{1 — 7wgo}
In{mgs} —In{1 — mwgs}
In{mss} —In{1 — g4}
(3.4 .30)

Equation 3.4 .30 specifies the further constraints of equal parameters for the four histograms.
If k, the number of class intervals, is equal to seven, then matrix D is a 6 X 18 matrix.

A new matrix is formed that takes the further constraints into account. This matrix is
created by concatenating the six rows of D to the 18 rows of C. This new matrix is then

used instead of the matrix C in further calculations.

Fitting of four lognormal distributions

Four lognormal distributions are to be fitted to the four histograms.
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Consider four lognormal distributions with parameters (u1,012), (u2,02?), (us,03?) and

(114, 04%) respectively.

Maximum likelihood estimation of the parameters is done subject to constraints imposed by
the four lognormal distributions and further constraints that the p;'s are equal and o;'s are

equal.

The four lognormal models under constraints mg;, g2, g3, W4, can be written from

Equation 3.3 .35 as follows:

_H
o1
o1
In{®1(rg;)} 1lnz;, 0 0 0 0 O O —&2
In{®Yms)} | [0 O 1 Inz, 0 0 0 O o
In{®émss)} | |0 0 0 0O 1 lnzz O O —52
In{®~1(mwg4)} 0 0 0 0 O O 1 Inz, ?71_3
_ M4
04
1
04
(3.4 .31)
where
z
Z1
Z9 I
T2 I
xs3 Z2
I3 Z2
“ .. x3
T, = Ty = oo Ty = and Ty = T3
T4
Tg—-3
Tr—2
Tp—1

Equation 3.4 .31 is a linear model in the parameters iy, 012, 12, 092, 13, 03, g and o4,

Maximum likelihood estimation of these parameters subject to further constraints that the
w;'s are equal and the o;'s are equal can be done similar to the fitting of one lognormal to

the four histograms, when the following changes are made.

From Equation 3.4 .31 follows that the design matrix for the fitting of four lognormal
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distributions is

1 nzy 0 0 O O O O

0O 0 1 Inzy, O O O O
X:=

0 0 0O O 1 Inz3 0 O

0O 0 O O O 0 1 Inzy

The four lognormal models in Equation 3.4 .31 are equivalent to

In {(I)_l ™31
In{®1

(I - XXy X)X ) 12%@-1 i
In {®~(mwgy

(7s1)
(7rs2)
(7s3)
(7r54)
In{®(ms)
(7s2)
(7rs3)
(7r54)

Ts3

In {(I)_l IFD)
In {(I)—l 33
In {(I)—l TS4

g(m) =0

}
}
}
}
}
}
}
}

C is the projection matrix orthogonal to the columns of the design matrix X ;. Note that
CX,=0.

The constraints that the y;'s are equal and the o;'s are equal are specified by

H.| 9 =0 (3.4 .32)

where

=== O O O
I
—

S O O O O

O O O = =

S O O O©O O
I
—_
)



I Parametric Model for a Single Sample from a Homogeneous Population I 69

Equation 3.4 .32 is equivalent to

01
1
01
— &2 In{®~!(ms1)}
e In{®d!
B = (X/X)7' X o _1(7732)} (3.4 .33)
— o3 In{® *(mwgs3)}
0L3 In{® (mrsys)}
-
1
04
that is
_
01
1
g1
—£2 In {®(mg;)}
L ln{q)_l(ﬂ'sg)}
H. o2 = H.(Xl'Xl)_le'
—'g—g / In {<I>_1(7r53)}
UL?) In{®(7s4)}
_Ha
04
1
04
or
In{®~!(mgs1)}
-1
0 — D ln{@_l(ﬂ'sg)}
In{®*(ms3)}
ln{<I)‘1(7rS4)}
(3.4 .34)

Equation 3.4 .34 specifies the further constraints of equal parameters for the four histograms.
If k, the number of class intervals, is equal to seven, then matrix D is a 6 x 18 matrix.

A new matrix is formed that takes the further constraints into account. This matrix is
created by concatenating the six rows of D to the 18 rows of C. This new matrix is then

used instead of the matrix C in further calculations.

3.4.7 Fitting of a joint histogram to the four histograms

A joint histogram is to be fitted to the four histograms of the four relative frequency

distributions under constraints imposed by the experimental design.
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These constraints in matrix form are G- 7 = 0 with ' = (7}, 7}, 75,7) where

= (m1,m,2,M3,...,T1,k) is a k x 1 probability vector

Il

™
™2
T3

(
(7,1, 2,2, 2,3, ..., Mo k—1)" is @ (k— 1) x 1 probability vector
(73,1, 3,2, 3,3, ..., M3 k—2)" is a (k —2) x 1 probability vector
g = (41, a2, Ta,3, ..., Tak—3) is a (k—3) x 1 probability vector

and

I ooo00 -I O O O 0 0 O 0O O
o o o O -—-I O O 0 O
I 00O0DO O 0 o0 o o 0 o -1 O

~
o
en)
en)
o)

01111 o0 -1 -1 -1 o0 0 0 0 0
01111 o0 0 0 0 0 -1 -1 0 0
01111 00 0 0 0 o0 0 0 0 -1

00 0100 o0 0 -1 0 0 0 O o0 0
001000 o0 -1 0 O o0 0 O 0 0

The function g(m) = 0 satisfies the conditions of Proposition 1 and the estimation algorithm
can be used to estimate the relative frequencies of the joint relative frequency distribution.

Note that the constraints G - w = g(m) is a linear function of 7. This implies that

G= @57‘_12 and only a single iteration is needed in the iterative procedure to determine
the MLE of 7 under the constraints g(m) = 0.

This MLE of 7 is
#.=p—(GV)(GVG) g(p)

with asymptotic variance-covariance matrix

cov (@) =V - (GV) (GVG) GV.

The variance-covariance matrix V to be used is the estimated variance-covariance matrix
of the multinomial distribution for each entry period.

— V= block(/Vl, /‘72, Vs, /‘74)
and

—~ 1
Vi=— [diag(p;) — p;pi] ©=1,2,3,4

Once the iterative procedure has converged, the estimated joint relative frequencies can be
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read off from the estimated vector of probabilities 7.. The histogram of the fitted joint
relative frequency distribution is a representative image of the four histograms.

The SAS/IML program to fit a joint histogram to the four histograms of the entry groups
appears in Appendix A.

3.4.8 [Estimated survivor and hazard functions and percentiles

Once the parameters of the Weibull and log-logistic survival distributions have been esti-
mated, estimated hazard and survivor functions and the odds of a lapse can be calculated
for time t. Percentiles of these survival distributions can also be estimated.
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Weibull

Estimated hazard function

Estimated survivor function

~ ~

S(t) = exp(—\ - t%)

Estimated odds of a lapse

odds(t) = ! _§(t)(t) =exp(A-t

Estimated percentiles

Q)| —

1 100
=(=-1

Survival distribution

a—-l)

Log-logistic

Estimated hazard function

Estimated survivor function
~ 1
1+ M -te

Estimated odds of a lapse

1—-5(t)

_ =X-t°
S(t)

odds(t) =

Estimated percentiles

72
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3.5 Simulation Studies

Simulations are used to compare the maximum likelihood estimation under constraints pro-
cedure with the standard maximum likelihood estimation procedure that is used by SAS.

A thousand sets of right-censored data with a fixed censoring time are simulated from
each of three survival distributions, namely the Weibull, the log-logistic and the lognormal
distributions. The percentage censoring is about 35% and censoring at continuous data as
well as censoring at grouped data, the special case of interval-censored data, are considered.

For the continuous case, three groups of 20, 50, 100 and 200 observations are generated
from each of three survival distributions, with different scale and shape parameters for the
three groups. A scale parameter of A=0.15 and a shape parameter of a=0.5 are selected
for the first group generated from the Weibull(\, &) and the log-logistic(A, &) distributions,
while a p-value of 2 and a o-value of 0.5 are used for the generation from the lognormal(y, o)
distribution. The second and third groups use extreme A-values of 10 and 30 and extreme
a-values of 3 and 1.8 for generation from the Weibull and log-logistic distributions and p-
values of 5 and 3 and o-values of 0.2 and 0.03 for generation from the lognormal distribution.
In order to be able to apply the IML program for maximum likelihood estimation subject
to constraints, the continuous data are grouped into intervals with boundaries the means
of two adjacent observed survival times with frequency 1 in each interval. The frequency
of the last open interval is equal to the number of censored survival times. The standard
method of maximum likelihood estimation used by PROC LIFEREG of SAS is applied to
the continuous data without grouping into such intervals.

For the grouped data case, three groups of

100 observations (grouped into five intervals),

200 observations (grouped into five intervals),

2000 observations (grouped into five intervals) and

2000 observations (grouped into ten intervals)

are generated from each of the three survival distributions, with parameters similar to the

continuous case.

Programs to generate lifetime data and to run simulations with the technique of maxi-
mum likelihood estimation under constraints, appear in Appendix A. Maximum likelihood
estimates by the standard method are also found using PROC LIFEREG of SAS. For compa-
rison purposes, both estimation techniques are performed on the same set of simulated data
in the same program. The means of the thousand simulated A- and G-values are computed

as maximum likelihood estimators of the model parameters A and a.
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These estimators of the model parameters are considered to be significantly biased if the
absolute difference between the model parameter and the estimator is greater than three
standard errors of the mean. This criterium can be motivated as follows. For large sample
sizes, the sampling distribution of the mean is approximately normally distributed and then
the probability that the absolute difference between the model parameter and the estimator
will lie within three standard errors of the mean, is 0.9999 . For small sample sizes (not
assuming normality) the inequality of Chebyshev specifies that this probability is at least
0.8889 . Thus the confidence coefficient in this case will be between 0.8889 and 0.9999.
A significantly biased estimator over-estimates the model parameter if its value is more than
three standard errors of the mean to the right of the model parameter, and is an under-
estimator if its value is more than three standard errors of the mean to the left of the model

parameter.

Table 3.3 represents the simulation results for the continuous case for samples of various

sizes when generating from a Weibull model.

Table 3.4 represents the simulation results for the grouped data case for samples of various
sizes, classified in five or ten intervals, when generating from a Weibull model.

Table 3.5 represents the simulation results for the continuous case for samples of various

sizes when generating from a log-logistic model.

Table 3.6 represents the simulation results for the grouped data case for samples of various
sizes, classified in five or ten intervals, when generating from a log-logistic model.

Table 3.7 represents the simulation results for the continuous case for samples of various

sizes when generating from a lognormal model.

Table 3.8 represents the simulation results for the grouped data case for samples of various
sizes, classified in five or ten intervals, when generating from a lognormal model.

For generation from the Weibull and log-logistic distributions, the maximum likelihood es-
timates of the IML method compare very well to the maximum likelihood estimates of the
SAS method. The biasness of these estimates is very small for values of A and « that are
usually used in practice, namely A=0.15 and a=0.5 . For larger values of XA and «, the
model parameters seem to be overestimated. The biasness of the estimates reduces when
the sample size increases, as can be expected from maximum likelihood estimates which
are asymptotically unbiased. The same conclusions can be made for generation from the

lognormal distribution.
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Table 3.3: Weibull Simulation - Continuous Data
Sample | Group Model Maximum Likelihood | Absolute difference 3x Significantly
Size Parameter Estimator |parameter—estimator| Std Error Biased
n=20 first A=0.15 Asa5=0.14996619 0.00003381 0.0069663 No
;\IML=0.14668896 0.00331104 0.0068990 No
a=05 Ggas =0.54013638 0.04013638 0.0140021 Yes Over
Gypr =0.54593890 0.0459389 0.0140514 Yes Over
second A=10 Asa5=14.5457664 4.5457664 1.1514872 Yes Over
S\IML=13.4422577 3.4422577 1.0386621 Yes Over
=3 Ggas =3.18959524 0.18959524 0.0717345 Yes Over
arprr =3.09723538 0.09723538 0.0701570 Yes Over
third A=30 Ag45=120.665220 90.66522 48796461 |  Yes Over
S\IML=101.053564 71.053564 36.689586 Yes Over
a=1.8 G545 =1.95511189 0.15511189 0.0537395 Yes Over
G =1.90197261 0.10197261 0.0527703 Yes Over
n=50 first A=0.15 Ag45=0.14816260 0.0018374 0.0044372 No
)A\IML=O.14813664 0.00186336 0.0029639 No
a=0.5 dsas =051746332 '0.01746332 0.0044459 Yes Over
Gy =0.51743153 0.01743153 0.0079694 Yes Over
second A=10 Ag45=11.9257535 1.9257535 0.5200346 Yes Over
b v =11.5073420 1.5073420 0.4952037 Yes Over
=3 Ggas =3.10165140 0.10165140 0.0447723 Yes Over
G =3.05756831 0.05756831 0.0442101 Yes Over
third A=30 g 45=41.4510357 11.4510357 3.4742741 |  Yes Over
A121=39.5047272 0.5047272 33330734 |  Yes Over
a=1.8 Ggag =1.85067820 0.0506782 0.0292124 Yes Over
Grarr =1.82857605 0.02857605 0.0289569 No
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Table 3.3 (continued)
Sample | Group Model Maximum Likelihood | Absolute difference 3x Significantly
Size Parameter Estimator |parameter—estimator| Std Error Biased
n=100 first A=0.15 Asas5=0.15177147 0.00177147 0.0032904 No
A 17 1,=0.15250267 0.00250267 0.0021865 Yes Over
a=0.5 Gsas =0.50761848 0.00761848 0.0032798 Yes Over
Qrarr, =0.50625014 0.00625014 0.0055814 Yes Over
second A=10 As45=10.5995925 0.5995925 0.3027174 Yes Over
A 1M 1,=10.3895455 0.3895455 0.2970639 Yes Over
a=3 &g ag =3.02213801 0.02213801 0.0304752 No
Qs =2.99591283 0.00408717 0.0305282 No
third A=30 Ag45=35.3120154 5.3120154 1.8132791 |  Yes Over
A7r1,=34.3043403 43043403 1.7604518 |  Yes Over
o=1.8 Ggags =1.82845863 0.02845863 0.0201914 Yes Over
Gryr =1.81352486 0.01352486 0.0202521 No
n=200 first A=0.15 As45=0.15180449 0.00180449 0.0023565 No
A 1m1,=0.15250004 0.00250004 0.0002381 Yes Over
a=0.5 &s4s =0.50087100 0.00087100 0.0038819 No
Qrarr, =0.49973979 0.00026021 0.0039027 No
second | A=10 \s5.45=10.1859060 0.185906 0.1980131 No
A122=10.0588244 0.0588244 0.1955345 No
a=3 &g a5 =2.99899145 0.00100855 0.0215052 No
Qrprr =2.98236429 0.01763571 0.0214703 No
third A=30 Ag45=32.2848790 2.284879 1.0252172 | Yes Over
A 1M L=31.6653840 1.665384 1.0081139 | Yes Under
a=1.8 Gisag =1.85067820 0.0506782 0.0292124 Yes Over
&, =1.80067207 0.00067207 0.0141369 No
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Table 3.4: Weibull Simulation - Grouped Data

77

Sample | Group Model Maximum Likelihood | Absolute difference 3x Significantly
Size Parameter Estimator |parameter—estimator| Std Error Biased
n=100 first A=0.15 Asa5=0.15535337 0.00535337 0.0049053 Yes Over
5 classes A 1M1, =0.15535344 0.00535344 0.0049053 Yes Over

a=05 agas =0.50497058 0.00497058 0.0083862 No

G =0.50497044 0.00497044 0.0083862 No
second A=10 A545=10.8529348 0.8529348 0.3285815 Yes Over
/A\]ML=10‘8529223 0.8529223 0.3285812 Yes Over
=3 Gsas =3.04895140 0.04895140 0.0335870 Yes Over
Grarr =3.04895031 0.04895031 0.0335870 Yes Over
third A=30 A549=36.3075637 6.3075637 2.4547211 Yes Over
A7 34,=36.3075006 6.3075006 24547164 |  Yes Over

«a=1.8 Qgas =1.80779115 0.00779115 0.0257724 No

Grar =1.80779049 0.00779049 0.0257723 No
n=200 first A=0.15 AgA5=0.15331594 0.00331594 0.0033041 Yes Over
5 classes XIML=O.15331603 0.00331603 0.0033041 Yes Over

a=0.5 Gsas =0.50052889 0.00052889 0.0056775 No

Grarr, =0.50052873 0.00052873 0.0056528 No
second A=10 As45=10.3602667 0.3602667 0.2201871 Yes Over
A mr=10.3602529 0.3602529 0.2201864 Yes Over

=3 Qg4 =3.01886552 0.01886552 0.0237776 No

Grarr, =3.01886427 0.01886427 0.0237774 No
third A=30 As45=33.6583074 3.6583074 1.4001587 Yes Over
A1nL=33.6582478 3.6582478 1.4001549 |  Yes Over

a=1.8 Ggag =1.81684031 0.01684031 0.0183728 No

Gy =1.81683962 0.01683962 0.0183728 No
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Table 3.4 (continued)

78

Sample | Group Model Maximum Likelihood Absolute difference 3x Significantly
Size Parameter Estimator |parameter-estimator| | Std Error Biased
n=2000 first A=0.15 As45=0.14992101 0.00007899 0.0010535 No
5 classes A1y1=0.14992104 0.00007896 0.0010535 No
a=0.5 Qgas =0.50057904 0.00057904 0.0018729 No
& rprr, =0.50057897 0.00057897 0.0018729 No
second A=10 As45=10.0365052 0.0365052 0.0601692 No
A7 =10.0364959 0.0364959 0.0601688 No
a=3 Qgsas =3.00197758 0.00197758 0.0069176 No
&g =3.00197667 0.00197667 0.0069176 No
third A=30 As45=30.3212508 0.3212508 0.3504578 No
A 1ML=30.3212202 0.3212202 0.3504531 No
a=1.8 Ggas =1.80186572 0.00186572 0.0055631 No
aryr =1.80186532 0.00186532 0.0055631 No
n=2000 first A=0.15 As45=0.15028167 0.00028167 0.0008550 No
10 classes A 1m1.=0.15028175 0.00028175 0.0008550 No
a=05 Ggas =0.49991711 0.00008289 0.0014807 No
&rprr, =0.49991693 0.00008307 0.0014807 No
second A=10 As45=10.0448501 0.0448501 0.0635568 No
A1142=10.0448461 0.0448461 0.0635568 No
a=3 G5 =3.00247119 0.00247119 0.0072035 No
Gz =3.00247076 0.00247076 0.0072035 No
third A=30 As45=30.1459685 0.1459685 0.3150615 No
S\IML=30.1459519 0.1459519 0.3150614 No
a=1.8 dsas =1.80002906 0.00002906 0.0049601 No
&y =1.80002879 0.00002879 0.0049601 No
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Table 3.5: Log-logistic Simulation - Continuous Data
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Sample | Group Model Maximum Likelihood | Absolute difference 3X Significantly
Size Parameter Estimator |parameter-estimator’ Std Error Biased
n=20 | first A=0.15 Ag45=0.15145327 0.00145327 0.0079043 No

A 12s1.=0.14796354 0.00203646 0.0075909 No
a=0.5 Gugag =0.53723029 0.03723029 0.0123594 |  Yes Over
&arr =0.53770964 0.03770964 0.0121689 |  Yes Over
second A=10 AsA5=20.1335459 10.1335459 3.2219037 Yes Over
Arar=18.2308334 8.2308334 3.1020546 | Yes Over
=3 Gigag =3.28465392 0.28465392 0.0866151 |  Yes Over
AL =3.18022776 0.18022776 0.0841209 |  Yes Over
third A=30 AgA5=89.9665445 59.9665445 27.531053 |  Yes Over
Arns=86.0467171 56.0467171 34.960206 |  Yes Over
a=18 &gas =1.96003040 0.1600304 0.0475061 |  Yes Over
Grpr =1.91475105 0.11475105 0.0467700 |  Yes Over
n=50 | first A=0.15 AsA5=0.14899903 0.00100097 0.0050486 No
Ara2.=0.1485048 0.0014052 0.0050454 No
a=0.5 Qgag =0.51827824 0.01827824 0.0074885 |  Yes Over
&rpr =0.51851833 0.01851833 0.0075098 |  Yes Over
second | A=10 Asas=12.8922606 2.8922606 0.7619717 |  Yes Over
N rren=12.3350082 2.3350082 0.7227566 |  Yes Over
a=3 dgag =3.13906180 0.13906180 0.0242147 | Yes Over
&, =3.08961706 0.08961706 0.0497274 |  Yes Over
third A=30 Asas=41.9117887 11.9117887 3.4527255 Yes Over
A7vr1=40.1040803 10.1049803 3.2656557 | Yes Over
=18 Agag =1.85576484 0.05576484 0.0278412 |  Yes Over
Qrarr =1.83471490 0.03471490 0.0276355 |  Yes Over




[Parametric Model for a Single Sample from a Homogeneous Population | 80
Table 3.5 (continued)
Sample | Group Model Maximum Likelithood Absolute difference 3x Significantly
Size Parameter Estimator |parameter—estimatorl Std Error Biased
n=100 first A=0.15 A545=0.14829547 0.00170453 0.0036117 No
;\IML=0.14868802 0.00131198 0.0036063 No
a=0.5 Ggas =0.50958388 0.00958388 0.0053112 Yes Over
&1y =0.50898401 0.00898401 0.0052796 Yes Over
second A=10 Asa5=11.2448956 1.2448956 0.4224530 Yes Over
A722,=10.9567399 0.9567399 0.4093430 |  Yes Over
a=3 Asag =3.06515628 0.06515628 0.0349263 |  Yes Over
Grarr =3.03466202 0.03466202 0.0346883 No
third A=30 Asa5=34.5809933 4.5809933 1.5117978 Yes Over
A1011,=33.6560830 3.6560830 1.4586887 |  Yes Over
=18 Ggas =1.82539203 0.02539203 0.0178437 Yes Qver
Geyprr, =1.81188676 0.01188676 0.0176387 No
n=200 first A=0.15 As45=0.15012895 0.00012895 0.0025574 No
A 1:m1,=0.15073248 0.00073248 0.0025749 No
a=0.5 Gsas =0.50478209 0.00478209 0.0035717 Yes Over
Gz =0.50392805 0.00392805 0.0035856 Yes Over
second A=10 Aga5=10.5491323 0.5491323 0.2693544 Yes Over
A v =10.3753797 0.3753797 0.2650004 Yes Over
a=3 Ggag =3.02213542 0.02213542 0.0236147 No
arpr =3.00137177 0.00137177 0.0236348 No
third A=30 Asa5=32.4239353 2.4239353 0.9744693 Yes Over
XIML:31.8716829 1.8716829 0.9617250 Yes Over
a=1.8 Ggas =1.81737307 0.01737307 0.0132893 Yes Over
Gerprr =1.80795453 0.00795453 0.0133557 No
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Table 3.6: Log-logistic Simulation - Grouped Data
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Sample | Group Model Maximum Likelihood | Absolute difference 3x Significantly
Size Parameter Estimator |parameter—estimator| Std Error Biased
n=100 first A=0.15 As45=0.16521023 0.01521023 0.0094249 Yes Over
5 classes S\IML=O.16521040 0.01521040 0.0094250 Yes Over

a=0.5 Ggas =0.55605556 0.05605556 0.0124358 Yes Over
G =0.55605532 0.05605532 0.0124358 Yes Over
second A=10 Asas=11.4755280 1.475528 0.4744770 Yes Over
:\IML=11.4755188 1.4755188 0.4744766 Yes Over
a=3 Gsas =3.05054222 0.05054222 0.0386571 Yes Over
Gy =3.05054135 0.05054135 0.0386571 Yes Over
third A=30 Ag45=35.5083302 5.5083302 1.8496092 Yes Over
A rmr=35.5082841 5.5082841 1.8496053 Yes Over
a=18 (gas =1.82348176 0.02348176 0.0213981 Yes Over
Gy =1.82348122 0.02348122 0.0213981 Yes Over
n=200 first A=0.15 As45=0.15312020 0.0031202 0.0061112 No
5 classes S\IML=O.15312036 0.00312036 0.0061112 No
a=0.5 Ggas =0.55197887 0.05197887 0.0089604 Yes Over
Gy =0.55107863 0.05197863 0.0089604 Yes Over
second A=10 As4s=10.4917160 0.4917160 0.2787344 Yes Over
;\IML=10-4917107 0.4917107 0.2787339 Yes Over
a=3 Ggag =3.01591703 0.01591703 0.0260622 No
Gy =3.01591651 0.01591651 0.0260621 No
third A=30 Ag45=33.0284088 3.0284088 1.1623553 Yes Over
ArnsL=33.0283646 3.0283646 1.1623533 |  Yes Over
a=1.8 Ggas =1.81587417 0.01587417 0.0157598 Yes Over
Qrprr, =1.81587357 0.01587357 0.0157598 Yes Over
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Table 3.6 (continued)

Sample | Group Model Maximum Likelihood | Absolute difference 3X Significantly
Size Parameter Estimator |parameter—estimatorf Std Error Biased
n=2000 first A=0.15 Asa5=0.14345146 0.00654854 0.0017930 Yes Under
5 classes S\IML=O.14345176 0.00654824 0.0017930 | Yes Under

a=0.5 Ggas =0.54085916 0.04985916 0.0028193 Yes Over
Grparr =0.54985868 0.04985868 0.0028193 Yes Over
second A=10 Asa5=10.0348477 0.0348477 0.0871307 No
A 1M L=10.0348476 0.0348476 0.0871307 No
a=3 Qgas =3.00041664 0.00041664 0.0089861 No
Qrprr =3.00041662 0.00041662 0.0089861 No
third A=30 As45=30.1441862 0.1441862 0.3068751 No
S\IML:3O.14414OO 0.1441400 0.3068718 No
a=1.8 Qg5 =1.80061919 0.00061919 0.0046998 No
Gy =1.80061848 0.00061843 0.0046998 No
n=2000 first A=0.15 Aga5=0.14345099 0.00654901 0.0016850 | Yes Under
10 classes : S\IML:0-14345135 0.00654865 0.0016850 | Yes Under
a=0.5 (g5a5 =0.54915511 0.04915511 0.0026267 Yes Over
&rprr =0.54915455 0.04915455 0.0026267 Yes Over
second A=10 As45=10.0650169 0.0650169 0.0885605 No
Arar2=10.0650121 0.0650121 0.0885596 No
a=3 Qgag =3.00168243 0.00168243 0.0084723 No
Qrarr, =3.00168201 0.00168201 0.0084722 No
third A=30 As45=30.3229680 0.3229680 0.2967881 Yes Over
A 1m1=30.3229672 0.3229672 0.2967879 Yes Over
a=1.8 Ggas =1.80166754 0.00166754 0.0049601 No
&ryr =1.80166752 0.00166752 0.0049601 No
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Table 3.7: Lognormal Simulation - Continuous Data
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Sample | Group Model Maximum Likelihood Absolute difference 3x Significantly
Size Parameter Estimator Iparameter—estimator’ Std Error Biased
n=20 first n=2 itsas =2.01370552 0.01370552 0.0132221 Yes Over

frarr =2.01849401 0.01849401 0.0138065 Yes Over
0=0.5 Osas =0.48826184 0.01173816 0.0114902 Yes QOver

Oramp =0.50773538 0.00773538 0.0124704 No

second H=b {545 =5.00535672 0.00535672 0.0053853 No
ftrarr, =5.0081579 0.0081579 0.0057089 Yes Over

=02 Gsas =0.19530672 0.00469328 0.0047150 No

G1pm1 =0.20488857 0.00488857 0.0051035 No

third u=3 fisas =3.00032999 0.00032999 0.0009290 No
frarr =3.00101803 0.00101803 0.0009774 Yes Over
o=0.03 Gsas =0.02910627 0.00089373 0.0007827 | Yes Under
Oz =0.03096809 0.00096809 0.0008820 Yes Over

n=>50 first n=2 flsas =1.99992428 0.00145327 0.0078302 No

frvr =2.0009279 0.0009279 0.0079442 No

0=0.5 O0sas =0.49328237 0.00671763 0.0070923 No

o1y =0.50120403 0.00120403 0.0072662 No

second u=5 ftsas =5.00275189 0.00275189 0.0033918 No
frar =5.00361253 0.00361253 0.0034631 |  Yes Over

0=0.2 Tsas =0.19899201 0.00100799 0.0031028 No
O =0.20325814 0.00325814 0.0032217 Yes Qver

third H= fisas =3.00035126 0.00035126 0.0005712 No
[y =3.00060422 0.00060422 0.0005883 Yes Over

0=0.03 G545 =0.0295653 0.0004347 0.0005112 No

O =0.03032833 0.00032833 0.0005343 No
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Table 3.7 (continued)
Sample | Group Model Maximum Likelihood | Absolute difference 3x Significantly
Size Parameter Estimator [parameter—estimatorl Std Error Biased
n=100 first u=2 ftsas =1.99791343 0.00208657 0.0056862 No
[rarr =1.99824256 0.00175744 0.0057267 No
0=0.5 Gsas =0.49740803 0.00259197 0.0050457 No
Oz, =0.50205305 0.00205305 0.0051075 No
second H=5 ftsas =5.00073008 0.00073008 0.0023390 No
fernr =5.00106256 0.00106256 0.0023610 No
0=0.2 0545 =0.19929321 0.00070679 0.0020387 No
G =0.20155982 0.00155982 0.0020783 No
third n=3 flsas =3.00029441 0.00029441 0.0003854 No
[y =3.00041118 0.00041118 0.0003908 Yes Over

0=0.03 0sas =0.02996311 0.00003689 0.0003504 No
vz =0.03038029 0.00038029 0.0035913 No
n=200 first pu=2 s as =1.99963933 0.00036067 0.0038171 No
i =1.99974197 0.00025803 0.0038318 No
0=0.5 Osag =0.49820589 0.00179411 0.0034412 No
Oy =0.50103108 0.00103108 0.0034835 No
second u=5 ftsas =5.00034985 0.00034985 0.0016695 No
firarr =5.00050944 0.00050044 0.0016796 No
0=0.2 0sas =0.19992307 0.00007693 0.0014759 No
G =0.20115462 0.00115462 0.0014906 No
third n=3 [tsas =3.00001599 0.00001599 0.0002696 No
firarr =3.00007712 0.00007712 0.0002721 No
0=0.03 Gsas =0.02994986 0.00005014 0.0002402 No
O mr =0.03019125 0.00019125 0.0002436 No
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Table 3.8: Lognormal Simulation - Grouped Data
Sample | Group Model Maximum Likelihood | Absolute difference 3x Significantly
Size Parameter Estimator |parameter—estimator| Std Error Biased
n=100 first p=2 fsas =2.00192369 0.00192369 0.0055787 No
5 classes frarr, =2.00192375 0.00192375 0.0055787 No
=05 dsas =0.50117455 0.00117455 0.0060003 No
01 =0.5011747 0.0011747 0.0060003 No
second [1=5 [tsAg =5.00401992 0.00401992 0.0024615 |  Yes Over
ferarr =5.00401995 0.00401995 0.0024615 |  Yes Over
0=0.2 0545 =0.20294216 0.00294216 0.0028697 Yes Over
Orar =0.20294222 0.00294222 0.0028697 Yes Over
third u=3 [Lsas =3.00033514 0.00033514 0.0004122 No
frpr =3.00033514 0.00033514 0.0004122 No
0=0.03 Gsas =0.03061107 0.00061107 0.0005295 Yes Over
oramr =0.03061108 0.00061108 0.0005295 Yes Over
n=200 first =2 ftsas =2.00140175 0.00140175 0.0039281 No
5 classes frarr =2.00140179 0.00140179 0.0039281 No
0=0.5 0sas =0.5032537 0.0032537 0.0042402 No
&rarr, =0.50325377 0.00325377 0.0042402 No
second = ftsas =4.99932522 0.00067478 0.0016349 No
21 =4.99932524 0.00067476 0.0016349 No
0=0.2 0sas =0.19964898 0.00035102 0.0018044 No
Gz =0.19964903 0.00035097 0.0018044 No
third p=3 figas =3.00019211 0.00019211 0.0002874 No
firarr =3.00019211 0.00019211 0.0002874 No
0=0.03 0545 =0.03033419 0.00033419 0.0003491 No
Ornrr =0.0303342 0.0003342 0.0003491 No
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Table 3.8 (continued)
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Sample | Group Model Maximum Likelihood | Absolute difference 3x Significantly
Size Parameter Estimator ‘parameter-estimatorl Std Error Biased
n=2000 first pu=2 ftsas =1.99936468 0.00063532 0.0012531 No
5 classes firavrr, =1.99936468 0.00063532 0.0012531 No
0=0.5 Gsas =0.49931475 0.00068525 0.0013452 No
Ormr =0.49931475 0.00068525 0.0013452 No
second HU=5 ftsas =4.99993747 0.00006253 0.0005217 No
prpr =4.99993747 0.00006253 0.0005217 No
0=0.2 0545 =0.1999748 0.0000252 0.0005898 No
Orpr, =0.1999748 0.0000252 0.0005898 No
third n=3 [isas =3.00004037 0.00004037 0.0000872 No
firarr, =3.00004038 0.00004038 0.0000872 No
0=0.03 G545 =0.02997699 0.00002301 0.0001070 No
6rarr, =0.02997701 0.00002299 0.0001070 No
n=2000 first pu=2 fisAs =1.99950829 0.00049171 0.0012132 No
10 classes frarr =1.99950833 0.00049167 0.0012132 No
o=0.5 6545 =0.50012979 0.00012979 0.0012959 No
oy =0.50012988 0.00012988 0.0012959 No
second U=5 flsas =5.00003176 0.00003176 0.0000509 No
© firprr, =5.00003186 0.00003186 0.0000509 No
0=0.2 0545 =0.20016008 0.00016008 0.0005625 No
Orarr =0.20016027 0.00016027 0.0005625 No
third Hu=3 flsas =3.00003361 0.00003361 0.0000870 No
frarr =3.00003362 0.00003362 0.0000870 No
0=0.03 Gsas =0.03008051 0.00008051 0.0001053 No
& 1m1, =0.03008052 0.00008052 0.0001053 No




Chapter 4

PARAMETRIC REGRESSION
MODELS FOR SURVIVAL DATA
WITH COVARIATES

4.1 Notation

Suppose that the distribution of 7" depends on a vector of fixed-time explanatory variables
(covariates) Z = (Z1,Zs,...,Z,)". The right-censored survival data set then consists of

triples (7;,6;,Z;) j=1,2,..,n where

T; = lifetime for the j** policy
. i 1 if policy has lapsed
§; = lapse indicator for the j** policy = I ?O Kfy ?S 'apse
0 if lifetime is right-censored
Z; = (Zj,Zj,...,2Z5) is the vector of explanatory variables for the 4t policy at a fixed time

4.2 Three Approaches to Regression Modelling

The effect of covariates (risk factors on the lapse of policies) must be modelled in order to

predict lifetimes of policies.

Either the conditional survivor function or the conditional hazard function can be modelled

as a function of p fixed covariates or risk factors Z = (21, 2y, ..., Z,)'.

87
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Three general approaches to regression modelling of survival data will be discussed.

e Accelerated Failure Time Model (AFM)

This model states that the survivor function at time ¢ of a policy with covariate Z
is the same as the survivor function of a policy with a baseline survivor function at a
time t - exp(6'Z) where 8 = (64,63, ...,0,) is a vector of regression coefficients.

e Proportional Hazards Model (PHM)

This model states that the relative hazard rate or hazard rate of a lapse at time ¢
of a policy, with risk vector Z, compared to a policy with the baseline characteristics
(that means Z = 0), is a constant B2 \where B = (5,02, ... 3,) is a vector of
regression coefficients.

e Proportional Odds Model (POM)

This model states that the relative odds or odds ratio of a lapse at time ¢ of a
policy, with risk vector Z, compared to a policy with the baseline characteristics (that
means Z = 0), is a constant B2 yhere B = (51, B2, ..., Bp)’ is a vector of regression
coefficients.

The effect of the covariates in all three models is to alter the scale parameter, while the
shape parameter remains constant.

Parametric regression models are discussed by [9, 7, 13, 16, 24, 26, 35]. A comparison
between the AFM and the PHM is done by [21, 18], while [18] also compare the AFM and
POM. The Weibull AFM and Weibull PHM are compared by [5], and [5] also compares the
log-logistic AFM and the log-logistic POM.

The properties of the different models are compared in the following tables.
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PARAMETRIC REGRESSION MODELS

ACCELERATED FAILURE TIME MODEL

models the survivor function of a policy
with risk vector Z = (Z,Zs, ..., Zp)’
and regression coefficients 8 = (61,65, ...,6,)’

S(t1Z) = So(e? Z1)

S(t|Z) is survivor function at time ¢ for a policy with

risk vector Z

So(t) is baseline survivor function at time ¢ with a
specified parametric form

(' survivor function for a policy whose risk factors all
take the value zero)

= So(t) =S| Z =0)

e effect of covariates is multiplicative on survival

time
, P
o 97 _ exp ZGka is acceleration fac-
k=1
tor

o %2k indicates how risk factor Zj, " speeds up”

or "slows down” the lifetime of a policy

e median lifetime for a given Z is equal to base-

line median lifetime x acceleration factor

ht|Z) = 9 Z ho(e0 Z1)

S(t1Z) = So(e? 1)

PROPORTIONAL HAZARDS MODEL

models the hazard rate of a lapse for a policy
with risk vector Z = (Z1, Za, ..., Zp)'
and regression coefficients 8 = (81, B2, ..., Bp)’

h(t|Z) = ho(t)eB Z

h(t|Z) is hazard rate of a lapse at time ¢ for a policy
with risk vector Z

ho(t) is baseline hazard rate for a policy at time ¢
with a specified parametric form
( hazard rate for a policy whose risk factors all take

the value zero)
= ho(t) =h(t| Z =0)

o effect of covariates is multiplicative on hazard

rate

P
o« BZ _ exp {Zﬂka} is link function

k=1
e ePrZx s risk score for risk factor Zj
k=1,2,..,p

e If Sp(t) is unspecified, the PHM is the
famous semiparametric Cox’s PHM: [23]

h(t)2) = B Z ho(t)

'7Z
S12) = (S
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Special case: lifetimes are assumed to have a Weibull(}\, o)

Weibull AFM
ho(t) = Aate™?

From AFM: The hazard function of the j** policy

with risk vector Z is
/ ’ a—1
hi(t) = % \a [ee Zt]

= [(¥Z)eNare!
= (@ Z)ho(t)

Also Sy(t) = exp {—At*}

From AFM: The survivor function of the 5** policy

with risk vector Z is

S5(t) = So(e? Z1)

= exp —)\[eglzt]a

= exp —[/\(60 Z)“] -t"‘}
= The lifetime of the j** policy has a
Weibull(A(e? Z), o) distribution

Say that Weibull possesses the
accelerated failure time property

Weibull PHM
ho(t) = dat®™?

From PHM: The hazard function of the 5" policy

with risk vector Z is
h;(t) B2 g1
= [eﬁlz)\]ata'l

= B Zhy(1)

Also Sp(t) = exp {—At}

From PHM: The survivor function of the j** policy

with risk vector Z is

Si(t) = exp{—)\t“}e'@
= exp eﬁlz-(—)\ta)}

= exp —[)\e'B Z] : t“}
= The lifetime of the 5 policy has a
?
Weibull(AeP Z | o) distribution

Say that Weibull possesses the
proportional hazards property
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PARAMETRIC REGRESSION MODELS (continued)

ACCELERATED FAILURE TIME MODEL

models the survivor function of a policy
with risk vector Z = (21,25, ..., Z,)
and regression coefficients 8 = (61,03, ..., 6,)’

S(t1Z) = So(e? Z1)

e effect of covariates is multiplicative on survival
time

e median time to a lapse (with given Z)

= |baseline median time to a lapse] 'z

PROPORTIONAL ODDS MODEL

models the odds of a lapse at time ¢
for a policy with risk vector Z = (21, Zs, ..., Z,,)
and regression coefficients 8 = (51, B2, ..., Bp)’

L s2) _ gz L-S0)
S(t|Z) So(t)

e effect of covariates is multiplicative on the odds
of a lapse at time ¢

e eP:Zx is index for covariate Z;
k=1,2,..,p

e If Sp(t) is unspecified, the POM is the
semiparametric Cox's regression model that
includes a time-dependent covariate to pro-
duce non-proportional hazards
Refer to [25, 3].
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Special case: lifetimes are assumed to have a log-logistic(}, a)

log-logistic AFM

1
From AFM: Sp(t) = FEY

From AFM: The survivor function of the j*" policy
with risk vector Z is
S;(t) = So(e?Z1)
1

1+ A(e‘9'lz £)e

1+ [A(e8 Z)e] - go

= The lifetime of the jt" policy has a
Iog—logistic()\(eglz )%, @) distribution

Say that log-logistic possesses the

accelerated failure time property

log-logistic POM

From Sp(t) = — follows that the baseline

Lt
1+ M
1 — Sp(t)

odds of a lapse at time ¢ is = \t¢
So(t)

From POM: The odds of a lapse of the j*" policy

at time ¢ with risk vector Z is
ﬂ@ — eﬁlz L\
5;(t) ,
= DeBL e

= The lifetime of the 5" policy has a
log-logistic(AcC Z | ) distribution

Say that log-logistic possesses the
proportional odds property
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4.3

Comparison between the AFM and the PHM

The Weibull is the only continuous distribution which has the property of being both
an AFM and a PHM.

The lifetimes under AFM ~ Weibull(A(e? ), o).

The lifetimes under PHM ~ Weibull()\eIB’Z,a).

There is a direct correspondence between the parameters of the Weibull under these
two models. It follows that when the (;'s in the linear component of the PHM are
divided by «, the corresponding 6y’'s of the AFM are determined

Br B

=0, =— or 6 =
(0] (8

The acceleration factor €? Z at the Weibull AFM indicates how a change in covariate
values changes the time scale from the baseline time scale.

The factor e'BIZ at the Weibull PHM indicates how much the baseline hazard rate of

a lapse at any time changes when a policy has covariate vector Z.

Note that eIBIZ is the relative hazard rate of a lapse for a policy with covariate
Z compared to a policy with the baseline characteristics. This relative hazard rate is
called the hazard ratio. This hazard ratio is constant over time (or the hazard rates

are proportional).

The PHM has the property of proportional hazard rates for fixed covariates. The
hazard ratio (relative risk) of a lapse at time ¢ for a policy with risk factor Z, as
compared to a policy with risk factor Z*, is

e (3 Bz )
:((ttllzz*)) e}:j} ZZ;* { = eXp{Z Be(Zy — ZZ}

which is a constant. So the hazard rates are proportional (or the hazard ratio is

k=1

constant).

Estimates of the 8;'s can be used to provide estimates of hazard ratios. For a constant
shape parameter in the Weibull distributions, the hazard ratios may be estimated from
the exponent of the B—values in the Weibull regression model. These estimated hazard

ratios are called risk scores.
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4.4

Comparison between the AFM and the POM

The log-logistic is the only continuous distribution which has the property of being
both an AFM and a POM.

The lifetimes under AFM ~ log-logistic(A\(e? Z )¢, o).

The lifetimes under POM ~ Iog—logistic()\eﬂlz,a).

There is a direct correspondence between the parameters of the log-logistic under these

two models. It follows that when the G;'s in the linear component of the POM are

divided by «, the corresponding 8;'s of the AFM are determined

!
:>9k:@ or GIZE
(8] (0]

The acceleration factor eG’Z at the log-logistic AFM indicates how a change in covari-
ate values changes the time scale from the baseline time scale.

The factor B Z at the log-logistic POM indicates how much the baseline odds of a
lapse at any time changes when a policy has covariate vector Z.

Note that eﬂlz is the relative odds of a lapse for a policy with covariate Z compared
to a policy with the baseline characteristics. This relative odds is called the odds ratio.

This odds ratio is constant over time (or the odds are proportional).

The POM has the property of convergent hazard rates or the property of propor-
tional odds for time-dependent covariates or non-proportional hazard rates for
time-dependent covariates.

: . : hi(t
The ratio of the hazard rate for the j** policy to the baseline hazard rate, namely h] Et;
0
P
converges from the value exp(— Z BrZr) at time t=0 to the value 1 at time ¢ = oo.
k=1

Estimates of the 8;'s can be used to provide estimates of odds ratios. For a constant
shape parameter in the log-logistic distributions, the odds ratios may be estimated
from the exponent of the F-values in the log-logistic regression model. These estimated
odds ratios are called indices.
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4.5 Log-linear Presentation of Models for Survival Data

4.5.1 A linear regression model for the log of the hazard ratio

In the AFM the hazard rate of a lapse for a policy with risk vector Z = (Z;, Zs, ..., Z,)’
and regression coefficients 8 = (01,6, ...,0,)" is modelled as h(t|Z) = ho(t)eolz while in
the PHM the hazard rate of a lapse for a policy with risk vector Z = (Zy, Zs, ..., Z,)" and
regression coefficients 3 = (1, B, ..., Bp)’ is modelled as h(t|Z) = ho(t)eB,Z

The relative hazard rate for a policy with covariate Z compared to a policy with the baseline
characteristics is termed the hazard ratio (relative risk or risk score)

h(tlZ) _ o'z

= eﬂ Z is constant over time
ho(t)

=> hazard ratio =

= log(hazard ratio) is modelled as

p
_0Z-FZ-% pZ
k=1

4.5.2 A linear regression model for the log of the odds ratio

In the AFM the odds of a lapse for a policy with risk vector Z = (Z1, Z,, ..., Z,) and
1-5(t12) _ 0z 1 — So(t)
S(t1Z) So(t)
while in the POM the odds of a lapse for a policy with risk vector Z = (Z,, Z, ..., Z,)' and

-5(12) _ g7 1-5(t)
S5(t1Z) So(t)

The relative odds of a lapse for a policy with covariate Z compared to a policy with the

regression coefficients @ = (61,02, ...,0,)" is modelled as

regression coefficients 3 = (01, B2, ..., Bp)’ is modelled as

baseline characteristics is termed the odds ratio (relative odds or index)

- 5(t2)

= odds ratio = 18 tSZ( = eelz = eIBIZ is constant over time
— 90

So(t)

= log(odds ratio) is modelled as
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- 5(12)
S(t1Z) iy~
In T-50 =,3Z—k2=:lﬁkzk
So(t)

4.5.3 A linear regression model for log-time

Consider the following linear log-time regression model that describes the linear relationship

between log-time and the covariate values.

Y=WT=pu+~2Z+cW

W is the error distribution, p is the intercept, o is the scale parameter and v = (y1, 72, .-, 1p)
is a vector of regression coefficients that are interpretated similar to those in standard normal

theory regression.

A variety of models is discussed by [4] that can be used for W, or equivalently for T" or Sp.
Note that Sy(t) denotes the survivor function of T' = e¥ when Z = 0, that is Sy(t) is the
survivor function of e T W Then the linear log-time regression model is equivalent to
the AFM with 8 = —~.

e If W has the standard extreme value distribution, that is W ~ EV(1,0), with density
f(w) =exp{(w —exp(w))} —oco<w<oo
then T has an underlying Weibull(\, «) distribution. This model leads to

1. an AFM for T with a Weibull baseline survivor function with parameters

/\=exp{“—'u},a:l and Oy =—-—v k=12 ..,p
o o

2. a PHM for T with a Weibull baseline hazard function with parameters

1 —
)\=exp{—'u},a=— and ﬁk=t9koz=ﬂ k=1,2,..,p
o o o

e If W has the standard logistic distribution with density

exp(w)

——_——_(1+exp(w))2 —oco<w <

fw) =

then T' has an underlying log-logistic(A, ) distribution. This model leads to
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1. an AFM for T with a log-logistic baseline survivor function with parameters

— 1
Azexp{—u},azg and O, =—y k=1,2,...,p
g

2. a POM for T with a log-logistic baseline survivor function with parameters

1 _
)\=exp{—ﬂ},a=— and 5k=9ka=ﬂ k=1,2,..,p
o o o

4.6 Maximum Likelihood Estimation

4.6.1 Introduction

The standard way of fitting parametric regression models to an observed set of survival
data with covariates is to use the method of maximum likelihood. Maximum likelihood
estimation for the Weibull and log-logistic regression models has been discussed in [18, 22].
The construction of the likelihood functions for continuous and grouped survival data with

covariates is now discussed.

4.6.2 Likelihood function for random right-censored continuous data

The right-censored survival data set consists of triplets (7;,6;,Z;) j=1,2,..,n where

T; = lifetime for the j* policy
1 if policy has lapsed
6; = lapse indicator for the jth policy = I [?O |.y ?S ) P
0 if lifetime is right-censored
Z;, = (Zj,Zj,...,Zjp) is the vector of explanatory variables for the 4 policy at a fixed time.

The likelihood function is constructed by considering the contribution to the likelihood of
the triplets (7},6; =1,Z;) and (1},6; = 0,Z;) separately j=1,2,...,n.

e For a specific triplet (¢,8; = 1, Z) the observed survival time is t. Thus the contribution
to the likelihood of this triplet is the probability that a policy with covariate vector Z
lapse at time t. This probability is given by the density function f(¢|Z).

e For a specific triplet (¢,6; = 0, Z) the survival time is at least ¢. Thus the contribution
to the likelihood of this triplet is the probability that a policy with covariate vector Z
survives at least time ¢t. This probability is given by the survivor function S(t|Z).



I Parametric Regression Models for Survival Data with Covariates I 98

The complete likelihood for the i** policy under random censoring is

[£(6512:01% x [S(t1Z5)% j=1,2,...m (4.6 1)

Under the assumption of n independent censored and observed survival times, the full
likelihood function is obtained by multiplying the respective contributions of the n triplets.
This gives the likelihood function

n

L(n) = [T F(t:1Z:))% - [S(t: Z)]0 (4.6 .2)

=1

where 7 is the vector of parameters of the survival model. The log-likelihood function
InL(n) = 3" {8 - n[f(:|Z:)] + (1 — 6,) - W[S(&I Z0)]} (46 .3)
i=1

is maximized to obtain the maximum likelihood estimators of the unknown parameters 7).
The procedure to obtain the values of the MLE involves taking derivatives of In L(n) with
respect to 7, setting these equations equal to zero, and solving for 7.

4.6.3 Likelihood function for right-censored grouped data

Consider the grouped data case, as in [24], where the n lifetimes of policies are grouped
into k adjacent, non-overlapping fixed intervals

Ij = [aj_l;aj) ] — 1,2, ,k
with ag = 0 and a; = oo.

For complete data, the n observed lifetimes are grouped into k intervals so that
n=d; + dy + ... + di with dj=number of lapses in I;.

The unconditional probability of a lapse in I; is

m;i(n) = S(aj-1,m) — S(a;,m) j=1,2,..,k.

Then (dy,dy, ..., dx) has a multinomial probability function

n!

mﬁ(ﬂ)dlﬁz(n)‘b---Wk(n)d’“-
The likelihood function can thus be taken as
k ) — . dj
L(n) =n!T] {[S (“3—17"7)(1 'S (aj,m)] } (4.6 .4)
=1 i
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For incomplete data, where the n censored and observed lifetimes are grouped into &
intervals, it is further assumed that the W) censored lifetimes in I; occur at the midpoint
of the interval a} = a;_1 + 3h; with h; = a; — a;_, the length of interval I;.

For interval I; = [a;_1; a;), conditional on surviving till a;_;,

e the probability of a lapse is

os(n) = s =S

e the probability of surviving until aj is

* _ S(aj—lﬂ’l) - S(a;an)
pj (77) - 5(%’-1, 77)

e the probability of surviving the full interval I; is

pi(n) = 1-g;(n)
_ 1 Sla-1,m) = S(a,m)
' S(aj-1,m)
S(CLj,T])
S(a;—1,m)

The conditional likelihood for interval I; is

Litm) o lgs(m]*® - [p5(m]™ - [ps (m)]5 57" (4.6 .5)

where Y; is the number of policies at risk of lapsing in I;, that is still alive at a;_;.

The overall likelihood function is

L(n) = [] L;(n) (4.6 .6)

If class intervals are narrow, another possibility is to treat the data as continuous and assume
that all lifetimes in interval I; occur at the interval midpoint.

4.6.4 Likelihood function for the linear model in log-time

A log-linear regression model (a linear regression model in log-time) is discussed by [22] and
could be fitted to a survival data set of the form

Y=InT=pu++Z+cW
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where W is the error distribution, p is the intercept, o is the scale parameter and ~' =
(71,725 ---,Yp) is @ vector of regression coefficients.

Consider the n triplets (y;,6;,Z;) j =1,2,...,n in the data set with y; = In(¢;).

The basic form of the likelihood function for random right-censored continuous data is,
from Equation 4.6 .2, equal to

n

Lwv,0) = [T @)% - Sy

=1

n

= H[fw(%——ﬂ)%ri'lsw(&———’%—lg)r& (4.6 .7)

=1

The log-likelihood function for random right-censored continuous data is

'Z, 1 i — =
InL(p,y,0) =3 6; - ln[ +7— ;] +3(1-6)-In [Sw(y—’%-l%)]
(4.6 .8)
with
the first sum over observed lifetimes (uncensored observations)

the second sum over right-censored observations.

The basic form of the likelihood function for interval-censored data is
i 51 —Uq 6,, —0;
L(p,v,0) = [[lfv(w) Sy ()] 6 1= Sy ()% - [Sy (B:) — Sy ()] 6
i=1

n

- I w2 )-l]& Jswi=t=E )}1_&-

g g g

i=1
0 1-6;
Yi— k=772 b — p—~'Z '
[1 Sw( > )} lSW( - ) SW(—G )
(4.6 .9)
with b; the lower end of a censoring interval.
The log-likelihood function for interval-censored data is
- ~'7Z 1 —~'Z
inLurio) = S8 hn [ 2500 s BT
i~ h—Z
+3°(6:) - In [1 - sw(y——“a—'y)]

+3(1-6)-In lsw(b —£) —Sw(w)}
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(4.6 .10)
with

the first sum over observed lifetimes (uncensored observations)
the second sum over right-censored observations

the third sum over left-censored observations

the fourth sum over interval-censored observations.

4.6.5 Maximum likelihood estimators

Maximum likelihood estimates for the Weibull and log-logistic regression models must be
found. Most computer software packages for survival analysis, including SAS, use the linear
log-time regression model version. Refer to [4]. Maximum likelihood estimators of the log-
linear parameters u, o and 4’ = (y1,72, ..., ¥p) are found numerically, and routines to do so
are available in the SAS statistical package. SAS allows for right-, left- and interval-censored
data. The SAS program appear in Appendix A.

The invariance property of the SAS maximum likelihood estimators of pu,0 and v, k =
1,2, ..., p in the log-linear model provides estimates of parameters of the three models (AFM,
PHM or POM). Then the parameters of the three models are functions of these estimates

and can be computed in the following way:

e If W has the standard extreme value distribution then T" has an underlying Weibull(}, «)
distribution. The linear model for log-time then leads to

1. an AFM for T' with a Weibull baseline survivor function with estimated parameters

izexp{;ﬂ},&z
o

2. a PHM for T with a Weibull baseline hazard function with parameters

and Oy =—9, k=1,2,...,p (4.6 .11)

SHE

) . S
)\=exp{—#},€y=7 and fi=6a=—2 k=1,2,...p (4.6.12)
g ag ag

e If W has the standard logistic distribution then T' has an underlying log-logistic(\, &)
distribution. The linear model for log-time then leads to

1. an AFM for T" with a log-logistic baseline survivor function with parameters

~ — 1 ~
)\:exp{#},&:g and Oy =—7 k=1,2,..,p (4.6 .13)
G
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2. a POM for T with a log-logistic baseline survivor function with parameters

. —i 1 . . _~
A=exp{#},a=T and Gp=6ia=—L k=1,2..,p (46.14)
ag ag ag

The variance-covariance matrix of the log-linear parameters pu, 7 and o, obtained from the
observed information matrix, are also available in this package.

Using the delta method, the approximate variance-covariance matrix for these estimates,
based on the estimates and their covariances in the log-linear model, is

cov(s ) _ o cov(05,0) _ 5 cov(ik6) | o o var(o)

co’u(ﬁjyék) = —2 VT3 53 + YiVk 4 (4.6 .15)
o -2 var(ft) — ,var(6) cov(f1, )
var(A) = exp( P ) : l s T 2 e (4.6 .16)
) var(d)
var(&) = = (4.6 .17)
5 3 —p\ feov(d, ) . cov(§;,6) . cov(@r,6) . . var(6)
cov(fB;,A) = exp <7) ’ l &2] i &3] THhT 3 +7j#T
(4.6 .18)
s cov(y;, 0 . var(o
cov(Bj,&) = (&; ) - &i ) (4.6 .19)
cov(j\,éz) = exp (l) . lcov(f;,U) - 'avat‘ia) (4.6 .20)
o o o

Once maximum likelihood estimates of the parameters A and a are computed, estimates
of the survivor function and the hazard function are available for the distribution of T (or
Y =In(T)), that is the Weibull (or extreme value) and log-logistic (or logistic).

In the above regression models, the effect of the covariates is to alter the scale parameter,
while the shape parameter remains constant. The article [28] discusses how to extend
the semi-parametric Cox’s PHM to alter both the scale and the shape parameters. The
standard parametric regression model fitting that is performed by PROC LIFEREG of SAS
can not alter both parameters, but the method of maximum likelihood estimation subject

to constraints in the next section can do it.

Graphical checks to determine whether or not a certain parametric model is reasonable, is
given by [4]. These tests are based on the linear relationship between some function of the

survivor function and some function of time.
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4.7 Maximum Likelihood Estimation subject to Constraints

4.7.1 Introduction

The parametric regression model must describe the basic underlying distribution of survival
time, but it must also characterize how that distribution changes as a function of the

covariates. The effect of the covariates is

e to alter the scale parameter, while the shape parameter remains constant.

e to alter both the scale and the shape parameters.

In the case of grouped survival data, a survival distribution is fitted for each level of a
risk factor or combination of levels of risk factors by using maximum likelihood estimation
subject to constraints for estimating the parameters of the regression model. A detailed
description of the development of this theory is given for one categorical risk factor on
three levels, where the effect of the risk factor is either to keep the shape parameter «
constant or to alter it. Then it is shown how to deal with a continuous risk factor when
fitting the regression model when the shape parameter remains constant. In the last part of
this chapter, the theory is extended to a regression model with two categorical risk factors.

The fitting of a log-logistic regression model and a Weibull regression model will be discussed
for staggered entry of policies. These two distributions are used, because the log-logistic
is the only continuous distribution which has the property of being both an AFM and a
POM and the Weibull is the only continuous distribution which has the property of being
both an AFM and a PHM.

4.7.2 Notation for a regression model with one risk factor at stag-
gered entry

Consider a categorical risk factor A on three levels A;, Ay and As.

The notation for staggered entry of policies with four different entry periods, as described
in chapter three, can be extended in the following way when fitting a regression model with
one risk factor. For simplicity, assume that k, the number of class intervals for the first

entry, is equal to seven,

The combined relative frequency vector p’ is defined as
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P = (P1.Po1 P51, P11, P2 Pho P Pao P3Pz Psz Plas )
p; is the relative frequency vector for the i** entry group and the I** level of risk factor A,
corresponding to n;p, being multinomial (n;; ;) distributed

1=1,2,3,4 and [=1,2,3.

, - )
Pu = (P11, P2, Pu3s Pua, Pis, Pus, puz) is a 7 X 1 relative frequency vector
;. )
Doy = (D2u1, P12, P23, Para, Pars, Pars) i a 6 x 1 relative frequency vector
;. .
Dy = (P31, Ps1,2, P33, Paias Pars)' is a b x 1 relative frequency vector

Py = (Par1, Par2, Pai s, Paa) is @ 4 X 1 relative frequency vector

and

). .
1 = (M1, 102, T1,3, T4, T10,5: T106, T11,7) 15 @ T X 1 probability vector

Il

31,1 731,25 31,3, 31,4, 7r3;,5)’ isabxl1 probability vector

- -
Ty = (7T2171,7T2l’2,71'2173, 7T2[14,7T2;’5,7T2176) sabx1 probablllty vector
T3 (
Ty = (71'4171,71’41’2,7'1'41’3,77'41,4), isadxl probability vector I = 1,2,3.

The vectors &; i=1,2,3,4 of upper class boundaries for the i** entry group are

z
T
Z9 T
T2 I
x3 ) L2 d _
rp = Lo = x3 Ir3 = . an Ty = )
Ty 3
Ty T3
M z Ty
5
Ze

The number of entries per cell in the cross tabulation of entry period and risk factor A can
be summarized in table 4.1.
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Table 4.1: Number of entries per cell in cross table of entry period and risk factor A

Entry Risk Factor A Total
Period | Level A; Level Ay Level A
1 7 7 7 21
2 6 6 6 18
3 5 5 5 15
4 4 4 4 12
Total 22 22 22 66
Define matrix S as
S 4,
S=1| Sy
S A,
where S 4, = block(S1,S2,S3,S4) 1=1,2,3 with
1 0 0 00 0O
1 1.0 0 00O
Sl _ 1 110000
1 111 000
1 1 11100
1111110
100 0 0O
1 1.0 0 0 O
S;=]1 11000
1 11100
1 11110
1 0 0 0 O
S, = 1 1 0 0 O
1 1100
1 1110
1 0 0O
S4 = 1 1 00 .
1 110




Emametric Regression Models for Survival Data with Covariatesl 106

S is a 54 x 66 matrix. S 4, is a 18 x 22 matrix  1=1,2,3 and has the following form.

1.0 0 0 0O O O 0 0 0 0 0 O 0 0 0 0 O 0O 0 0 O

1 1.0 0 0 0 O 0O 0 0 0 0 O 0 0 0 0 O 0 0 0 O

11 1 0 0 0 O 0O 0 0 0 0 O 0 0 0 0 O 0O 0 0 O

11 1 1 0 0 O 0O 0 0 0 0 O 0O 0 0 0 O 0 0 0 O

11 1 1 1 0 O 0O 0 0 0 0 O 0O 0 0 0 O 0 0 0 O

11 1 1 1 1 0 0O 0 0 0 0 O 0 0 0 0 O 0O 0 0 O

0O 0 0 0 0 o0 O 1 0 0 0 0 O 0 0 0 0 O 0O 0 0 O

0O 0 0 0 0 o0 O 11 0 0 O O 0 0 0 0 O 0O 0 0 O

S _ 0 0 0 0o 0O o0 O 11 1 0 0 O 0 0 0 0 O 0O 0 0 O
A — 0 0 0 0 0 0 O 111 1 0 O 0 0 0 0 O 0O 0 0 O
0O 0 0 0 0 0O O 11 1 1 1 0 0 0 0 0 O 0 0 0 O

0O 0 0 0o 0O O O 0O 0 0 0 0O O 1 0 0 0 O 0O 0 0 O

0O 0 0 0 0O O O 0O 0 0 0 O O 1 1 0 0 O 0O 0 0 O

0O 0 0 0o 0o o0 O 0O 0 0 0 0 O 11 1 0 0 0O 0 0 O

0O 0 0 0 0 o0 O 0o 0 0 0 O O 1 1 1 1 0 0O 0 0 O

0O 0 0 0 0 O O 0O 0 0 0 0 O 0 0 0 0 O 1 0 0 O

0o 0 0 0 O o0 O 0O 0 0 0 0 O 0O 0 0 0 O 11 0 O

0o 0 0 0 0 0 O 0 0 0 0 0 O 0 0 0 0 O 11 1 0

The variance-covariance matrix V to be used is the estimated variance-covariance matrix of
the multinomial distribution for each combination of entry period and risk factor level

EE /‘7 = b|OCk(/‘7A1, VAQ, /VA:;)
where
V4, = block( V1 4,, Voa,, V34, Vau,) 1=1,2,3

and
— 1
Vz',A,=n—[diag(pa)~pupéz] i=1,2,3,4 and 1=1,2,3
2l

Note that /‘71,,4, isa7x7, /‘727,41 isabxo6, /‘73,,4[ isabxband /‘74,,4[ is a 4 X 4 matrix
so that /‘7,41 isa22x22matrix [=1,2,3and Vis a 66 x 66 matrix.

4.7.3 The log-logistic regression model: staggered entry, shape pa-
rameter remains constant

In this model the effect of the risk factor is to alter the scale parameter A, while the shape

parameter o remains constant.

Equation 3.3 .23 can be extended to take covariates into account as follows:

ln(%:Q):lnA-l+ﬁ'Z+a-lnw (4.7 .1)

Consider a risk factor A on three levels A;, Ay and A;. Two dummy variables Z4, and Z,4,

are defined for levels A; and A, in such a way that the regression coefficient (54, of level
3

As is equal to —(84, + Ba,), that means {Z 5Ak} =0.

k=1
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Then Equation 4.7 .1 becomes

In (1;(—1(;”)> =InA-1+ (84,24, +BayZa,) +a-Inz (4.7 .2)

or

S(x) 1- F(z) 1-—7mg
1 1 0 Inx;
1 1 0 lIl.’.l!z
1 1 0 In x5
1 1 0 11’11'84
1 0 1 Inz,
1 0 1 In x4
= InA-. + . & g +a
1 b 0 Baz 1 In 3
1 0 1 In x4
1 -1 -1 In
1 -1 -1 111332
1 -1 -1 In x5
1 -1 -1 Inzy
1 1 0 Inz
1 1 0 Inx
1 1 0 Inzs
1 1 0 1111134
1 0 1 Inxz In A\
B 1 0 1 Inx Ba,
- 1 0 1 11'1:123 IBA2
1 0 1 Inzy o
-1 -1 ln:cl
-1 -1 Inxz,
-1 -1 Inzs

1 -1 -1 Inzy
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In )\

=>1n( s ) = X, | P (4.7 .3)
1—775’ BAz
«

Equation 4.7 .3 is a linear model in the parameters In \, (4,, B4, and a. This model is

equivalent to

o xknrx ) n(f) — o

C is the projection matrix orthogonal to the columns of the design matrix X ;. Note that
C.Xl = 0

The function g(7) = 0 satisfies the conditions of Proposition 1 and the estimation algorithm
can be used to estimate the \'s and a's of the log-logistic distributions for the three levels
of the risk factor A.

To summarize, the constraints imposed by the log-logistic distribution are specified by

™ S
g(m) = C'.ln{1 —5‘;1'5} =C.In [m] =C.[In(S-7)—In(1—-S-m)]=0
(4.7 4)
with
C=1I-X,(X/X)'X, . (4.7 .5)

The derivative of g(7r) with respect to 7 is

. -
= C- [diag (ﬂ'is) + diag (1 —171-5)} -S (4.7 .6)
= C-[Dy7'+ Dy 8 (4.7 .7)

where D3 and D, are diagonal matrices with the elements of g and 1 — g, respectively,

on the main diagonal.
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The estimated vector of probabilities in this case is

~ / O\ * Sp
#.=p— (G, V) (G,VG,) -C.ln{l_s.p} (47 8)

with S and /‘7 the estimated variance-covariance matrix, defined in section 4.7.2

Since Equation 4.7 .8 is still a function of the unknown parameter 7, the double iterative
procedure must be implemented. Once the iterative procedure in Equation 4.7 .8 has
converged, the estimated parameters of the three log-logistic distributions can be solved

from -
In A
BA1 ! —1y 7 S.-7.
S =(X1X1)" X In{ ——— 4.7 .
N I e b Py 47.9)
a

and B4, = — (BAl +BA2>-

The estimated lambda parameters of the three log-logistic distributions for the three risk

factor levels then are L
Mg, = exp(ln+ Ba,)

i, = exp(Inh+ Ga,)
A, = exp(Inh+ fBa,).
Consider Equation 4.7 .2 where In(odds) is modelled in terms of dummy variables Z4, and
Za,
= In(odds) =In A -1+ (Ba,Za, + BayZa,) +a-Inx

Take the summation over the risk factor levels, that gives

> {In(odds)} = {InA-1} + > {(Ba, - Za, + Bay - Za)} + ) _{a-Inz},
but

S ABay - Zay, + Bay- Zay)} = (Bay-1+ Bay-0) + (Bay -0+ Bay.1) + (Ba,-(=1) + Ba,.(—1))
= Ba, + Ba, + Ba,
— 0,

therefore
> {In(odds)} =Y {lnx-1} +> {a-Inz}.

= average{ln(odds)} =InA-1+ o Inz.

The baseline log-logistic model in this context is defined as the log-logistic model at this

average value of In(odds).

The estimated lambda parameter of the baseline log-logistic distribution then is

Xo = exp(In \)
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so that R R
Aa, = Ao xexp(Ba,)
A, = Ao xexp(Ba,)

~ ~

/\A3 = )\0 X exp(ﬁA3).
These four log-logistic distributions all have the same estimated alpha parameter a.

The SAS/IML program to fit a log-logistic regression model (constant shape parameter) to
grouped survival data with staggered entry of policies appears in Appendix A.

4.7.4 The log-logistic regression model: staggered entry, shape pa-
rameter alters

In this model the effect of the risk factor is to alter both the scale parameter A and the
shape parameter c.

Then Equation 4.7 .1 becomes

In <1_—S(“’)) —Tn (M) —In (—35—) —In(mg) —In (1 — )

S(x) 1-— F(x) 1—mg
1 1 0 In x4 0 0
1 1 0] In x5 0 0
1 1 0 In x5 0 0
1 1 0 In x4 0 0
1 0 1 0 In =, 0
1 0 1 0 In 25 0
L[ TP o Paac| A 0 427 In g, . 0
1 0 1 0 Inzy 0
1 -1 -1 0 0 In zy
1 -1 -1 0 0 In a9
1 1 -1 0 0 In 25
1 -1 -1 0 0 In 24
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1 1 0 Inz; O 0

1 1 0 Inz, O 0

1 1 0O Inxs O 0

1 1 0 Inzy O 0
In A
1 0 1 0 Inz O B,
|10 1 0 mzm o Ba,
" ]/1 0 1 0 Inz O o,
1 0 1 0 Inzy O o4,
Qp,

1 -1 -1 0 0 Inz

1 -1 -1 0 0 Inz

1 -1 -1 0 0 Inzs

1 -1 -1 0 0 Inxzy
In A
Ba,
s ()= X | P
1—7mg p,
aa,
Qa,

This is a linear model in the parameters In A, B4,, Ba,, @4, @4, and ay,. This model is

equivalent to

(I—Xl(Xl'Xl)‘1X1’>-ln< s ) — 0

-— 1—71'3
C ln( s ) =0
N l_ﬂsl

g(m) =0

C is the projection matrix orthogonal to the columns of the design matrix X ;. Note that
CX,=0.

The function g(7) = 0 satisfies the conditions of Proposition 1 and the estimation algorithm
can be used to estimate the \'s and a's of the log-logistic distributions for the three levels
of the risk factor A.

To summarize, the constraints imposed by the log-logistic distribution are specified by
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g(m) = C.ln{ s }:C.ln lﬂ—} =C.[In(S-7w)—In(1-S-m)]=0

1- Ts 1-S «
(4.7 .10)
with
C=I-X,(X/X) X, . (4.7 .11)
The derivative of g(7r) with respect to 7 is
_ Og(m)
Gr = or
. 1 _ 1
= C- [dwg <7T_s> + diag (1 — ﬂ's)] -8 (4.7 .12)
= C-[Dy7'+ D78 (4.7 13)

where

D3 and D, are diagonal matrices with the elements of g and 1 — 7g, respectively, on the
main diagonal. S is a matrix composed from three matrices associated with the three levels
of risk factor A.

The estimated vector of probabilities in this case is

with S and /‘7 the estimated variance-covariance matrix, defined in section 4.7.2

Since Equation 4.7 .14 is still a function of the unknown parameter 7, the double iterative
procedure must be implemented. Once the iterative procedure in Equation 4.7 .14 has
converged, the estimated parameters of the three log-logistic distributions can be solved
from A
In A
i
gj‘: =(X/X)'X{ In {————-—1 f,.sﬂ.-cﬁ-c} (4.7 .15)

OéA2

OiAq
and fBa, = — (BAl + BAQ)-

The estimated lambda parameters of the three log-logistic distributions for the three risk
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factor levels then are L
A, = exp(InA+ Ba,)

A, = exp(lﬁ—i—ﬁAg)
A, = exp(ln\+ Ba,).

The estimated lambda parameter of the baseline log-logistic distribution then is
Xo = exp(In \)

so that

The estimated shape parameters of the baseline and the risk factor level log-logistic distri-
butions are

aa,

aa,

QAg.

The SAS/IML program to fit a log-logistic regression model (shape parameter alters) to
grouped survival data with staggered entry of policies appears in Appendix A.

4.7.5 Deriving of indices and risk scores from the log-logistic regres-
sion model

Once the parameters of the log-logistic baseline distribution and log-logistic risk factor level
distributions have been estimated, estimated hazard and survivor functions, odds of a lapse,

odds ratios and hazard ratios at time ¢ can be calculated.

The odds ratio for risk factor level A; is the relative odds of a lapse at time ¢ of a policy,
with level A; characteristics, compared to a policy with the baseline characteristics. The
odds ratios for the three risk factor levels result in a set of indices, showing the effect of
each risk factor level on the baseline odds of a lapse at time t.

The hazard ratio for risk factor level A; is the relative hazard rate of a lapse at time t of a
policy, with level A; characteristics, compared to a policy with the baseline characteristics.
The hazard ratios for the three risk factor levels result in a set of risk scores, showing the
effect of each risk factor level on the baseline hazard rate of a lapse at time t¢.

Percentiles of the four log-logistic survival distributions can also be estimated.
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Log-logistic regression model

Shape remains constant

Estimated hazard function

~ X\ .a.ta—l
ho(t):—gﬁ
1+ Ao -t9)
-~ X, @t
hAi(t) A TXr

(14 A4, 'ta)

Estimated survivor function

1
So(t) = —
0() 14+ Xp-t™
~ 1
Sa,(t) = —————=
1+/\Ai-t°‘

Estimated odds of a lapse

oddsg )= —1%:)@)

0

:XO'ta

oddsa, (t) = %“(‘;)@ =, 1o

Estimated odds ratio or index

oddaratioa, (t) = 22454:(8) _ A 17
OddSO(t) )\0 Lo

Estimated hazard ratio or risk score

— ha ) a1+ Aot®
hazardratioga, (t) = ,14;() = & . (—_'_A—O-T)
ho(t) Ao (14 Aate)

Estimated percentiles of lifetime distributions

1
L 1 P )E
baseline t, = [ — + ——
: ()\0 (100 — p)
1
—~ 1 P a
red. level t, = i
’ ’ (xA,., (100—p))
_1
— baseline f,- (index) @

Shape parameter alters

Estimated hazard function

Ao - Qg - t@o~1

ho(t) = D
ot (14 Ao - t)

Estimated survivor function

1

§0t =—=
© 14 Ao -t

~ 1
Sa,(t) = ——————
1+ Ay, - o4

Estimated odds of a lapse

1-5%®) _+ 3

OTiESO(t) =" =Xyt
So(t)
OTi\dSAi(t) = L?:M)- = XA,; . taAi
Sa; (t)

Estimated odds ratio or index

OEESAi(t) . B\\Ai . ta\Ai

oddsratio, (t) = — A
®) oddso(t) Ao - to°

Estimated hazard ratio or risk score

_ fa® 3 Aot
hazardratioy,(t) = 17:4_1@_ = -/;éi . -—(-}j-g)i;:—)-
ho(t) Ao (1+ A, to4)
Estimated percentiles of lifetime distributions

1

~ 1 o
baseline tp = (X_ D (loop;p)) a0
0 —

~ 1 P @a,
pred. level t, = | =— - ———
F ()‘Ai (100 - p) )

1=1,2,3
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The estimated odds ratios are called indices. The index of a risk factor level shows the effect
of this level on the baseline odds of a lapse. This effect is multiplicative on the baseline
odds of a lapse and increases the baseline odds of a lapse (if the index > 1) or decreases
the baseline odds of a lapse (if the index < 1).

The estimated hazard ratios are called risk scores. The risk score of a risk factor level shows
the effect of this level on the baseline hazard rate of a lapse. This effect is multiplicative on
the baseline hazard rate of a lapse and increases the baseline hazard rate of a lapse (if the
risk score > 1) or decreases the baseline hazard rate of a lapse (if the risk score < 1).

Consider the risk factor A on three levels A;, A, and Aj;. Recall that the proportional
odds model (POM) models the odds of a lapse at time ¢ for a policy with risk vector
Z = (21,2, ..., Zy)' and regression coefficients 3 = (61, B, ..., Bp)’

= lodds,(t|Z) = P Z - oddso(t) 1=1,2,3.

This property of constant odds ratios over time only holds when the shape parameter of the
log-logistic distributions of the baseline and risk factor levels remains constant.

Two dummy variables Z4, and Zy4, are defined for levels A; and Ay in such a way that the
regression coefficient 34, of level A3 is equal to — (84, + [4,). From the POM follows that

ddsa, (t|Za, = 1,24, =
OddSAl (tIZAl = 17ZA2 — 0) — e(ﬁA1.1+ﬁA2.O)_0ddso(t) N o SAl( l Az y LAy O) _ eﬁAl

OddSO(t)
= oddgr\atioA1 — P = )‘71—£= _ A4
Ao - t° Ao

This means that for a constant shape parameter in the log-logistic distributions, the
indices (estimated odds ratios) may be obtained also from the exponent of the estimated

(-values in the log-logistic regression model.

4.7.6  The Weibull regression model: staggered entry, the shape pa-
rameter remains constant

In this model the effect of the risk factor is to alter the scale parameter A, while the shape

parameter . remains constant.

Equation 3.3 .11 can be extended to take covariates into account as follows:

In(~InS(z))=InA-1+08Z+a-hnz (4.7 .16)
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Consider again a risk factor A on three levels Ay, A, and A3 for which two dummy variables
Za, and Z, are defined. The staggered entry of policies occurs during four entry periods

and k, the number of class intervals for the first entry group, equals seven.

Then Equation 4.7 .16 becomes

In(—InS(z)) =In\- 1+ (8a,Za, + Ba,Za,) +-Inx

or

In(~nS(z)) = In(—In(l— F(x)) =1

1
1
1
1
1
1
= ]_nA- +6A1.
1
1
1
1
1
1
1 1 0 Inxz,
1 1 0 hlil)g
1 1 0 Inzs
1 1 0 11’1:1!4
1 0 1 Inxz;
N 1 0 1 lna:2
|1 0 1 Inzs
1 0 1 Inzy
1 -1 -1 Inxz,
1 -1 -1 Inxz,
1 -1 -1 Inzs
1 -1 -1 111034

e

o © O O

+/8A2'

In X\

Ba
Ba,

(—In(1 — 7mg))

o O O O

e

(4.7 .17)

In T
In x5
In 23

In Ty

In T
In Ty
In 3
In Ty

In 2
In o
In 3
In 24
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In X

Ba,
Bay

(8}

= In(—In(1 —7wg)) = X, (4.7 .18)

Equation 4.7 .18 is a linear model in the parameters In A, S4,, B4, and . This model is

equivalent to

\(1 - Xl(Xl'Xl)_le’))-ln(—ln(l —mg)) = 0
EJ’ ‘In(-In(1l—=mg)) = 0

i s
'

g(m) =0

C is the projection matrix orthogonal to the columns of the design matrix X ;. Note that
CX,=0.

The function g(#) = 0 satisfies the conditions of Proposition 1 and the estimation algorithm
can be used to estimate the A's and a's of the Weibull distributions for the three levels of
the risk factor A.

To summarize, the constraints imposed by the Weibull distribution are specified by

g(m)=C.In{-In(1 —7g)} =C.lIn{-In(1-8S-m)} =0 (4.7 .19)

with
C=TI-X,(X/X)'X, . (4.7 .20)

The derivative of g(7r) with respect to 7 is

_ Og(m)
Gr = on
— _Cdiag[———) .ai ( ! ) S (4.7 21)
N g In(1 — 7g) I\ "7 o
- -C-D,'-D,'. 8 (4.7 .22)

where

D; and D, are diagonal matrices with the elements of In(1—g) and (1 —7g), respectively,

on the main diagonal.
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The estimated vector of probabilities is in this case

Ro=p— (Gﬂv)'(GpVG;)*.c,ln{lf—&}. (4.7 .23)

with S and V the estimated variance-covariance matrix, defined in section 4.7.2

Since Equation 4.7 .23 is still a function of the unknown parameter 7r, the double iterative
procedure must be implemented. Once the iterative procedure in Equation 4.7 .23 has
converged, the estimated parameters of the three Weibull distributions can be solved from

In A
gAl _ (X1/X1)—1X1/ . ln(—ln(l - S 7’-{-0)) (4.7 .24)
Az '

a
and B4, = — (BA1 + BAQ)-

The estimated lambda parameters of the three Weibull distributions for the three risk factor

levels then are L
A, = exp(InX+ Ba,)

A, = exp(InA+Fa,)
A, = exp(ln+ Ba,).
The estimated lambda parameter of the baseline Weibull distribution then is

Xo = exp(In))

so that R R R
Aa, = Mo X exp(fa,)
XAZ = Mo X exp(AA2)
Mg = Ao x exp(Ba,).

These four Weibull distributions all have the same estimated alpha parameter a.

The SAS/IML program to fit a Weibull regression model (constant shape parameter) to
grouped survival data with staggered entry of policies appears in Appendix A.

4.7.7 The Weibull regression model: staggered entry, the shape pa-
rameter alters

In this model the effect of the risk factor is to alter both the scale parameter A and the

shape parameter o.
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Then Equation 4.7 .16 becomes

=InA\-

- e e - e

e e

119

In(—InS(z)) =In(-In(1 - F(z))) =In(—In(1 — 7))

+ B4, -

1 0 In 2,
1 0 In x5
1 0 In x5
1 0 Inzy
0 1 0
0 + B4, - ! +og, - 0 +ay, -
0 Aa 1 Ay 0 Az
0 1 0
-1 -1 0
-1 -1 0
-1 -1 0
-1 -1 0
1 1 0 Inz;, O 0
1 1 0 Inzy, O 0
1 1 0 Inxs 0 0
1 1 0 Inzy, O 0
1 0 1 0 Inz O
1 O 1 0 Inzx 0
1 0 1 0 Inzs O
1 0 1 0 Inzsy O
1 -1 -1 0 0 Inxz,
1 -1 -1 0 0 Inz
1 -1 -1 0 0 Inzs
1 -1 -1 0 0 Inzy
=In(—In(l —mg)) = X,

0 0
0 0
0 0
0 0
In A 0
In o ta 0
Inzs As 0
In T4 0
0 In A
0 In zo
0 Inzj
0 Inxy
In A
Ba,
By
a A,
a4,
(01 As
In A\
Ba,
/BAQ
o Al
Q Ao
*Aq

This is a linear model in the parameters In A, B4,, B4,, @a,, @4, and a4,. This model is
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equivalent to

(T - Xy(X1'X1) 7' Xy) - In(~In(1 —7g)) = 0

C ‘In(-In(l—-7mg)) = 0

J

v~

g(m) - =0

C is the projection matrix orthogonal to the columns of the design matrix X ;. Note that
CX] - O

The function g(7r) = 0 satisfies the conditions of Proposition 1 and the estimation algorithm
can be used to estimate the \'s and a's of the Weibull distributions for the three levels of
the risk factor A.

To summarize, the constraints imposed by the Weibull distribution are specified by

g(w)=C.In{-In(1 —7mg)} =C.In{—In(1-8-7m)} =0 (4.7 .25)

with
C=1I-X,(X/X)'X, . (4.7 .26)

The derivative of g(7) with respect to 7 is

_ Og(m)

Gr = “on 7
_ _C-diag [ ————) - dia ( ! ) S (4.7 27)
N 149 ln(].—ﬂ's) g 1—-mg o
= -C-D;/'-Dy,'-8S (4.7 .28)

where

D, and D, are diagonal matrices with the elements of In(1—7g) and (1—7g), respectively,

on the main diagonal.

The estimated vector of probabilities is in this case

* S:p
= _ / 4 .
7.=p—(G.V) (G, VG),) C'ln{—_l—S-p}' (4.7 .29)

with S and /‘7 the estimated variance-covariance matrix, defined in section 4.7.2

Since Equation 4.7 .29 is still a function of the unknown parameter 7, the double iterative
procedure must be implemented. Once the iterative procedure in Equation 4.7 .29 has
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converged, the estimated parameters of the three Weibull distributions can be solved from
In A
Ba,

5A2 ’ -1 ’ S -7,
=(X1X X In{—F— T
a, (X1'X4) S -y (4.7 .30)

aA2

OAs
and B4, = — (3,41 + BAQ)-

The estimated lambda parameters of the three Weibull distributions for the three risk factor

levels then are

~ —— ~

Ay, = exp(lnA+ fBa,)

~ —— ~

A, = exp(InX+ Ba,)

~ — ~

M; = exp(InA+ Ba,).

The estimated lambda parameter of the baseline Weibull distribution then is

Xo = exp(In \)

so that R R R
/\A1 = /\0 X exp( Al)
XA2 == XO X exp(BAz)
XAg = X0 X eXp( AAa)'

The estimated shape parameters of the baseline and the risk factor level Weibull distributions
are

aa,

Qg

Qpg.

The SAS/IML program to fit a Weibull regression model (shape parameter alters) to grouped
survival data with staggered entry of policies appears in Appendix A.

4.7.8 Deriving of indices and risk scores from the Weibull regression
model

Once the parameters of the Weibull baseline distribution and Weibull risk factor level dis-
tributions have been estimated, estimated hazard and survivor functions, odds of a lapse,

odds ratios and hazard ratios at time ¢ can be calculated.
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The odds ratio for risk factor level A; is the relative odds of a lapse at time ¢ of a policy,
with level A; characteristics, compared to a policy with the baseline characteristics. The
odds ratios for the three risk factor levels result in a set of indices, showing the effect of
each risk factor level on the baseline odds of a lapse at time t.

The hazard ratio for risk factor level A; is the relative hazard rate of a lapse at time ¢ of a
policy, with level A; characteristics, compared to a policy with the baseline characteristics.
The hazard ratios for the three risk factor levels result in a set of risk scores, showing the
effect of each risk factor level on the baseline hazard rate of a lapse at time ¢.

Percentiles of the four Weibull survival distributions can also be estimated.
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Weibull regression model

Shape remains constant
Estimated hazard function

Toa,(t) = 4, @11

Estimated survivor function

So(t) = exp(~Ro - £7)

Sa(t) = exp(~Aa, - 17)

Estimated odds of a lapse

1 — So(t)

o@\so(t) =——0"= exp(/):g . ta_l)
S()(t)
o?i?i\sAi( )= ! :SA""(t) = exp(Aa, -ta”l)
SAi(t)

Estimated odds ratio or index

msAi(t) _ exp(Aa, -ta_l)
oddsg(t) exp(No - t%71)

oddﬁtiom (t) =

Estimated hazard ratio or risk score

haza@atiom (t) = —

ha,(t) A, -@-t2
Xo LG tet

hg(t)

Estimated percentiles of lifetime distributions

1
.~ 1 100 a
baselinet, = [ — - In ———
i ()\0 (100 _p)>
1
. 1 100 a
red. levelt, = — - In———
P ’ (AAi (100 - p))

1
(risk score) &

= baseline ¢, -

Shape parameter alters
Estimated hazard function

ho(t) = Ao - @p - 1501

Toa,(t) = A, - @a, - to4]

Estimated survivor function

So(t) = exp(—Ao 'tg")

8a.(t) = exp(~Na, - 154)

Estimated odds of a lapse

dd: 1— So(t) S Eemt
OddSO(t) ==~/ = eXp(/\[) . 460 )
So(t)
D 1- §A.(t) o~ o
oo (t) = L2583, )
Sa.(t)

Estimated odds ratio or index

P E (T /): ) -1,“/;/41‘_1
oddsratioa,(t) = D,EA’( ) = e A )
oddso(t) exp(Ag - t"“”l)

Estimated hazard ratio or risk score

— ?L (t X & _.t;\Ai-l
hazardratioa, (t) = ,\Al( ) - 2 A
ho(t) No - g -t 1

Estimated percentiles of lifetime distributions

1
100 )a_o

baseline t;;, = <X_0 -In m

1

red. level £, = L-lnﬂ aa,
i y XAi (100 — p)

i=1,2,3

123
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The estimated hazard ratios are called risk scores. The risk score of a risk factor level shows
the effect of this level on the baseline hazard rate of a lapse. This effect is multiplicative on
the baseline hazard rate of a lapse and increases the baseline hazard rate of a lapse (if the
risk score > 1) or decreases the baseline hazard rate of a lapse (if the risk score < 1).

The estimated odds ratios are called indices. The index of a risk factor level shows the effect
of this level on the baseline odds of a lapse. This effect is multiplicative on the baseline
odds of a lapse and increases the baseline odds of a lapse (if the index > 1) or decreases
the baseline odds of a lapse (if the index < 1).

Consider the risk factor A on three levels A;, A, and As. Recall that the proportional
hazards model (PHM) models h(t|Z), the hazard rate of a lapse at time t for a policy
with risk vector Z = (Z1, Zs, ..., Z,,)' and regression coefficients 8 = (01, B2, ..., Bp)’

= |hat1Z2) = P Z hot) 1=1,2,3

This property of constant hazard ratios over time only holds when the shape parameter of
the Weibull distributions of the baseline and risk factor levels remains constant.

Two dummy variables Z4, and Z4, are defined for levels A; and A, in such a way that the
regression coefficient G4, of level A; is equal to — (84, + [4,). From the PHM follows that

hAl(tIZAl = 17 ZA2 = O) — eﬁAl

ha, (8| Za, =1, Z4, = 0) = ePar1tPa20) . (1) =

ho(t)

— = X -a-ttN
= | hazardratioy, = efa = AA’ ——— = A
)\O'Oé'ta~ )\0

This means that for a constant shape parameter in the Weibull distributions, the risk
scores (estimated hazard ratios) may be also obtained from the exponent of the estimated

(B-values in the Weibull regression model.

4.7.9 The fitting of a regression model with a continuous risk factor

Consider a continuous risk factor that can be categorized into three groups. Define the
ordinal covariate Z that takes on the values z=1 for the first group, z=2 for the second
group and z=3 for the third group. Denote a vector of two's by 2 and a vector of three's
by 3.
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The log-logistic regression model with a continuous risk factor

The log-logistic regression model that models In(odds) is then

1-5@)) _y.5. rto-lng
1n< ) )_1/\ 1+8-z+a-1 (4.7 .31)

or

In (1‘—5("”)) — In (—F@—> — I (1&) —In () — In (1 — )

S(x) 1- F(z) — T
1 In x, 1
1 Inx, 1
1 In x5 1
1 Inz, 1
1 In z, 2
1 Inz, 2
= A 1 e In 5 +h 2
1 Inxzy 2
1 In 2, 3
1 In zo 3
1 In x5 3
1 Inz, 3
1 Inz; 1
1 Inxzy 1
1 Inzz 1
1 Inzy 1
1 Inz; 2
In A
1 Inzy, 2
- 1 Inzs 2 “
1 Inzy, 2 b
1 Inz; 3
1 Inzy 3
1 Inzs 3
1 Inzy 3
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In A
:»m( s ) = X, | a (4.7 .32)
1-—71'5 IB

Equation 4.7 .32 is a linear model in the parameters In A, « and 3.

By proceeding in a similar way as in section 4.7.3, the estimated parameters of the log-logistic

distributions for the three risk factor groups can be solved from

e

In A

, _ , S 7.

with S and 7. defined in section 4.7.3

The estimated lambda parameters of these three log-logistic distributions then are

Age1 = exp(lﬁ + B 1)
Agey = exp(h/l\)\ + B % 2)
dgez = exp(l;l\)\ + B * 3).

The estimated lambda parameter of the baseline log-logistic distribution then is
do = exp(In))

so that R N R
Az=1 = Ao xexp(Bx*1)

Az=z = Ao xexp(Bx2)
XZ=3 = Xo X eXp(B* 3)

These four log-logistic distributions all have the same estimated alpha parameter a.

The above procedure can also be applied when other continuous values of z, instead of the
values 1,2,3, are used, for example the midpoints of the risk factor groupings. An application
will be discussed in chapter 5.

The SAS/IML program to fit a log-logistic regression model with one continuous risk factor
(constant shape parameter) to grouped survival data with staggered entry of policies appears
in Appendix A.
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The Weibull regression model with a continuous risk factor

The Weibull regression model is

In(—InS(z))=nA-1+F-z+a-Inz (4.7 .34)
or
In(—InS(z)) = In(—In(1 - F(z))) =In(—In(1l —mg))
1 ln:c1 1
1 Inz, 1
1 In x5 1
1 ln:z:4 1
1 lIl:Bl 2
1 11’1:122 2
= In\- +
. 1 ta 111:133 /8 2
1 lna:4 2
1 In x, 3
1 lnazg 3
1 In x5 3
1 In x4 3
1 lna:l 1
1 ln:z:2 1
1 Inzz 1
1 Inzy 1
1 Inz; 2
In A
1 Inxzy 2
= a
1 Inzz; 2 8
1 11’1:134 2
1 Inz; 3
1 Inzy, 3
1 Inzz 3
1 Inzy, 3
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In A
= In(-In(l —7wg)) = X o " (4.7 .35)
g

Equation 4.7 .35 is a linear model in the parameters In A, « and 3.

By proceeding in a similar way as in section 4.7.6, the estimated parameters of the Weibull
distributions for the three risk factor groups can be solved from

P

In A

, . , S -7,

oy @

with S and 7, defined in section 4.7.6.

The estimated lambda parameters of these three Weibull distributions then are

Az—1 = exp(]?lj\ +83%1)
;\Zzg = exp(lﬁ\)\ -+ 5 * 2)
XZ:B = eXp(II/l\)\ + B * 3)

The estimated lambda parameter of the baseline Weibull distribution then is
Xo = exp(In A)

so that R N
Az=1 = Mg Xxexp(fx1)
Az=2 = Ao xexp(G#2)
XZ=3 = )\0 X exp(B * 3)

These four Weibull distributions all have the same estimated alpha parameter a.

The above procedure can also be applied when other continuous values of z, instead of the
values 1,2,3, are used, for example the midpoints of the risk factor groupings. An application

will be discussed in chapter 5.

The SAS/IML program to fit a Weibull regression model with one continuous risk factor
(constant shape parameter) to grouped survival data with staggered entry of policies appears

in Appendix A.
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4.7.10 Notation for a regression model with two risk factors at stag-
gered entry

Consider two risk factors A and B, each on three levels A;, A; and A3 and By, B and Bs
respectively. Staggered entry of policies occur during four different entry periods and k, the
number of class intervals for the first entry group, is equal to seven.

. M H / / / / / ] / / !
The combined relative frequency vector is p’ = (P111v P211:P311» P11 P11z Po12y P312:Pa10
7 / / 7 / / 7 / / / 7 ! / ! / 7
P13y P213: P313+ Pa13r Pi21:Pa21: P3o1s Pa21r Pioar P22y P322.Pa22, Pi2sr D2szs P3ogs Pyoss

Pis1.Phs1r Pistr Pistr Plszs Pasar PhszPlgar Phas: Phss Phsss Plss) -
D, is the relative frequency vector for the i* entry group, the I*" risk factor A level and the

mt risk factor B level corresponding to niim Py, being multinomial (Nitm; Tim) distributed
1=1,2,3,4 and [=1,2,3 and m=1,23.

Piim = (Plm,1, Plim,2, Plim,3: Plim, 4, Plim,5, P1im,6> P1im,7)’ 15 @ 7 X 1 relative frequency vector
Dot = (D2im, 1, P2tm, 2, P2tm, 35 D2im 4, P2lm,5, P2im,6) 1S @ 6 X 1 relative frequency vector

Pt = (D3im,1, P3im,2, P3im,3, P3im,4, P3im,5)’ 1S @ 5 < 1 relative frequency vector

Daim = (Paim, 1, Paim,2, Paim,3, Paim,a)’ 15 @ 4 x 1 relative frequency vector

and

. .

Tum = (T1im 1, T1im, 25 Tiim, 35 Tiim,4; Tlim,5, Tlim.,6, T1mi,7) 1S @ 7 X 1 probability vector
, .

Totm = (T2tm, 1y W2Um, 25 T2Um, 3 T2im 4, T2im,5; T2im,6) is @ 6 X 1 probability vector

.. .

T3im = (T31m,1, T3im, 25 T3im,3; T3lm,4, T3im,5)" 1S @ 5 X 1 probability vector

Talm = \Talm,1) Tdlm. 2y Tdim,3, 7T4lm,4)l isadxl probability vector = 1,2,3.

The vectors &; 3 =1,2,3,4 of upper class boundaries for the ** entry group are

T
z1
To I
To T
T3 T2
r, = Ty = T3 Ir3 = . and Ty = To
Ty 3
T4 T3
Ty - Ty
5
T

The number of entries per cell in the cross tabulation of entry period and risk factors A and

B can be summarized in table 4.2.
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Table 4.2: Number of entries per cell in cross table of entry period and risk factors A
and B

Entry Risk Factor Level Total
Period A Ay As
B1 BQ Bg Bl B2 Bg Bl Bg Bg

1 T 7 T |7 717 T \|7 17 7 63
2 &6 6 66 6 6|6 6 6 54
3 5 5 5|5 5 5|5 5 5 45
4 4 4 414 4 4|4 4 4 12

Total |22 22 2222 22 22|22 22 22| 198

Matrix S is now a (54 x 3) x (66 x 3) = 162 x 198 matrix and is defined as

where S, = block(S1, S5, S3,S4) is a 18 x 22 matrix of the form

Slm:

O OO0 OO0 OO0 OO0 O K H H B M =
O OO O0OO0OO0O0O0O0OOO0OO KHKFHKKMKMHO
O O OO0 OO0 O0OO0O0OO0O0O HFHKKOO
©C OO0 00000000 OFEKHOOO
O OO0 00000000 O=KFHOOOO
C OO0 O0OO0OO0OO0ODO0OO0OO0OCO+HOOOOO
©C O 000000000000 OC O OoOOo
O OO O0O0OO0OKHKFMMMOOOOORO
OO0 00000 H+HKMKFEKOOOODOOO
O OO0 0000 HKKHKOOOOOOOO
OO 0000 OKHFHFOODOOOOO OO
OO OO0 O0OO0OO0OHHOOOOOOOoOOoOOoOOo
(=l =loloN ol ===l e o o oo NN
O OO+ KHHFHOOOODOOOOOoOOoOOoO
O OO HKF HOOOOOOOOOOoOOoOOo
O OO HOODOOOOOODOOOOoOOo
C OO H OOOOOOOOOOCOOOOo
OO 000000000000 OCOOO
HHMHOOOOOOOOOODOOOoOOoOoo
HHOOOOOODODOOOOOCOOOO
H O OOODOOCCOOOO0OOOoOOCOOOOOo
(==l ool NN ==l i o Moo}

The variance-covariance matrix V to be used is the estimated variance-covariance matrix
of the multinomial distribution for each combination of entry period and risk factor A
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level and risk factor B level.

— V= blOCk(/Vu, Vig, Vis, Va1, Vi, Vs, Vay, Vg, /‘733)

where
Vim = block(Viim, Vaim, Vaim, Vaim) 1=1,2,3 and m=1,2,3
and
/Vi,lm = 11 [diag(Diim) — PumPuml =1,2,3,4 and [=1,2,3 and m=1,23.

Note that Vl,lm is a 21 x 21, /Vng isa 18 x 18, /‘73’,,,1 isa 15 x 15 and /‘74,,,,1 isal2x12
matrix so that /Vlm is a 66 x 66 matrix and V is a 198 x 198 matrix.

4.7.11 The log-logistic regression model with two risk factors at stag-
gered entry

In this model the effect of the risk factors is to alter the scale parameter A, while the shape

parameter o remains constant.

Consider a risk factor A on three levels A, A> and A3z and another risk factor B on three

levels By, B; and Bs;. Two dummy variables Z,4, and Z,, are defined for levels A; and A,

in such a way that the regression coefficient 4, of level Aj is equal to —(84, + 54,), that
3

means {Z /BAk} = 0. Similarly two dummy variables Zp, and Zp, are defined for levels B;

k=1
and Bs in such a way that the regression coefficient 8p, of level Bs is equal to — (85, + 05, ).

3
that means {Z ,BBk} =0.

k=1

The log-logistic regression model that models In(odds) then is

In (1;(—‘?;()1:)) =InA-1++ (/BA1ZA1 +,3AQZA2) + (531231 + 632ZB2) +a-Inz

In (1;(—5:;()”’)> —In (1—2%5) —In (lf—f;s) —In(ms) —In(1 — )
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This model is a linear model in the parameters In A, 54,, Ba,, Bg,. BB, and a.

By proceeding in a similar way as in section 4.7.3, the estimated parameters of the log-
logistic distributions for the nine combinations of risk factor A levels and risk factor B levels
can be solved from

P
Ba,
. S. 7
Fra | _ (XX )X, Ind —> e (4.7 .37)
ﬁBl 1 - S * ﬂ'c

BB,

«

. ~ ' !\ —-——S.p
with T =P — (G‘ITV) (GPVGW) - C. ]'n{l - S - p

section 4.7.10

} where S,V and p are defined in

Note that EAS = — (BAl + BAQ) and BBs == (BBl + EB2) .

The estimated lambda parameters of the nine log-logistic distributions for the nine combi-
nations of risk factor A levels and risk factor B levels then are

XAlBl = exl:)(f];l-\A + B\Al + B\Bl
A/3].1.82 — exp(ln A + ﬁ/—h + IBBQ
AaB; = exp(lnX+ 84, + Ba,

)
)
)
Mop, = exp(Inh+ Ba, + Bp,)
XAsz = exp(la + BAQ + BBQ)
dag, = exp(In\+ Ba, + Bp,)
XAaBl = exp(lﬁ\)\ + BAS + BBl)
Aazs, = exp(Inh+ B, + Op,)
Aazm, = exp(InA+ Ba, + Bs,)-

The estimated lambda parameter of the baseline log-logistic distribution then is

Xo = exp(In )
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so that - ~
A B, = Ao Xindexa, X indezp,)
AB, = Mo Xindexy, X indexp,
:\AlBg = o X index 4, X indexp,)
/A\AQB1 = Xo X index 4, X indexp,)
ApB, = Ao X indexa, X indexp,)
S\AQBE, = o X indezx 4, X indexp,)
:\A;;Bl = X X index, X indexp,)
XAa By = XO X index 4, X indexp,)
AasBs = Ao X index s, X indexp,).

These ten log-logistic distributions all have the same estimated alpha parameter @.

The SAS/IML program to fit a log-logistic regression model with two categorical risk factors
(constant shape parameter) to grouped survival data with staggered entry of policies appears

in Appendix A.

4.7.12 The Weibull regression model with two risk factors at stag-
gered entry

In this model the effect of the risk factors is to alter the scale parameter A, while the shape

parameter a: remains constant.

Consider again a risk factor A on three levels A;, A2 and A3 and another risk factor B on
three levels By, B and B3. Two dummy variables Z4, and Z4, are defined for levels A, and
Aj in such a way that the regression coefficient 34, of level A3 is equal to —(84, + Ba,),

3
that means {Z ﬂAk} = 0. Similarly two dummy variables Zg, and Zp, are defined for

k=1
levels By and Bs in such a way that the regression coefficient 8p, of level Bs is equal to

—(BB, + Bp,), that means {23: ﬁsk} = 0.

k=1
The Weibull regression model then is
In (—lnS(w» =InA-1+ (/6A1ZA1 + /8A2ZA2) + (/831231 + ﬁBzsz) +a-lnz

or

In (=10 S(z)) = In (T—%) —In (1—’_’3-3-) — In(mg) —In (1 — )
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This model is a linear model in the parameters In A, B4,, 84,. 85,, 85, and a.

By proceeding in a similar way as in section 4.7.6, the estimated parameters of the Weibull
distributions for the nine combinations of risk factor A levels and risk factor B levels can be

solved from .
{ In A
Ba,
ﬂAz ' -1 ' S - 7?6
2 = (X Xy In{—— 7.
IBBI ( 1X1) 1 n ]_—S-ﬁ'c (47 38)
BB,
a
with 7. = p — (G, V) (G,VG.)" - C.In _Sp where S,V and p are defined in
r ™ 1 _ S P

section 4.7.10
Note that BAs =— (BAI + BAz) and BBa = — ([/3\31 +§32) .

The estimated lambda parameters of the nine Weibull distributions for the nine combinations
of risk factor A levels and risk factor B levels then are

Am = exp(InX + Fa, + Bs,)
Mg, = exp(lnh+ Ba, + Bs,)
Mg, = exp(Inh+ Ba, + Bs,)
A, By exp(In A + Ba, + B5,)
XAQBZ = exp(l?;\ + BA; + 532)
XAQBB = exp(la + ,§A2 + 333

XA3BI = exp(lﬁ - BAS + BBI)
XA:;B2 = exp(la + BAa + B\Bz)
XAng = exp(lﬁ + BAa + 333).

The estimated lambda parameter of the baseline Weibull distribution then is

Xo = exp(In A)



I Parametric Regression Models for Survival Data with Covariatesl

so that R
A B,
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The SAS/IML program to fit a Weibull regression model with two categorical risk factors

(constant shape parameter) to grouped survival data with staggered entry of policies appears

in Appendix A.

Generalization to a regression model with more than two risk factors is obvious.



Chapter 5

APPLICATION TO DATA FROM
THE INSURANCE INDUSTRY

5.1 Description of the Data Set

5.1.1 Introduction

An extensive data set from an insurance company, containing information on policies written
over the last few years, is available and permission has been given by this company to use

this data set to iliustrate the theoretical principles developed in the previous two chapters.

5.1.2 The raw data set of policies

A subgroup of policies is formed by selecting only mortgage protection policies written during
four selected months, namely March 1998, June 1998, November 1998 and March 1999.
This subgroup or smaller data set consists of the lifetimes of 10077 policies, together with
some concomitant information on other variables such as age of the policyholder, credit

turnover of his bankaccount and a score value, determined by the company.

Consider the following experimental design as illustrated in Figure 5.1. The 10077 policies
enter the study at four different times (staggered entry). The event to be occurred is
a lapse. The lifetime of a policy is measured from inception date up to the lapsing date.
If the lapsing date is prior to the pre-determined cut-off date of 15 April 2001, then the

140
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lifetime is observed (an uncensored observation). If a policy is still in force (alive) when
the termination point is reached, the lifetime of this policy is right-censored.

From the 2586 policies with entry date March 1998 (inception dates between 1 March
1998 and 31 March 1998), a total of 1666 policies have lifetimes 37 months and more and
thus were right-censored. From the 2809 policies with entry date June 1998 (inception
dates between 1 June 1998 and 30 June 1998), a total of 1924 policies have lifetimes 34
months and more and were censored. From the 2286 policies with entry date November
1998 (inception dates between 1 November 1998 and 30 November 1998), a total of 1674
policies have lifetimes 28 months and more and were censored. From the 2396 policies with
entry date March 1999 (inception dates between 1 March 1999 and 31 March 1999), a total
of 1848 policies have lifetimes 24 months and more and were censored.
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X Status = a lapse
¢ Observed lifetime
| ; ; ; of 20 months
Mar98 Nov98
 Jun98 V Mar99
Entry dates Cut off date: |5 April 2001
T Status = in force

Censored lifetime
of 28 months

Figure 5.1: Experimental design for illustrative data set
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5.1.3 The grouped data set of policies

The lifetimes of the policies that enter the study at March 1998 (called the first sample of
size 2586 ) can be grouped into seven adjacent, non-overlapping fixed intervals

[0;12), [12;17), [17; 24), [24; 28), [28; 34), [34;37) and  [37; c0).

The lifetimes of the policies that enter the study at June 1998 (called the second sample of
size 2809 ) can be grouped into six adjacent, non-overlapping fixed intervals

[0;12), [12;17), [17; 24), [24; 28), [28;34) and  [34;00).

The lifetimes of the policies that enter the study at November 1998 (called the third sample
of size 2286 ) can be grouped into five adjacent, non-overlapping fixed intervals

[0;12),[12;17),[17;24),[24;28) and [28;00).

The lifetimes of the policies that enter the study at March 1999 (called the fourth sample
of size 2396 ) can be grouped into four adjacent, non-overlapping fixed intervals

0;12),[12;17),[17;24) and [24;00).

The four samples are assumed to be independent samples from multinomial populations.
Four frequency distributions are formed when the observed and censored lifetimes of all the
policies are grouped into the different class intervals and are shown in Table 5.1.

Table 5.1: Frequency distributions of the four samples

Interval Class Intervals Frequency Vector Vector of Upper Bounds
number | March 98 | June 98 | Nov 98 | March 99 | f; foa | fs fa |z | 22| 23 T4
first [0,12) [0,12) [0,12) [0,12) 66 | 118 | 154 | 175 |12 | 12 | 12 12
second [12,17) (12,17) | [12,17) | [12,17) 158 | 166 99 166 | 17 | 17 | 17 17
third [17,24) (17,24) | [17,24) | [17,24) 254 | 229 | 242 | 207 | 24 | 24 | 24 24
fourth (24, 28) [24,28) | [24,28) | [24,00) 157 | 200 | 117 | 1848 | 28 | 28 | 28
fifth (28, 34) [28,34) | [28,00) 250 | 172 | 1674 34 | 34
sixth (34,37) [34, c0) 35 | 1924 37
seventh | [37,00) 1666

| Total | | | | | 2586 | 2809 | 2286 | 2396 |

Figure 5.2 shows the histograms of the four relative frequency distributions.
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JOINT HISTOGRAM - STAGGERED ENTRY
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Figure 5.2: Histograms of the four relative frequency distributions
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5.2 Fitting of a Lifetime Distribution

5.2.1 A fixed censoring time

Consider the June 1998 group of policies as an example of a data set with a pre-assigned
fixed censoring time at 15 April 2001. All these 2809 policies start at the same time. The
censored lifetimes are grouped into the open interval [34; 00), while the observed lifetimes
are grouped into intervals [0;12),[12;17),[17;24), [24;28),and  [28;34). Note that

x = (12,17,24,28,34) is a 5 x 1 vector of upper class boundaries,

f = (118,166,229, 200,172,1924)" is a 6 x 1 vector of frequencies and

p = (0.0420078,0.0590958, 0.0815237,0.0711997,0.0612318, 0.6849413)" is a 6 x 1 vector
of relative frequencies. This vector is used as starting value for the iterative process.

One survival model is fitted to this grouped data set under constraints imposed by the
Weibull /log-logistic/lognormal distribution. The double iterative procedure, as described
in section 3.3.2 of chapter three, is illustrated by the following computer output when a
Weibull model is fitted to the grouped data.

IJ P M| IJ P M| IJ P MIIJ P MIIJ P M
I | | |
1 1 0.0550538 0.0420078 | 2 1 0.0504223 0.0562540 | 3 1 0.0505730 0.0507667 | 4 1 0.0505685 0.0509455 | 5 1 0.0505686 0.0509401
0.0489497 0.0590958 | 0.0465755 0.0466379 | 0.0466658 0.0456550 | 0.0466631 0.0457035 | 0.0466632 0.0457021
0.0801283 0.0815237 | 0.0815332 0.0803011 | 0.0815189 0.0815789 | 0.0815195 0.0815707 | 0.0815195 0.0815712
0.0504270 0.0711997 | 0.0524268 0.0513481 | 0.0523893 0.0534019 | 0.0523906 0.0533565 | 0.0523905 0.0533581
0.0811157 0.0612318 | 0.0861566 0.0812418 | 0.0860254 0.0857363 | 0.0860296 0.0856221 | 0.0860295 0.0856258
0.6843255 0.6849413 | 0.6828866 0.6842171 | 0.6828276 0.6828612 | 0.6828286 0.6828017 | 0.6828286 0.6828027
| | | |
1 2 0.0562478 0.0420078 | 2 2 0.0507666 0.0562540 | 3 2 0.0509453 0.0507667 | 4 2 0.0509400 0.0509455 | 6 2 0.0509401 0.0509401
0.0466462 0.0590958 | 0.0456548 0.0466379 | 0.0457034 0.0456550 | 0.0457021 0.0457035 | 0.0457021 0.0457021
0.0803032 0.0815237 | 0.0815797 0.0803011 | 0.0815715 0.0815789 | 0.0815720 0.0815707 | 0.0815719 0.0815712
0.0513481 0.0711997 | 0.0534018 0.0513481 | 0.0533565 0.0534019 | 0.0533580 0.0533565 | 0.0533580 0.0533581
0.0812371 0.0612318 | 0.0857358 0.0812418 | 0.0856215 0.0857363 | 0.0856252 0.0856221 | 0.0856251 0.0856258
0.6842177 0.6849413 | 0.6828613 0.6842171 | 0.6828017 0.6828612 | 0.6828028 0.6828017 | 0.6828027 0.6828027
| I I |
1 3 0.0562540 0.0420078 | 2 3 0.0507667 0.0562540 | 3 3 0.0509455 0.0507667 | 4 3 0.0509401 0.0509455 | 5 3 0.0509403 0.0509401
0.0466379 0.0590958 | 0.0456550 0.0466379 | 0.0457035 0.0456550 | 0.0457021 0.0457035 | 0.0457022 0.0457021
0.0803011 0.0815237 | 0.0815789 0.0803011 | 0.0815707 0.0815789 | 0.0815712 0.0815707 | 0.0815712 0.0815712
0.0513481 0.0711997 | 0.0534019 0.0513481 | 0.0533565 0.0534019 | 0.0533581 0.0533565 | 0.0533580 0.0533581
0.0812418 0.0612318 | 0.0857363 0.0812418 | 0.0856221 0.0857363 | 0.0856258 0.0856221 | 0.0856257 0.0856258
0.6842171 0.6849413 | 0.6828612 0.6842171 | 0.6828017 0.6828612 | 0.6828027 0.6828017 | 0.6828027 0.6828027
| |
1 4 0.0562540 0.0420078 | |
0.0466379 0.0590958 | | MLE for M_c
0.0803011 0.0815237 | |
0.0513481 0.0711997 | | 0.0509403
0.0812418 0.0612318 | | 0.0457022
0.6842171 0.6849413 | | 0.0815712
| 0.053358
| 0.0856257
|

0.6828027
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The estimated parameters of the fitted survival models and the Wald test with the discrep-

ancy values are reported in Table 5.2.

Table 5.2: Maximum likelihood estimation subject to constraints: a fixed censoring

time
Survival model
Weibull Log-logistic Lognormal
Maximum likelihood | In A=-7.693382 In A=-8.243037 7 =3.8910773
estimates a=1.9084456 a@=1.9084456 & =0.8319341
Wald test 51.5 39.8 25.0
Discrepancy 0.0183 0.0142 0.0089

Figure 5.3 shows the histogram of the relative frequency distribution and the fitted survival

distributions. It is clear that the lognormal and log-logistic models fit very well.
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5.2.2 Staggered entry

Introduction

Consider Figure 5.2, the four histograms of the relative frequency distributions. Maximum

likelihood estimates are to be found in the following ways.

1. One survival model is fitted to the four histograms under constraints imposed by the

Weibull /log-logistic/lognormal distribution.

2. Four survival models (Weibull/log-logistic/lognormal models), one for each entry time,
are fitted under constraints imposed by the Weibull/log-logistic/lognormal distribution

and under further constraints that

e )\;'s are equal and o;'s are equal when fitting a Weibull or log-logistic

e 1;'s are equal and o;'s are equal when fitting a lognormal.

3. A joint histogram is fitted to the four histograms of the four relative frequency distri-

butions under constraints imposed by the experimental design.

The constraints imposed by the experimental design

Consider Figure 5.4, illustrating the constraints imposed by the experimental design.

® T, = To;= T3;= T4; j = 1,2, ,3
® Ty7+ e+ M5+ Tia = Toe+ To5+ Moy
= M35+ T34
= T4
® M5 = T25
T4 = T24
where 7;; = probability of an observation from sample ¢ will fall in the j** interval

= interval probability of j** interval from sample i i=1,2,3,4 j=1,2,..
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Fitting of one survival model to the four histograms

One survival model is fitted to the four histograms under constraints imposed by the
Weibull/log-logistic/lognormal distribution. The estimated parameters and the Wald test

with the discrepancy values are reported in Table 5.3.

Table 5.3: Fitting of one survival model to the four histograms

Survival model
Weibull Log-logistic Lognormal
Maximum likelihood | In A=-7.39252 InA=-7.959399 [i =3.8727296
estimates &=1.8434286 ©:=2.0647366 & =0.8636028
Wald test 302.5 253.6 254.9
Discrepancy 0.0300 0.0252 0.0253

The invariance property of the maximum likelihood estimator provides that the MLE of In A

can be written as In ).

Fitting of four survival models

Four survival models are fitted, one for each entry time, under constraints imposed by the
Weibull/log-logistic/lognormal distribution and under further constraints that the parame-

ters are equal.

The estimated parameters and the Wald test with the discrepancy values are reported in

Table 5.4.
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Table 5.4: Fitting of one survival model to the four histograms

Survival model

Maximum likelihood Weibull Log-logistic Lognormal
estimates

March 1998 InA=-8.230773 InA=-8.960949 [i =3.8234358

6=2.0570424  &@=2.3273887 & =0.7219206

June 1998 In \=-7.693383 In\=-8.243037 [i =3.8910773

6=1.9084457  a=2.1214022 & =0.8319341

Nov 1998 InA=-7.172834 InA=-7.582113 [i =3.9182342

6=1.8026532 a=1.9727851 & =0.9624843

March 1999 InA=-6.781666 InA=-7.113033 [ =3.9521501

a=1.7103598  a=1.8569722 & =1.0417936

Over all four In A\=-7.39252 InA=-7.959399 [ =3.8727296

entry times 6=1.8434286  a=2.0647366 & =0.8636028

Wald test 302.5 253.6 254.9

Discrepancy 0.0300 0.0252 0.0253

A joint histogram to the four histograms is needed to make a graphical representation of

the fitted models.

Fitting of a joint histogram to the four histograms

A joint histogram is fitted to the four histograms under constraints imposed by the experi-

mental design. Table 5.5 gives the fitted joint relative frequencies to the four sets of relative

frequencies of the samples. A graphical representation of the joint histogram over the four

histograms appears in Figure 5.5.

Figure 5.6 shows the fitted joint histogram and the fitted survival distributions. The log-

normal and log-logistic models again fit the data very well.
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Table 5.5: Fitted joint relative frequency distribution to the four samples

Interval Lifetime Intervals Relative Frequency Vector Fitted Joint
number | March 98 | June 98 | Nov 98 | March 99 D1 D P Py Relative Frequencies
first [0,12) [0,12) | [0,12) [0,12) | 0.025522 | 0.042008 | 0.067367 | 0.073038 0.050908
second [12,17) ~ [12,17) ' [12,17) © [12,17) ~ 0.061098 ' 0.059096 0.043307 = 0.069282 0.058450

third [17,24)  [17,24) [17,24) [17,24) 0.098221 0.081524 0.105862 0.086394 0.092488

fourth [24,28)  [24,28) [24,28) [24,00) 0.060712 0.071200 0.051181 0.771286 0.064701

fifth (28,34)  [28,34) [28,00) 0.096674 0.061232 0.732284 0.076481

sixth [34,37)  [34,00) 0.013534 0.684941 0.013518

| seventh | [37,0) | l | 0.644238 l | | 0.643455 |
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Figure 5.5: Joint histogram over the four histograms



DENSITY FUNCTION

0.018 -
0.016 -
0.014 -
0.012 -
0.010 -
0.008 -
0.006 -

FITTED DISTRIBUTIONS - STAGGERED ENTRY

0.004 -
0.002 -

0.000 -

P

154

T i T T T [

20 40 60 80 100 120
SURVIVAL TIME (in months)

— jointhistogram ——Weibull —log-logistic — lognormal

Figure 5.6: Joint histogram and fitted survival distributions




I Application to a data set from the insurance industry I 155

Estimated survivor and hazard functions and percentiles

Once the parameters of the Weibull and log-logistic survival distributions have been es-
timated, estimated hazard rates and survivor functions and the odds of a lapse can be

calculated for time t. Percentiles of these survival distributions can also be estimated.

The formulaes and examples of calculations of the estimated hazard rates, survivor functions,
odds of a lapse and percentiles of the Weibull and log-logistic survival distributions are given

on the next page.

The survival curves and the graphs of the hazard rates of the fitted Weibull and log-logistic
models are shown respectively in Figure 5.7 and Figure 5.8. From Figure 5.7 is it clear that
the two survivor functions are equal for t—values up to 40 months, and then the probability
for a policy to survive longer than time ¢ with ¢ >40 becomes larger for the log-logistic
fitting than for the Weibull fitting. Note in Figure 5.8 the increasing trend of the Weibull

hazard rates as t increases.
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WEIBULL

Estimated hazard function

~

h(t)=X-a-t>!

R(t) = e~739252 . 1.8434286 - ¢1-8434286-1

h(12)
n(24)

= 0.0092323
= 0.0165655

Estimated survivor function

§(t) = exp(—/)\\ . ta)

5(t) = exp(—e 739252 418434286

5(12)
5(249)

= 0.9416719
0.806001

Estimated odds of a lapse

odds(t) = * Z‘j)(t)

= exp(X - ta"l)

1-5(t)

oTiEs(t) = — =exp(e

S(t)

odds(12) = 0.061941

odds(24)

Il

0.240693

Estimated percentiles

1
R 1 100 .=
tp= (=1 “
P ()\ n 100 - p)
1 100 1
tsp = (6_739252 +n 100 — 50)

—7.39252 t1.8434286—1)

Survival Model

LOG-LOGISTIC

Estimated hazard function

~ X -0 ta—l
h(t) = —%‘
(1+A-t=)
Ty = e—T-959399 . 9 1647366 - +2-0647366—1
(8) = (1 + 7959399 . 42.0647366)
h(12) = 0.0095996
h(24) = 0.0170517

Estimated survivor function

~ 1
S(t) = ——
14+ M-to
S 1
S(t) = 11 ¢ 7.950300 _ £2.0647366
S(12) = 0.9442083
S(24) = 0.8017956

Estimated odds of a lapse

Odds(t) — 6_7'959399 . t2.0647366

oddsp(12) = 0.0590884
oddso(24) = 0.2472006

Estimated percentiles

1.8434286 = 45.21

1

L 501210647366 — 47.22

ts0 = (=755039 ' 100 — 50
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The estimated percentiles of the Weibull and log-logistic survival distributions are reported

in Table 5.6.

Table 5.6: Percentiles estimated from Weibull and log-logistic regression models

Survival model

Percentile | Weibull Log-logistic
P5 11.01 11.34
P10 16.27 16.29
P20 24.45 24.13
P25 28.06 27.74
P30 3153 31.33
P40 38.31 38.80
P50 45.21 47.22
P60 52.60 57.47
P70 61.00 71.18
P75 65.85 80.40
P80 71.40 02.42
P90 86.71 136.88
P95 100.02 196.56

At the Weibull model, the median time to a lapse of a policy is estimated as 45.21 months
and the odds of a lapse at 45.21 months is 1, that means P(T >45.21 months)=P(1" <45.21
months). At the log-logistic model, the median time to a lapse of a policy is estimated as
47.22 months and the odds of a lapse at 47.22 months is 1, that means P(1" >47.22
months)=P(T <47.22 months).

It is evident from the estimates of the percentile lifetimes that 20% of the policies will not
lapse within 71 months under a Weibull model (see Weibull's P80), while 30% of the policies

will not lapse within 71 months under a log-logistic model (see log-logistic's P70).

Note again the equal percentile estimates for the two distributions up to 40 months, con-

firming the pattern that was detected in the survival curves in Figure 5.7.
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5.3 Fitting of Parametric Regression Models

5.3.1 Introduction

A survival model is fitted for each level of a risk factor or combination of levels of risk

factors by using maximum likelihood estimation of parameters subject to constraints.

The fitting of regression models is illustrated where the effect of the risk factors (covariates)
is to alter the scale parameter A, while the shape parameter o remains constant. Applications

are also done where both parameters alter.

The fitting of log-logistic regression models and Weibull regression models will be discussed

only for staggered entry of policies.

5.3.2 A survival model for each level of a risk factor

Consider one risk factor AGE on three levels [18;35), [35;45) and [45+) years. The 10077
observations are distributed in the three age groups as follows: 3644 in age group [18;35),
3425 in age group [35;45) and 3008 in age group [45+). A regression model is fitted to
the grouped survival data where each policy has information on the entry period as well
as the age level. The grouped lifetimes of the policies with staggered entry as well as the

concomitant information on AGE are given in Table 5.7.

The combined frequency vector f is defined as

fl = (f'u.f'zl,fél,fﬁu..f'lz,f'm.f§2.fﬁ12,f'13.f'23,f§3,fﬁ13 )

f . is the frequency vector for the i entry group and the I** AGE level,
1=1,2,3,4 and [=1,2,3.

= (29,59,95,73,108, 15, 642)’
f12 = (21,50,91,45,75,13, 553)’
f13 = (16,49,68,39,67,7,471)

fa1 = (41,75,103,92,83, 628)’
f 22 = (49,62,61, 66,54, 753)
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Table 5.7: Multi-dimensional frequency table of grouped data set with one risk factor

Entry Age Lifetime intervals
March 98 [0,12) [12,17) [17,24) [24,28) [28,34) [34,37) [37,00)
[18;35) 29 59 95 73 108 15 642
[35;45) 21 50 91 45 75 13 553
[45+) 16 49 68 39 67 7 471
June 98 [0,12) [12,17) [17,24) [24,28) [28,34) [34,00)
[18;35) 41 75 103 92 83 628
[35;45) 49 62 61 66 54 753
[45+) 28 29 65 42 35 543
Nov 98 [0,12) [12,17) [17,24) [24,28) [28,00)
[18;35) 68 34 99 57 570
[35;45) 40 44 83 33 533
[45+) 46 21 60 27 571
March 99 [0,12) [12,17) [17,24) [24,00)
[18;35) 71 60 69 573
[35;45) 54 61 68 616
[45+) 50 45 70 659

F a3 = (28,29, 65,42, 35,543)'

I3 = (68,34,99,57,570)'
f 32 = (40,44, 83,33,533)’
F a3 = (46,21, 60,27,571)

f 4 =(71,60,69,573)

F 1 = (54,61,68,616)
fas= (50, 45,70, 659)’

The vectors ; i=1,2,3,4 of upper class boundaries for the i** entry group are

12

12
17 17 12 19
24 17
T, = 9 = 24 T3 = and Ty = 17
28 28 24 24
34 34 28
37

From the estimated regression parameters, survival model parameters can be found for each

level of this risk factor as well as for the baseline distribution.
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The shape parameter remains constant

The estimated regression coefficients of the regression model where the effect of the risk

factor AGE is to alter the scale parameter A, while the shape parameter a remains constant,

are reported in Table 5.8.

Table 5.8: Fitting a regression model (constant shape) to grouped data with one risk

factor

Regression model
Effect Maximum likelihood | Log-logistic ~ Weibull
estimates

Baseline mean InAg=1InXg -7.981750 -7.404312
Age [18;35) Ba, 0.180958  0.159090
Age [35;45) Ba, -0.034975  -0.033957
Age [45+) B -0.145983  -0.125133
Constant shape a 2.066384  1.8423341

The estimated lambda parameters of the three survival distributions for the three AGE levels

then are R PR
Aa, = exp(lnig+Ga,)

A, = exp(lnz\o + § 45)
/\A3 = exp(ln )\0 + ,8A3).
with the same estimated alpha parameter &. These parameters are summarized for each

AGE level in Table 5.9.

Table 5.9: Parameters of a survival model (constant shape) for each level of risk factor
AGE

Survival model
AGE level || Maximum likelihood | Log-logistic ~ Weibull
estimates

Age [18;35) In Ay, -7.800792 -7.245223
a 2.066384  1.842334
Age [35;45) In Ay, -8.016725 -7.438269
a 2.066384  1.842334
Age [45+) In A4, -8.127733  -7.529445
a 2.066384  1.842334
Baseline In A\ -7.981750 -7.404312
a 2.066384  1.842334
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The shape parameter alters

The fitting of regression models is illustrated where the effect of the risk factors (covariates)
is to alter both the scale parameter A and the shape parameter «.. The estimated regression

coefficients of this regression model are reported in Table 5.10.

Table 5.10: Fitting a regression model (shape alters) to grouped data with one risk

factor
Regression model
Effect Maximum likelihood | Log-logistic ~ Weibull
estimates

Baseline mean InXg=1n)g -7.943357 -7.381423
Age [18;35) Ba, -0.196012  -0.075175
Qa, 2.168064  1.904217

Age [35;45) BAQ 0.156976  0.119892
aa, 1.9974967 1.790610

Age [45+) Bas 0.039035  -0.044717
Qiaq 1.9995073 1.811986

The weighted mean of the &4.'s ¢ = 1,2,3 is used as an estimate for the shape parameter

of the baseline distribution.

The estimated lambda parameters of the three survival distributions for the three AGE levels
are calculated from Table 5.10 as

Ay, = exp(ln Z\o + /B:Al)

A, = exp(lnig+ Ba,)

Aa, = exp(lnig+ Ba,).

Each age group survival distribution has its own estimated alpha parameter.

These parameters for each AGE level are summarized in Table 5.11, together with the Wald

test and discrepancy value to compare the fitted survival distributions at each AGE level.
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Table 5.11: Parameters of a survival model (shape alters) for each level of risk factor

AGE

Survival model

AGE level || Maximum likelihood | Log-logistic ~ Weibull
estimates

Age [18;35) In Ay, -8.139369  -7.456598
04, 2.168064 1.904217

Wald test 128.5 144.2

Discrepancy 0.0353 0.0396
Age [35:45) In Ay, -7.786381 -7.261531
QA 1.997497 1.790610

Wald test 93.1 108.3

Discrepancy 0.0271 0.0316
Age [45+) InAa, -7.904321 -7.426139
O, 1.999507 1.811986

Wald test 95.5 109.5

Discrepancy 0.0317 0.0364
Baseline In g -7.943357  -7.381423
Qo 2.0597767 1.8380729

A joint histogram to the data of each AGE level over the four entry groups is needed to

make a graphical representation of the fitted models for each AGE level. Table 5.12 gives

the three sets of fitted joint frequencies for the three AGE levels. This fitting was done by

maximum likelihood estimation subject to constraints imposed by the experimental design.

The Wald test and discrepancy value measure the goodness-of-fit.
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Table 5.12: Fitted joint frequency distributions for the three AGE levels

165

Interval Interval of Fitted Joint Frequencies

number survival times | Age [18;35) years | Age [35;45) years | Age [45+) years
first [0,12) 209 164 140
second [12,17) 228 217 144
third [17,24) 366 303 263
fourth [24,28) 285.65814 195.15779 165.56561
fifth [28, 34) 330.67093 226.805 208.49003
sixth [34,37) 50.791574 53.264105 30.561947
seventh [37, 00) 2173.8794 2265.7731 2056.3824
Wald 70.63 53.92 46.62
Discrepancy 0.0194 0.0157 0.0155

Figure 5.9 shows the fitted joint histogram and the fitted survival distributions for age group

[18;35).

Figure 5.10 shows the fitted joint histogram and the fitted survival distributions for age

3 group [35;45).

Figure 5.11 shows the fitted joint histogram and the fitted survival distributions for age

group [45+).

In all the cases the survival models fit very well, with the log-logistic model slightly better

than the Weibull model, as indicated by the discrepancy values in Table 5.11.
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5.3.3 Deriving of indices and risk scores from log-logistic regression
model

Once the parameters of the log-logistic baseline distribution and log-logistic age group dis-
tributions have been estimated, estimated hazard and survivor functions, odds of a lapse,

odds ratios and hazard ratios at time ¢ can be calculated.

The odds ratio for age group [18;35) is the relative odds of a lapse at time t of a policy, with
the age of the policyholder in [18;35), compared to a policy with the baseline characteristics.
The odds ratios for the three age groups result in a set of indices, showing the effect of each

age group on the baseline odds of a lapse at time t.

The hazard ratio for age group [18;35) is the relative hazard rate of a lapse at time ¢ of a
policy, with the age of the policyholder in [18;35), compared to a policy with the baseline
characteristics. The hazard ratios for the three age groups result in a set of risk scores,

showing the effect of each age group on the baseline hazard rate of a lapse at time ¢.
Percentiles of the four log-logistic survival distributions can also be estimated.

The calculations of estimated hazard and survivor functions, odds of a lapse, odds ratios

and hazard ratios are illustrated on the following five pages.

The survival curves and the graphs of the hazard rates of the fitted log-logistic age group
models are shown in Figure 5.12 and Figure 5.13 with measure of comparison the baseline
curves. These survival curves can be described as graphs of the covariate-adjusted survivor

functions, and the other graphs as graphs of the covariate-adjusted hazard rates.

The effects of the agegroups on the baseline distribution are clearly depicted in these figures.
It is evident from these two figures that the policyholders in the age group 45+ have the
lowest risk for their policies to lapse. Note the the survival curve of this age group lies above
the baseline survival curve in Figure 5.12, while the curve of the hazard rates for this age
group lies the furthest distance beneath the baseline curve of hazard rates. Similarly age

group [18;35) has the highest risk for their policies to lapse.
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Estimated Hazard Function at log-logistic regression model

Shape remains constant Shape alters
~ No-a-ta-t ~ o - G - 01
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Estimated Survivor Function at log-logistic regression model

Shape remains constant Shape alters

= 1 = 1
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Estimated Odds at log-logistic regression model

Shape remains constant
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Estimated Odds Ratio at log-logistic regression model

Shape remains constant

Shape alters
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oddsg(t) Ao - ¢

oddsratios, (12) = 8:8‘5328%58)1

= 1.198365

oddsratios, (24) = _%_22941328(?(?

= 1.198365

_ s 4 (1) iyt
oddsratioga, (t) = o/—fAZ( ) = )}\42 =
oddso(t) Ao - t¥

oddsratioa,(12) = 2956025

= (.965629

oddsratios,(24) = %,22321%6050368

= 0.965629

_ ddsa,(t)  Aa, t0
oddsratio, (t) = O/\SAS( ) - {AS N
oddsg(t) Ao - t¥

oddg;"?ztiOAg (12) = gﬁgggéi’gi

v = 0.864172

oddsratios,(24) = %.‘22(11?%

= 0.864172

Odds ratio of an age group is constant over time

Odds ratio is called an index

One set of indices, irrespective of time

o Ti:i- t 0N .10,
oddsratiog, (t) = O/iAl( ) = )\ih t"
oddsg(t) Ag - t0

oddsratioa,(12) = §993%04

= 1.075808

oddsratios, (24) = "0%

= 1.159665

- ddsa, () A, - 194
oddsratioa, (t) = O:Az( ) = fz = :
oddsp(t) Ao - 0

oddsratios,(12) = SBUL

= 1.002219

oddsratioa,(24) = '00,'22437723?987

= (.959874

- dds s (t) A, - 104
oddsratioa, (t) = O/EAa( ) = fa = :
: oddsy(t) Ao - 0
oddsratios,(12) = 9530918

= 0.895182

oddsration,(24) = §4422048
= (.8585556

Odds ratio of an age group depends on time

Odds ratio is called an index
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Two sets of indices, one for t=12 and one for t=24
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Estimated Hazard Ratio at log-logistic regression model

Shape remains constant Shape alters

— ha,(t) A 1+ hot™ — ha () X 1+ Notoo
hazardratios, (t) = ,:4;() =24 m hazardratioa, (t) = f;() S (_’:\—OA)
ho(t) Ao (14 Aa,t%) ho(t) Ao (14 Ag,to)
hazardratioy, (12) = GYHEs hazardratios, (12) = 105888
= 1.1854696 = 1.1275801
hazardratiog (24) = % hazardratios, (24) = %
= 1.1536273 1.1831797
. hag®)  Aa, (14307 — R ) Aot™
hazardratioa,(t) = ,\A;() =4 L*-_:—E—,Z- hazardratioa, (t) = }E\L(t) = & . M
ho(%) Ao (1 + )\Azta) ho(t) Ao (1 + Ag,t%42)
hazardratio 4,(12) = S0087902 hazardratio 4,(12) = 308338l
= 0.967453 = 0.9717948
L _ 0.0157604 L 0.015965
hazardratioa,(24) = §oideses hazardratioa,(24) = goroids
= 0.9721618 0.9383156
— Pa) Aa. (14 Agt® . 0 h) ot
hazardratioa, (t) = ,14;() S (——-:-9—-;2- hazardratio, (t) = M = g : M
ho(t) Ao (14 Agyt™) ho(t) Ao (14 Aa,ts)
hazardratios, (12) = %‘% haza?a\ratioAs (12) = %‘é?gg
= 0.8706574 = (.8741186
hazardratios,(24) = £ILEL hazardratios,(24) = L oot
0.8877456 = (.8574789

Hazard ratio of an age group depends on time

Hazard ratio is called a risk score

Two sets of risk scores, one for =12 and one for

t=24

Hazard ratio of an age group depends on time

Hazard ratio is called a risk score

Two sets of risk scores, one for t=12 and one for

t=24
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Figure 5.12: Survival curves of fitted log-logistic age group models
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For a constant shape parameter in the log-logistic distributions, the indices (estimated
odds ratios) may be obtained also from the exponent of the B—values in the log-logistic
regression model, for example

eBay = 0180958  _ 1198365
efrz = 005 —  (.965629
ePas = 0145983 _— () 864172.

The indices of the three age groups, estimated from the log-logistic regression model, are

compared to the indices, obtained from the logit model, in Table 5.13.

Table 5.13: Comparison of indices: log-logistic regression model and logit model

Log-logistic regression model Logit model
Shape remains constant Shape alters
Effect n Index Index Index
t=12 t=24 t=12 t=24 t=12 t=24

Baseline odds | 10077 || 0.058019  0.243006 | 0.059308 0.247270 || 0.0543 0.2570

Age [18;35) 3644 || 1.198365  1.198365 | 1.075808 1.159665 || 1.1321 1.1370
Age [35;45) 3425 || 0.965629  0.965629 | 1.002219 0.959874 | 0.9679 0.9817
Age [45+) 3008 || 0.864172  0.864172 | 0.898556 0.858556 || 0.9126 0.8960

The index of age group [18;35) of 1.198365 shows the effect of this age group on the baseline
odds of a lapse. This effect is multiplicative on the baseline odds of a lapse. Thus the effect

of age group [18;35) is to increase the baseline odds of a lapse by a factor 1.198365

From Table 5.13 follows that one log-logistic regression model provides indices for any time
value, while a new logit model has to be built for a fixed time value, say t=12 months,
conditional on a restricted experimental design where all the policies must have an exposure
of at least one year when investigating the lapses of policies in the first year. There is
no such restrictions in the more general experimental design for the log-logistic regression
model where all the policies can be used in the analysis, even those policies with inception

dates very close to the cut-off point.

Predicted indices from the log-logistic regression model, for varying time values, are shown

in Table 5.14 (constant shape) and in Table 5.15 (shape alters).

Predicted risk scores from the log-logistic regression model, for varying time values, are

shown in Table 5.16 (constant shape) and in Table 5.17 (shape alters).



Table 5.13: Predicted indices from log-logistic regression model (constant shape)
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Predicted indices from log-logistic regression model

Effect t=6 t=12 t=18 t=24 t=30 . t=36 t=42 t=48 t=54 t=60
Baseline odds | 0.013853 0.058019 0.134105 0.243006 0.385363 0.561680 0.772373 1.017796 1.298259 1.614039
Age [18;35) 1.198365 1.198365 1.198365 1.198365 1.198365 1.198365 1.198365 1.198365 1.198365 1.198365
Age [35;45) 0.965629 0.965629 0.965629 0.965629 0.965629 0.965629 0.965629 0.965629 0.965629 0.965629
Age [45+) 0.864172 0.864172 0.864172 0.864172 0.864172 0.864172 0.864172 0.864172 0.864172 0.864172
Table 5.14: Predicted indices from log-logistic regression model (shape alters)
Predicted indices from log-logistic regression model
Effect t=6 =12 t=18 t=24 t=30 t=36 t=42 t=48 t=5b4 t=60
Baseline odds | 0.014225 0.059308 0.136718 0.247270 0.391547 0.570006 0.783034 1.030921 1.313978 1.632444
Age [18;35) 0.998015 1.075808 1.124096 1.159665 1.188028 1.211716 1.232113 1.250058 1.266104 1.280632
Age [35;45) 1.046431 1.002219 0.977227 0.959874 0.946627 0.935939 0.926996 0.919319 0.912600 0.906631
Age [45+) 0.933371 0.898556 0.873571 0.858556 0.847086 0.837829 0.830081 0.823428 0.817603 0.812428




Table 5.15: Predicted risk scores from log-logistic regression model (constant shape)
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Predicted risk scores from log-logistic regression model
Effect t=6 t=12 t=18 t=24 t=30 t=36 t=42 t=48 t=54 t=60
Baseline hazard rate | 0.004706 0.009443 0.013575 0.016832 0.01916 0.020645 0.021440 0.021715 0.021616 0.021265
Age [18;35) 1.195126 1.185470 1.170900 1.153627 1.135699 1.118561 1.103015 1.089366 1.077614 1.067604
Age [35;45) 0.966083 0.967453 0.969570 0.972162 0.974951 0.977716 0.980313 0.982666 0.984749 0.986566
Age [45+) 0.865779 0.870657 0.878279 0.887746 0.898105 0.908557 0.918542 0.927734 0.935988 0.943282

Table 5.16: Predicted risk scores from log-logistic regression model (shape alters)

Predicted risk scores from log-logistic regression model
Effect t=6 t=12 t=18 t=24 t=30 t=36 t=42 t=48 t=b54 t=60
Baseline hazard rate | 0.004815 0.009610 0.013763 0.017014 0.019319 0.020773 0.021537 0.021783 0.021660 0.021289
Age [18;35) 1.050512 1.127580 1.165792 1.183180 1.187651 1.184381 1.176920 1.167574 1.157727 1.148149
Age [35;45) 1.014131 0.971795 0.950282 0.938316 0.932001 0.929252 0.928743 0.929593 0.932223 0.933254
Age [45+) 0.906908 0.874119 0.861105 0.857479 0.859272 0.864196 0.870770 0.878032 0.885382 0.892466
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For a constant shape parameter in the log-logistic distributions, the p!* percentile of the

baseline lifetime distribution can be calculated from

1 D
X 100—p

and that of the age group distributions from

1 P a .
- =1,23.
()\Ai 100—]3) (3 ) 4y

Note that the latter is equal to the p* percentile of the baseline distribution multiplied by

|~

| =

the specific index to the power —31;.

For a shape parameter that alters, the formulaes change to
1 1

1 P ao 1 D ar .
. d [—. -2 )% ;_123
(Ao 100—p> o (AA,. 100—p) T

The estimated percentiles of the baseline and the age group log-logistic distributions for a

constant shape parameter as well as for different shape parameters are reported in Table 5.18.

Table 5.18: Lifetime percentiles estimated from log-logistic regression model

Log-logistic regression model
Lifetime distribution: constant shape | Lifetime distribution: shape alters

Lifetime | Baseline Age group Baseline Age group

percentile [18;35) [35;45) [45+) [18;35) [35;45) [45+)
P5 11.45 10.49  11.04 12.28 11.32 1098  11.29 11.95
P10 16.43 15.05 16.71 17.64 16.27 1550 16.41 17.36
P20 24 .33 2229 2475 26.11 24.13 2253 2463 26.04

P25 27.97 25.62 28.44  30.01 27.74 25.73  28.45  30.07
P30 31.58 28.93 3212  33.89 31.34 28.89 3226 34.10
P40 39.11 35.83 39.78 4197 38.84 3542 40.25 4254
P50 47.59 43.60 48.40 51.07 47.29 4270 4931 52.10
P60 57.91 53.056 5890  62.15 57.58 5148 60.40 63.81
P70 71.71 65.70 7294  76.96 71.36 63.12 7536  79.59
P75 80.99 7420 8237  86.92 80.62 70.88 85.46  90.25
P80 93.09 85.28 9468  99.90 92.71 80.93 98.70 104.21
P90 137.82  126.27 140.18 14791 | 137.43 117.64 148.12 156.34
P95 197.87 181.27 201.24 21235 | 19753 166.05 215.32 227.17

The median time to a lapse of a policy, over all three age groups, is 47.59 months. The base-
line odds of a lapse at 47.59 months is 1, that means that P(T" >47.59 months)=P(T <47.59

months).
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5.3.4 Deriving of indices and risk scores from Weibull regression
model

Once the parameters of the Weibull baseline distribution and Weibull age group distributions
have been estimated, estimated hazard and survivor functions, odds of a lapse, odds ratios

and hazard ratios at time ¢ can be calculated.

The odds ratio for age group [18;35) is the relative odds of a lapse at time ¢ of a policy, with
the age of the policyholder in [18;35), compared to a policy with the baseline characteristics.
The odds ratios for the three age groups result in a set of indices, showing the effect of each

age group on the baseline odds of a lapse at time £.

The hazard ratio for age group [18;35) is the relative hazard rate of a lapse at time ¢ of a
policy, with the age of the policyholder in [18;35), compared to a policy with the baseline
characteristics. The hazard ratios for the three age groups result in a set of risk scores,

showing the effect of each age group on the baseline hazard rate of a lapse at time ¢.
Percentiles of the four Weibull survival distributions can also be estimated.

The calculations of estimated hazard and survivor functions, odds of a lapse, odds ratios

and hazard ratios are illustrated on the following five pages.

The survival curves and the graphs of the hazard rates of the fitted Weibull age group

models are shown in Figure 5.14 and Figure 5.15.
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Estimated Hazard Function at Weibull regression model

Shape remains constant

Fro(t) = ¢~ 7404312 . ] 849334 . 418423341

0.0090938

ho(12) =
= 0.0163048

To(24)

ha,(t) =24, @127

ha, (t) = e~7245223 .1 849334 . 11:842334~1

0.010662
0.0191164

EAl(lz)
ha, (24)

;\LA2(t) = XA2 Q- t‘;—l

EA2 (t) = 7438269 .1 849334 . ¢1.842334-1

0.0087902
0.0157604

EA'z 12) =
ha,(24)

I

/};Aa(t) :/XA3 .a,ta—l

hag(t) = e 7529445 . 1 849334 . 418423341

0.0080242

/’7;/\3(12) =
= 0.014387

hag (24)

Shape alters

ho(t) = Ao - Gpt™ !

ho(t) = e~"381423 . 1 838073 - ¢1-838075~1

ho(12)
Ro(24)

0.0091851
0.0164199

Ba,(t) = a, - @a, - to411

~

ha,(t) = e~T-456598 .1 94217 . 10042171

0.0104033
0.0194701

EAI (12) =
ha, (24)

TEAz(t) = XA;J 'aA2 L Gap—l

Tiay(t) = e~ 7438269 1 840334 . 418123341

0.0089654
0.0155084

’f_L\A2 (12)
hoa, (24)

TLAS(t) :XAs 'aA3 .toaz—1

~

ha,(t) = e 7426139 . 1 811986 - ¢1-811986-1
3 .

ﬁ/\a @1z =
hag(24) =

0.0081153
0.0142474
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Estimated Survivor Function

Shape remains constant

go(t) = exp(—/):o . tg)

So(t) = exp(—e~ 7404312 .

§0(12) =
So(24) =

t1‘842334)

0.9424876
0.8086397

§A1 (t) = exp(_}:Al . ta)

54, (t) = exp(—e~ 7245223

:9,:/*1 (12)
Sa,(24)

I

. tl .842334)

0.9329098
0.7795573

~

Saat) = exp(A, - %)

S, (t) = exp(—e 7438269

. t1'842334)

0.9443533
0.8143945

~

§A3 (t) = exp(_xﬁl3 . ta)

§A3(t) = exp(—e 7529445

Sas(12) =
Sag(24) =

. tl'842334)

0.9490768
0.8290963

Shape alters

§O(t) = eXp(—XO . tao)

at Weibull regression model

So(t) = exp(—e~7-381423 . 418380729

S0(12) = 0.9417969

So(24)

0.8070283

Sa, () = exp(—Aa, - 1°M)

§A1 (t) = exp(—e 7496598 . £1.904217)

54, (12)
Sa,(24)

9365433

0.
0.7823969

§A2 (t) = eXP('—S\\A2 . taAz)

S4,(t) = exp(—e~ 7261531, 41.790610)

8a,(12) =
Sa,(24) =

9416866

0
0.8123183

8, (t) = exp(—As, - t9)

§A3 (t) = exp(—6_7~426139 ) t1.811986)

gAa(IQ) =
Sag(24) =

0.9476747
0.8280275
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Estimated Odds at Weibull regression model

Shape remains constant

1—5(t)

= = exp(/)zg . tafl)
So (t)

oddso(t) =

o?i—iso(t) _ exp(e’7'404312 18423341y

Shape alters

OEES()(t) _ exp(e~7.381423 . t1.8380729—1)

oddso(12) = 0.0610219
oddsg(24) = 0.2366447
1- SA1 (t)

OECZSAI t) = = exp(/):Al - ta_l)

§A1 (t)

oddso(12) = 0.0618001

oddsp(24) = 0.2391139
— 1— 84, (t ~ =
odds 4, (t) = A—Al() =exp(Ay4, - taAl—l)

Gdds 4, (t) = exp(e™ 7245723 . 418423341

o?l-a?sAl (£) = exp(e™7-456598 , 419042171

oddsa, (12) = 0.071915
oddss, (24) = 02827793
1-— SA2 (t)

odds 4, (t) = = exp(ha, - 271

Sa,(t)

oddsa,(12) = 0.0677563
oddsa, (24) = 02781237
1-— SAQ (t)

033&42 (t) = = eXP(XAg i taAQ_-])

S, (1)

oEEsAQ(t) = exp(e~ 7438269 _ 18423341

oﬁc?sA? (t) = e)‘213(19—7.261531 _t1»790610—1)

oddsa,(12) = 0.0580258
oddss,(24) = 0.2279062
— 1—84,(t ~  a
odds ,(t) = ,\—AB()- = exp(Ag, - t*77)
SAS (t)

oddsa,(12) = 0.0619244
oddsa,(24) = 0.2310445
— 1 Sa,(t ~ =
odds 4, (t) == A—AS() = eXp()\A3 . taA3_1>
SA3 (t)

odds A5 (t) = exp(e—7-529445 _t1.842334—1)

oddsag(12) = 0.0536555
oddsa,(24) = 0.2061326

oTiEsAa () = exp(e~7-426139 . t1.811986—1)

oddsag(12) = 0.0552145
oddsay(24) = 0.2076894
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Estimated Odds Ratio at Weibull regression model

Shape remains constant Shape alters
- = T ga-1 . X N, L paa, -1
oddsratiog, (t) = O%Al(t) = eXp()Zh i ) oddsratioa, (t) = Oid\sA‘(t) = eXp()‘f‘ t,\ )
oddso(t) exp(Mo - t*71) oddso(t) exp(No - t*7 1)
oddsratioa, (12) = Qunais oddsratioy, (12) = 3091562
= 1.1785109 = 1.0963792
oddsratios, (24) = 028277193 oddsratioa, (24) = §35o1sas
1.1949532 = 1.1631435
— i T, o — i Aay 0271
oddsratioa,(t) = O/dez ® _ exp():\Az i ) oddsratioy, (t) = ocid\sAz ®) = exp()\f2 tA )
oddso(t)  exp(ho- ) oddso(t)  exp(lo- o)
oddsratios,(12) = Q0389258 oddsratios,(12) = $2819244
= 0.9656487 = 1.0020119
oddsration, (24) = $2210%2 oddsration,(24) = sz
= 0.9630732 = 0.9662529
— Sdds 4, (t A, -2 _ dd %, . 4oag-1
oddaration, (t) = O/\SAg( ) _ exp({:«ls ’i ) oddsration, (t) = O(Eles (t) _ exp()\fa tA s )
oddso(t) exp(Ao - t*71) oddso(t) exp(Ao - t*71)
oddsratios,(12) = 20536555 oddsratios,(12) = Q9552148
= 0.8792827 = 0.8934366
oddsratios,(24) = 32361328 oddsration,(24) = G§33500%
0.8710636 = 0.8685792
Odds ratio of an age group depends on time Odds ratio of an age group depends on time
Odds ratio is called an index Odds ratio is called an index

Two sets of indices, one for t=12 and one for t=24 Two sets of indices, one for t=12 and one for t=24
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Estimated Hazard Ratio at Weibull regression model

Shape remains constant

ha,(t) _ Aa@- 7!

hazardratios )= — =
' hO(t) Ao - g1

hazardratio 4,(12) = (3 '(;)013)0696328
= 11724432
hazardratios, (24) = —3;8}2;},2;‘
= 1.1724432
- -~ N t’o?—l
hazardratiog, (t) = ]}\Az ®) = /\:12a =
ho(t) AoQ - ot
hazardratio 4,(12) = 8:88383%
= 0.9666133
hazardratios,(24) = —8:3}2582‘81
0.9666133
— ha. SV
hazardratioa,(t) = }E\Aa ®) = &430‘ =
ho(t) Aod -t 1
hazardratio 4,(12) = 8:8888333
= 0.8823795
hazardratios, (24) = ——(2 3)11613?(?478
= 0.8823795

Hazard ratio of an age group is constant over time

Hazard ratio is called a risk score

One set of risk scores, irrespective of time

Shape alters

_ D Aa,8a, 170
hazirdratios, (t) = AAl(t) _ )\AA]CYAl £
ho(t) Aodp -t
hazardratio 4,(12) = %
= 1.1326275
hazardratioa, (24) = 3;8}2;‘{83
1.1857647
- -~ N EA -1
hazardratioa,(t) = }E\Az ®) = )\143\204,42 i 2
ho(t) AoQp - gvo—1
hazardratioa,(12) = C T
= 0.9760801
hazardratioy,(24) = 8:8%22?83
0.9444907
_ hag(t)  Aag@a, - %45~
hazardratioa,(t) = AAa( ) = /\/EaAS i :
ho(t) Aodip - t*07!
hazardratio,(12) = 99081153
= 0.8835268
hazardratioy,(24) = 8;8{;‘3‘1‘33
0.8676945

Hazard ratio of an age group depends on time

Hazard ratio is called a risk score

Two sets of risk scores, one for t=12 and one for
t=24
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For a constant shape parameter in the Weibull distributions, the risk scores (estimated
hazard ratios) may be obtained also from the exponent of the 3—va|ues in the Weibull
regression model, for example

Par = 015908 _ 11724432

el = 7003397 — (9666133

efs = 0125133 — (.8823795.
The indices (estimated odds ratios) of the three age groups, estimated from the Weibull
regression model, are compared to the indices, obtained from the logit model, in Table 5.19.

The index of age group [45-+) of 0.879283 shows the effect of this age group on the baseline

Table 5.19: Comparison of indices: Weibull regression model and logit model

Weibull regression model Logit model
Shape remains constant Shape alters
Effect n Index Index Index
t=12 t=24 t=12 t=24 t=12 t=24

Baseline odds | 10077 || 0.061022  0.236645 | 0.061800 0.239114 || 0.0543 0.2570

Age [18;35) 3644 || 1.178511  1.194953 | 1.096379 1.163143 | 1.1321 1.1370
Age [35;45) 3425 | 0.965649  0.963073 | 1.002012 0.966253 || 0.9679 0.9817
Age [45+) 3008 | 0.879283  0.871064 | 0.893437 0.868579 | 0.9126 0.8960

odds of a lapse. This effect is multiplicative on the baseline odds of a lapse. Thus the effect

of age group [45+) is to decrease the baseline odds of a lapse by a factor 0.879283

From Table 5.19 follows that one Weibull regression model provides indices for any time
value, while a new logitmodel has to be built for a fixed time value, say t=12 months,
conditional on a restricted experimental design where all the policies must have an exposure
of at least one year when investigating the lapses of policies in the first year. There is no
such restrictions in the more general experimental design for the Weibull regression model
where all the policies can be used in the analysis, even those policies with inception dates

very close to the cut-off point.

Predicted indices from the Weibull regression model, for varying time values, are shown in
Table 5.20 (constant shape) and in Table 5.21 (shape alters).

Predicted risk scores from the Weibull regression model, for varying time values, are shown

in Table 5.22 (constant shape) and in Table 5.23 (shape alters).
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Predicted indices from Weibull regression model

Effect t=6 t=12 t=18 t=24 t=30 t=36 t=42 t=48 t=54 t=60
Baseline odds | 0.016655 0.061022 0.133171 0.236645 0.377685 0.565662 0.814022 1.141810 1.575977 2.154842
Age [18;35) 1.174119 1.178511 1.185439 1.194953 1.207213 1.222464 1.241024 1.263282 1.289700 1.320802
Age [35;45) | 0.966346 0.965649 0.964557 0.963073 0.961187 0.958881 0.956128 0.952901 0.94917 0.944903
Age [45+) 0.881521 0.879283 0.875789 0.871064 0.86509 0.857832 0.849241 0.839262 0.827842 0.814934
Table 5.20: Predicted indices from Weibull regression model (shape alters)
Predicted indices from Weibull regression model
Effect t=6 t=12 t=18 t=24 t=30 t=36 t=42 t=48 t=54 t=60
Baseline odds | 0.016913 0.061800 0.134678 0.239114 0.381412 0.571040 0.821586 1.152299 1.590420 2.174686
Age [18;35) | 1.044681 1.096379 1.131960 1.163143 1.194129 1.227247 1.264219 1.306589 1.355927 1.413938
Age [35;45) | 1.035773 1.002012 0.981769 0.966253 0.952697 0.939827 0.926922 0.913510 0.899255 0.883902
Age [45+) 0.911930 0.893437 0.880373 0.868579 0.856722 0.844171 0.830554 0.815621 0.799192 0.781140
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Predicted risk scores from Weibull regression model

Effect t=6 t=12 t=18 t=24 t=30 t=36 t=42 t=48 t=54 t=60
Baseline hazard rate | 0.005072 0.009094 0.012796 0.016305 0.019676 0.022943 0.026124 0.029234 0.032283 0.035279
Age [18;35) 1.172443 1.172443 1.172443 1.172443 1.172443 1.172443 1.172443 1.172443 1.172443 1.172443
Age [35;45) 0.966613 0.966613 0.966613 0.966613 0.966613 0.966613 0.966613 0.966613 0.966613 0.966613
Age [45+) 0.882380 0.882380 0.882380 0.882380 0.882380 0.882380 0.882380 0.882380 0.882380 0.882380
Table 5.22: Predicted risk scores from Weibull regression model (shape alters)
Predicted risk scores from Weibull regression model
Effect t=6 t=12 t=18 t=24 t=30 t=36 t=42 t=48 t=54 t=60
Baseline hazard rate | 0.005138 0.009185 0.012902 0.016420 0.019796 0.023065 0.026245 0.029353 0.032398 0.035389
Age [18;35) 1.081872 1.132627 1.163415 1.185765 1.203396 1.217996 1.230479 1.241395 1.251104 1.259853
Age [35;45) 1.008726 0.976080 0.957475 0.944491 0.934540 0.926488 0.919734 0.913924 0.908829 0.904295
Age [45+) 0.899648 0.883527 0.874231 0.867694 0.862658 0.858565 0.855119 0.852146 0.849532 0.847200
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For a constant shape parameter in the Weibull distributions, the p** percentile of the

baseline lifetime distribution can be calculated from

|~

1 100

—-In

Ao 100 —p
and that of the age group distributions from

)

Q|+~

1 100
—-In

)& i=1,2,3.

Note that the latter is equal to the p** percentile of the baseline distribution multiplied by

the specific index to the power —%7.

For a shape parameter that alters, the formulaes change to

1 1
1 100 .= 1 100 =
= -1 Qo d =—"1 a4 §=1,2,3.
" nlOO—p) an W nlOO—p) i=1,2,3

The estimated percentiles of the baseline and the age group Weibull distributions for a

~ constant shape parameter as well as for different shape parameters are reported in Table 5.24.

Table 5.24: Lifetime percentiles estimated from Weibull regression model

Welibull regression model
Lifetime distribution: constant shape | Lifetime distribution: shape alters

Lifetime | Baseline Age group Baseline Age group
percentile [18;35) [35;45) [45-+) [18;35) [35;45) [45+)
P5 11.10 10.18  11.30 11.88 11.02 1055 10.98 11.69
P10 16.40 15.05 16.71 17.56 16.31 1539 1642 17.40
P20 24.65 2261 25.11 26.38 24.53 2283 2497 26.32
P25 28.30 25.95 28.82 30.28 28.16 26.09 28.78 30.29

P30 31.80 29.17 3239  34.03 31.66 29.21 3245 34.10
P40 38.64 3545 3936 41.36 38.49 356.27 39.65 41.58
P50 45.61 41.83 46.45  48.81 4544 4140 47.02 49.21
P60 53.06 48.67 54.05 56.79 52.89 4794 5495 57.40
P70 61.54 56.45 62.69  65.87 61.36 5533 64.01 66.74
P75 66.44 60.94 67.67 71.11 66.26 59.58 69.25 72.14
P80 72.04 66.08 7338 77.11 71.86 64.44 7527 78.33
P90 87.50 80.26  89.13  93.65 87.32 77.77 9194 95.45
P95 100.94 9259 102.82 108.03 | 100.76 89.30 106.49 110.37

The median time to a lapse of a policy, over all three age groups, is 45.61 months. The base-
line odds of a lapse at 45.61 months is 1, that means that P(T" >45.61 months)=P(T <45.61
months). The lowest estimated percentile lifetime values in the third column of Table 5.24

again confirm the highest risk of a policy to lapse if the policyholder is in the youngest

agegroup.
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5.3.5 The fitting of a regression model with a continuous predictor

Consider AGE as a continuous predictor that can be categorized into three age groups. The

ordinal covariate Z takes on the values

z=1 for the age group [18;35)
z=2 for the age group [35;45)
z=3 for age group [45+).

The midpoints of the age group intervals can also be used as values of the continuous

predictor AGE, that means

z =183 =96 for age group [18;35)

z =341 =395 for age group [35;45)
45499 = 52 for age group [45+)

if 60 months is assumed to be an upper limit for the open interval.

Z =

A log-logistic as well as a Weibull regression model are fitted to the grouped survival data
with known z-values. From the estimated regression parameters, survival model parameters

can be found for each age group as well as for the baseline distribution.

The estimated regression coefficients of these two regression models are reported in Ta-

ble 5.25.

Table 5.25: Fitting a regression model (constant shape) to grouped data with one
continuous predictor

Regression model

Effect Maximum Log-logistic Weibull
likelihood z-values z-values z-values z-values

estimates 1 2 3 26 395 52|11 2 3 26 395 52

Baseline mean lﬁo =In XO -7.647250 -7.477800 -7.111259 -6.962854
Constant shape a 2.066059 2.066104 1.841998 1.842030
-0.166957 -0.012856 -0.146264  -0.011261

Q)

Age

The estimated lambda parameters of the three survival distributions for the three age groups
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then are
XAgel = exp(ln Xo + B % 1)
XAgez = exp(ln Do + B * 2)
XAQEB = exp(ln Do + B * 3)
or
XAgel = exp(ln Xo + B * 26)
XAQEQ = exp(ln Do + B * 39.5)
X ages = exp(ln Xo + B 52)

with the same estimated alpha parameter &. These parameters are summarized for each

age group in Table 5.26.

Table 5.26: Parameters of a survival model (constant shape) for each age group

Survival model
AGE group |[ Maximum Log-logistic Weibull
likelihood | z-values z-values z-values z-values
estimates | 1 2 3 26 395 52{1 2 3 26 395 52
Age [18;35) In A, -7.814208 -7.490656 | -7.257523  -7.800792
& 2.0660588  2.0661037 1.841998 1.8421299
Age [3545) | In), |-7.001165  -7.503511 |-7.403787  -8.016725
a 2.0660588  2.0661037 1.841998 1.8421299
Age [45+) In A, -8.148122 -7.516367 | -7.550051  -8.127733
) 2.0660588  2.0661037 1.841998 1.8421299
Baseline InXy |-7.647250  -7.477800 |-7.111259  -6.962854
a 2.0660588  2.0661037 1.841998 1.8421299
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5.3.6 A survival model for each combination of levels of two risk
factors

Consider two risk factors AGE and SCORE where AGE has three levels [18;35), [35;45) and
[45+) years and SCORE has three levels 'Low’, 'Medium' and 'High'.

A cross tabulation of AGE and SCORE for the 10077 observations are given in Table 5.27.

Table 5.27: Cross table of Age and Score

Score
Low Medium High | Total
Age [18;35) | 833 1758 1053 | 3644
Age [35;45) | 769 1546 1110 | 3425
Age [45+) | 813 1541 654 | 3008
Tota 2475 4845 2817 | 10077

A regression model is fitted to the grouped survival data where each policy has information
on the entry period, age level and score level. The grouped lifetimes of the policies with
staggered entry as well as the concomitant information on AGE and SCORE are given in
Table 5.28.

The combined frequency vector is

! ’
f’ = (fllll' f1211'fglllfiill'fllmvfgwl fgl2'f£112'f,113'-ff‘213'f313vf413' -f11211-ff'221v‘f’321'f:1211f1122'ff222'
’ ! ’ ! ’ ! / ’ ! ’ ’ ’ ’ i I / ! !
-f322'-f422'-f123'f223'-f323'f4231 f131'-f 231 '-f331’-f431 '-f 132'-f232' f332’f432'-f133'f233'f333’f433)'

£ 4 is the frequency vector for the it entry group, the {** AGE level and the m SCORE

level

1=1,2,3,4 and [=1,2,3 and m=1,23.
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Table 5.28: Multi-dimensional frequency table of grouped data set with two risk factors

Entry Age Score Lifetime intervals
March 98 [0,12) [12,17) [17,24) [24,28) [28,34) [34,37) [37,00)
[18;35) | Low 12 34 51 39 57 11 59
Medium 10 12 22 19 32 4 418
High 7 13 22 15 19 0 165
[35;45) | Low 13 14 45 27 33 4 66
Medium 4 22 22 8 25 4 297
High 4 14 24 10 17 5 190
[45+) | Low 10 25 29 17 46 2 116
Medium 6 13 28 16 16 5 273
High 0 11 11 6 5 0 82
June 98 [0,12) [12,17) [17,24) [24,28) [28,34) [34,00)
(18;35) | Low 22 25 58 53 40 45
Medium 10 26 32 20 29 379
High 9 24 13 19 14 204
[35;45) | Low 24 24 28 30 25 106
Medium 12 20 14 17 16 409
High 13 18 19 19 13 238
[45+) | Low 13 15 32 19 17 107
Medium 11 13 22 17 12 319
High 4 1 11 6 6 117
Nov 98 [0,12) [12,17) [17,24) [24,28) [28,00)
[18;35) | Low 34 16 50 23 54
Medium 19 2 32 24 317
High 15 16 17 10 199
[35;45) | Low 19 18 38 16 75
Medium 16 14 25 10 263
High 5 12 20 7 195
[45+) | Low 28 16 22 12 98
Medium 13 0 24 4 323
High 5 5 14 11 150
March 99 [0,12) [12,17) [17,24) [24,00)
[18;35) | Low 40 30 30 50
Medium 9 14 27 301
High 22 16 12 222
[35;45) | Low 24 30 29 81
Medium 14 15 12 307
High 16 16 27 228
[45+) | Low 20 22 28 119
Medium 19 12 26 369
High 11 11 16 171
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fll

fll
fus = (7,13,22,15,19,0,165)'

F1o1 = (13,14,45,27,33,4,66)’

(12,34,51,39,57,11,59)'
(
(
(
f 02 = (4,22,22,8,25,4,297)
(
(
(
(

10,12,22,19,32,4,418)’

f10s = (4,14,24,10,17,5,190)’
f1s = (10,25,29,17,46,2,116)’
£ 132 = (6,13,28,16, 16,5, 273)
f1ss = (0,11,11,6,5,0,82)'

fa1 = (22,25,58,53,40,45)’
fa12 = (10,26, 32,20, 29, 379)’
fo1s = (9,24,13,19, 14,204
Faor = (24,24,28,30,25,106)'
Fage = (12,20,14,17, 16, 409)'
faa3 = (13,18,19,19,13, 238)'
fos = (13,15,32,19,17,107)'
)

13,0,24, 4, 323)’
5,5,14,11,150)’

Fazo = (11,13,22,17,12, 319
Foss = (4,1,11,6,6,117)
fa11 = (34,16,50,23,54)
Fapo = (19,2,32,24,317)
£ 313 = (15,16,17,10,199)
f a9, = (19,18,38, 16, 75)’
f 390 = (16, 14,25, 10, 263)’
F 03 = (5,12,20,7,195)
f 331 = (28,16,22,12,98)’
= (
(

f333—

£ 1 = (40,30, 30,50)’

fao = (9,14,27,301)

fas = (22,16,12,222)'

4o = (24,30,29,81)
(

fa00 = (14,15,12,307)’
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F 103 = (16,16,27,228)’
F s = (20,22,28,119)
£ a3 = (19,12, 26, 369)
fas3 = (11,11,16,171)

/

The vectors z; ©=1,2,3,4

12

17 12 12
17

24 17
28

34 34 28

37

of upper class boundaries for the it* entry group are
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From the estimated regression parameters, survival model parameters can be found for each

combination of the levels of AGE and SCORE as well as for the baseline distribution. The

estimated regression coefficients of the regression model with two risk factors AGE and
SCORE are reported in Table 5.29.

Table 5.29: Fitting a regression model with two risk factors

Regression model
Effect Maximum likelihood | Log-logistic =~ Weibull
estimates

Baseline mean InXg =1In)g -8.550810 -7.709833
Age [18;35) Ba, 0.205367  0.212709
Age [35;45) Ba, -0.011853  -0.014725
Age [45+) Bas -0.193514  -0.197984
Score 'Low’ B, 1.047861  0.897721
Score 'Medium’ B, -0.714941  -0.612472
Score 'High'’ B, -0.332746  -0.285249
Constant shape a 2.249510  1.938292

The estimated lambda parameters of the nine survival distributions for the nine combinations

of AGE and SCORE levels are

AaB, = exp(lno + Ba, + Bs,)
Aayp, = exp(Ino+ B4, + Ba,)
A, = exp(lno + Ba, + Ba,)
Aap, = exp(Ino+ Ba, + Ba,)
AaB, = exp(In)o+ Ba, + BB,)
éAzBs = exp(ln 50 + /QA2 + gBa)
A, = exp(In)o+ Ba; + Bs,)
Aasp, = exp(Ino+ Ba; + Bs,)
/\A3B3 = eXp(ln Ao + ﬂAa + ﬁBs)
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with the same estimated alpha parameter &. These parameters are summarized for each

combination of AGE and SCORE levels in Table 5.30.

Table 5.30: Parameters of a survival model for each combination of AGE and SCORE

levels

Survival model
Combination of || Maximum likelihood | Log-logistic ~ Weibull
Age and Score estimates

Age [18;35) In A4, B, -7.297757 -6.599403
and Low score Qa 2.249510 1.938292
Age [18;35) In A4, B, -0.060383 -8.109596
and Medium score a 2.249510 1.938292
Age [18;35) In A4, B, -8.678188 -7.782373
and High score a 2.249510  1.938292
Age [35:45) In Ay, B, -7.514976  -6.826837
and Low score a 2.249510 1.938292
Age [35:45) In Ay, B, -9.277603 -8.337030
and Medium score Q 2.249510 1.938292
Age [35;45) In 4,5, -8.895408 -8.009807
and High score a 2.249510  1.938292
Age [45+) In Ay, -7.696638 -7.010096
and Low score Q 2.249510 1.938292
Age [45+) In Ay, B, -0.450265 -8.520288
and Medium score a 2.249510 1.938292
Age [45+) InAg,B, -0.077070 -8.193066
and High score a 2249510  1.938292
Baseline In )\ -8.55081  -7.709833

a 2.249510  1.938292

A joint histogram to the data of each combination of AGE and SCORE levels over the

four entry groups is needed to make a graphical representation of the fitted models for
each combination of AGE and SCORE levels. Table 5.31 gives the nine sets of fitted joint
frequencies for the nine combinations of AGE and SCORE levels. This fitting was done by

maximum likelihood estimation subject to constraints imposed by the experimental design.

The Wald test and discrepancy value measure the goodness-of-fit.
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Table 5.31: Fitted joint frequency distributions for the nine combinations of AGE and

SCORE levels

Interval Interval of Fitted Joint Frequencies
number survival | Age [18;35) | Age [35;45) | Age [45+)
times Low score Low score | Low score
first [0,12) 108 80 71
second [12,17) 105 86 78
third [17,24) 189 140 111
fourth (24, 28) 130.43421 | 90.690721 | 61.44444
fifth [28,34) 137.52303 | 92.281787 | 107.52778
sixth [34,37) 25.621006 | 16.001571 | 6.508945
seventh [37,00) 137.42176 | 264.02592 | 377.51883
Wald 87.06 38.99 35.20
Discrepancy 0.1045 0.0507 0.0432974
Interval Interval of Fitted Joint Frequencies
number survival Age [18;35) Age [35;45) Age [45+)
times Medium score | Medium score | Medium score
first [0,12) 48 46 49
second (12,17) 54 71 38.000364
third (17,24) 113 73 100
fourth [24,28) 66.789123 43.685567 67.905775
fifth [28,34) 104.46504 71.64433 57.617021
sixth [34,37) 13.00233 16.48731 22.094914
seventh [37, 00) 1358.7435 1224.1828 1206.3823
Wald 34.26 31.51 20.50
Discrepancy 0.0195 0.0204 0.0133
Interval Interval of Fitted Joint Frequencies
number survival | Age [18;35) | Age [35;45) | Age [45+)
times High score | High score | High score
first [0,12) 53 38 20.000115
second (12,17) 69 60 28
third [17,24) 64 90 52
fourth [24,28) 67.610092 | 54.345528 | 29.945937
fifth [28,34) 65.62156 56.219512 | 27.450442
sixth [34,37) 0 20.806025 | 0.0006965
seventh [37,00) 733.76835 | 790.62893 | 496.60304
Wald 20.07 14.81 22.08
Discrepancy 0.0191 0.0133428 0.0338
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Figure 5.16 shows the fitted joint histogram and

group [18;35) and low score.

Figure 5.17 shows the fitted joint histogram and

group [18;35) and medium score.

Figure 5.18 shows the fitted joint
group [18;35) and high score.

histogram

and

Figure 5.19 shows the fitted joint histogram and

group [35;45) and low score.

Figure 5.20 shows the fitted joint
group [35;45) and medium score.

Figure 5.21 shows the fitted joint
group [35;45) and high score.

Figure 5.22 shows the fitted joint
group [454+) and low score.

Figure 5.23 shows the fitted joint

group [45+) and medium score.

Figure 5.24 shows the fitted joint
group [45+) and high score.
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Figure 5.16: Joint histogram and fitted survival distributions for age group [18;35) and low score
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Figure 5.17: Joint histogram and fitted survival distributions for age group [18;35) and medium score
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Figure 5.18: Joint histogram and fitted survival distributions for age group [18;35) and high score
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Figure 5.19: Joint histogram and fitted survival distributions for age group [35;45) and low score
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Figure 5.20: Joint histogram and fitted survival distributions for age group [35;45) and medium score
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Figure 5.21: Joint histogram and fitted survival distributions for age group [35;45) and high score
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Figure 5.22: Joint histogram and fitted survival distributions for age group [45+) and low score
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Figure 5.23: Joint histogram and fitted survival distributions for age group [45+) and medium score
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5.3.7 Relationship between the indices of the regression and logit
model

Once the parameters of the baseline survival distribution and the nine age-score distributions
have been estimated, estimated hazard and survivor functions, odds of a lapse, odds ratios
and hazard ratios at time ¢ can be calculated in a similar way as at the regression model

with one risk factor (constant shape).

The odds ratio for age group [35;45) and a medium score is the relative odds of a lapse at
time t of a policy, where the age of the policyholder is in [35;45) years and the policyholder

has a medium score , compared to a policy with the baseline characteristics.

As an example , the odds ratio for a lapse of a policy at time ¢ is calculated if the age of

the policyholder is in the age group [18;35) years and the policyholder has a low score.

o dd. ¢
oddsratio, p, () = 05 a B Y /S\AlBl( )
oddsp(t)
where
— 1-S45(0) < ~
odds B = —— L ) -t
A1 B ( ) SAlBl (t) A1B

= odds p, p, (12) = e 7297757 . 122249510 — (181240

o 0.181240
= oddsratios, g, (12) = 0.051768
= 3.501004

This odds ratio of 3.5 is called an index and shows the effect of age group [18;35) and a low
score on the baseline odds of a lapse at time ¢. This effect is multiplicative on the baseline
odds of a lapse. Thus the effect of the combination of this age group and this score group

is to increase the baseline odds of a lapse by a factor 3.5
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The other eight indices for the log-logistic regression model can be calculated in a similar

way.

The relationship between the indices of the nine age-score combinations, obtained from the
log-logistic model, must be compared to the six 'indices’, obtained from the loglinear logit

model for the three age levels and the three score levels.

Recall that the loglinear logit model models

In(odds of a lapse) = p 4 A\AYE 4 A 5CORE

where
U = the overall mean effect, over all AGE levels and SCORE levels
\ACE = effect of the *" level of AGE
A 5CORE —  effect of the j™ level of SCORE.

The odds of a lapse then can be modelled as

e/'L+)‘i AGE+)‘J, SCORE

AiAGE . eAjSCORE

odds of lapse =
= et.e
= geometric mean odds - index4gg; - indexscore;

i=1,2,3 and j=1,2,3.

The six 'indices’ obtained from the logit model for each age level and for each score level

are given in Table 5.32.

Table 5.32: Logit model indices for three age levels and three score levels obtained
from the logit model

Logit model
Effect n Index
t=12 t=24
Baseline odds | 10077 | 0.0537 0.2694
Age [18;35) 3644 | 1.1558 1.1745
Age [35;45) 3425 | 0.9844 0.9981
Age [45+), 3008 | 0.8790 0.8530
Low score 2415 | 2.2622 2.5756
Medium score | 4845 | 0.5757 0.5234
High score 2817 | 0.7678 0.7418

The odds of a lapse of a policy in the first year , with the policyholder in the age group

[18;35) and a low score, is calculated from the logit model as the product of the baseline
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odds and the index of age group [18;35) of 1.1558 and the index of score group 'Low’ of
2.2622 for the first year (t=12), this means

odds 4,5, (12) = 0.0537 x 1.1558 x 2.2622 = 0.1404

odds 0.1404

1+ odds — 1.1doa ~ 1%t

= P(lapse of this policy) =

Thus the odds ratio (relative odds of a lapse of this policy) is calculated by

.1404
oddsratios, g, (12) = odds s, ,(12)  0.140

= basclincodds  0.0537 0102

It is clear that this odds ratio can easily be found by multiplication of the two indices from

the logit model, that is

oddsratioa, g, (12) = index 41(12) X indezp(12) = 1.1558 x 2.2622 = 2.614651

The odds ratio shows the effect of the combination of this age group and this score group
on the baseline odds of a lapse. This effect is multiplicative on the baseline odds of a lapse.
Thus the effect of the combination of this age group and this score group is to increase the

baseline odds of a lapse by a factor 2.614

In the context of survival analysis, this odds ratio can be called an index for age group
[18;35) and a low score. The odds ratios for the nine age-score combinations result in a set
of indices, showing the effect of each combination of age group and score on the baseline

odds of a lapse at time .

The odds ratios (indices) of the nine age-score groups, estimated from the log-logistic or
Weibull regression model, are compared to the odds ratios, obtained from the logit model,
in Table 5.33.



Table 5.31: Comparison of odds ratios (indices): log-logistic and Weibull regression models and logit model

Log-logistic regression model Weibull regression model Logit model
Effect n Odds ratio Odds ratio Odds ratio
t=6 t=12 t=24 t=36 t=60|t=6 t=12 t=24 t=36 t=60 || t=12 t=24
Baseline odds 10077 | 0.01 005 025 062 193 001 006 024 059 25 || 0.05 0.27
Age [18;35), Low score 833 35 35 3.5 3.5 35 {308 322 383 525 176 2.6 3.0
Age [35;45), Low score 769 28 28 28 28 28 244 252 284 351 788 22 26
Age [45+), Low score 813 23 23 23 23 23 203 207 225 262 459 20 22
Age [18;35), Medium score 1758 06 06 06 06 06 0.67 066 065 062 053 07 06
Age [35;45), Medium score 1546 05 05 05 05 05 053 053 051 048 038 06 06
Age [45+), Medium score | 1541 | 0.4 04 04 04 04 |044 044 042 039 030 05 05
Age [18;35), High score 1053 | 09 09 09 09 09 {093 093 092 091 088 | 09 09
Age [35;45), High score 1110 | 0.7 0.7 0.7 0.7 07 1074 074 072 069 0.61 0.8 0.7
Age [45+), High score 654 | 06 06 06 06 06 {062 061 059 056 047 | 07 06

214
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It is clear from Table 5.33 that the odds ratios are constant over time at the log-logistic
regression model, but the odds ratios do not remain constant over time at the Weibull

regression model.

From Table 5.33 follows that one log-logistic regression model provides odds ratios (indices)
for any time value, while a new logitmodel has to be built for a fixed time value, say t=12
months, conditional on a restricted experimental design where all the policies must have an
exposure of at least one year when investigating the lapses of policies in the first year. There
is no such restrictions in the more general experimental design for the log-logistic regression
model where all the policies can be used in the analysis, even those policies with inception

dates very close to the cut-off point.

The same argument holds for the Weibull regression model, except that the odds ratios do

not remain constant over time.

5.3.8 Median lifetimes of the nine survival distributions

The median lifetimes (in months) of the nine survival distributions can also be estimated

and compared with the baseline median. The medians are reported in Table 5.34. It is

Table 5.34: Median lifetimes of the nine survival distributions

Regression miodel

Log-logistic Weibull
Effect median lifetime | median lifetime
Baseline 44,75 4419
Age [18;35), Low score 25.64 24.92
Age |35;45), Low score 28.24 28.02
Age [45+), Low score 30.61 30.80
Age |18;35), Medium score 56.13 54.31
Age |35;45), Medium score 61.82 61.08
Age [45+), Medium score 67.02 67.13
Age (18;35), High score 47.36 45 .88
Age [35;45), High score 52.16 51.59
Age [45+), High score 56.55 56.70

evident from Table 5.34 that the log-logistic and Weibull models deliver the same results.
The estimated median values of the nine combinations of age and score levels suggest that
the policy of a policyholder with a low score, coming from any zge group, has a high risk
to lapse. The policy of a policyholder in agegroup 45+ with a medium score has the lowest

risk to lapse, lower than the combination 45+ and a high score.



Chapter 6

RESUME

This thesis focuses on the analysis of insurance policy lifetimes in the form of grouped
data, where the lifetime of a policy is measured from the inception date (entry month)
up to the lapsimg date (month in which policy lapsed) or a pre-determined cut-off date.
Data from the insurance industry are extensive data sets with very large sample sizes. The
focus in this thssis is on the estimation of lifetime distributions, based on a large sample
of discrete lifetimes of policies that are grouped into intervals of lifetimes. The aim of the
research is the statistical modelling of parametric survival distributions of grouped survival
data of long- and shortterm policies in the insurance industry, by means of a method of
maximum likelikcod estimation subject to constraints. This scenario has become extremely

important, not oaly for application in the actuarial context, but also in other fields.

In this thesis, the analysis takes account of the actual lifetime (duration) of the policy
rather than just recording the fact that the policy lapsed or was still alive after (say) twelve
months. In other words, the response variable, lifetime, is a continuous one, and the whole
distribution of lifstimes can be used. A general experimental design admits that all the
policies can be used in the analysis, even those policies with inception dates very close to

the cut-off point.

Special attention has been given to staggered entry of policies, where policies written in

different months or time-periods have different entry times.

The methodolozgy of maximum likelihood estimation subject to constraints, used in this

thesis, leads to explicit expressions for the estimates of the parameters, as well as for

216
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approximated variances and covariances of the estimates, which gives exact maximum like-
lihood estimates of the parameters. This makes direct extension to more complex designs

feasible.

Once the parameters of the survival distributions have been estimated, estimated hazard
and survivor functions, odds of a lapse, odds ratios and hazard ratios at time ¢ can
be directly calculated, as well as estimated percentiles for the fitted survival distributions.
These estimates form the statistical foundation for scientific decisionmaking with respect to

actuarial design, maintenance and marketing of insurance policies.

Parametric regression models are fitted and important indicators of the effect of the
covariates are defined such as risk scores (hazard ratios) and indices (odds ratios). This is
in contrast to the famous semiparametric Cox's proportional hazards model. David Oakes
states in the chapter on Survival Analysis in [39] that " following the incorporation of software
for fitting proportional hazards models into packages such as BMDP and SAS, this model
of Cox, for better or worse, became standard for the analysis of survival data. But the
assumption of proportional hazards has no compelling mathematical justification and is

often found to be false in applications.”

It is generally assumed in the actuarial industry that incorrect assumptions regarding life-
time distributions have severe implications with respect to lapse probabilities and estimated
income. For this reason non-parametric and semi-parametric models are standard practice.
The implications of a proper and sound parametric model are far-reaching for the charac-
terization of lapse probabilities and income, which are the corner stones of the insurance
industry. It directly determines lapse indices in terms of risk factors, including the period of
lapsing under consideration. It also determines the behaviour of such indices over time. It
can also be assumed that the use of grouped data for determining lifetime distributions is

more robust with respect to wrong assumptions than continuous data.

In this way a contribution is made to the global handling of lapse indices and risk scores.
For example, if a log-logistic distribution holds, the indices are constant, independent of the
lapsing period. If a Weibull distribution holds, the risk scores are constant, independent of
the lapsing period. In any event, if the lifetime distribution is known, the lapse indices for

any time period are known.

A complete exposition of these structural relationships and practical implications of it must
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be investigated further.

Although the methodology in this thesis is developed specifically for the insurance industry, it
may be applied in the normal context of research and scientific decisionmaking, that includes
for example survival distributions for the medical, biological, engineering, econometric

and sociological sciences.

The potential for extending the methodology to other realistic practical application is un-
limited. This can be to the advance of the insurance industry in general. The models
should reflect an interactive adaptability for direct application in practice by salesforce (the

marketing people on ground level), as well as for actuarial planning.



Appendix A

COMPUTER PROGRAMS

The SAS/IML programs appear under the appropriate chapter heading.

Al Chapter 3: Maximum Likelihood Estimation

A.1.1 A Fixed Censoring Time
Standard Program using PROC LIFEREG

Program for fitting a single survival distribution to grouped survival data

options nodate pagesize=500 pageno=1;
libname hsbc ’c:\hsbcl\sd2’;

titlel ’Fitting of a single survival model: the standard SAS method?’;
title2 ’Fixed censoring time’;

data fin;
input lower upper freq;
cards;

12 66

12 17 158
17 24 254
24 28 187
28 34 250
34 37 35
37 . 1666

3

proc lifereg data=fin covout outest=ops;

model (lower, upper) / dist=weibull; *default is Weibull;
model (lower, upper) / dist=llogistic;

model (lower, upper) / dist=lnormal;

weight fregq;

output out=weib cdf=cdf predicted=months

quantiles = 0.02 to 0.98 by .02 control=c;

title 'Fit single Weibull curve (SAS method)’;

title2 ’Fixed censoring time’;

data par;

set ops;

if _N_=1;
lambdaSAS=exp(-intercept/_scale_);

219
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alphaSAS=1/_scale_;
oualphaSAS=-intercept/_scale_;

proc print data=par;

var lambdaSAS oualphaSAS alphaSAS;
run;

A.1.2 Staggered Entry of Policies
Standard Program using PROC LIFEREG

Program for fitting one Weibull/log-logistic/lognormal distribution to the four his-
tograms of the entry groups

options nodate pagesize=500 pageno=1;
libname hsbc ’c:\hsbcll\sd2’;

titlel ’STAGGERED ENTRY OF POLICIES AT FOUR ENTRY TIMES’;
title2 ’Fit one survival distribution to the four histograms of the entry groups’;
title3 ’Standard SAS method’;

data fin;
input lower upper freq;
cards;

i2 66

12 17 168
17 24 264
24 28 157
28 34 250

34 37 35
a7 . 1666
12 118

12 17 166
17 24 229
24 28 200
28 34 172

34 . 1924
. 12 1564
12 17 99

17 24 242
24 28 117
28 . 1674

. 12 1756
12 17 166
17 24 207
24 . 1848

3

proc lifereg data=fin covout outest=ops;

model (lower, upper) / dist=weibull; *default is Weibull;
model (lower, upper) / dist=llogistic;

model (lower, upper) / dist=lnormal;

weight freq;

output out=weib cdf=cdf predicted=months

quantiles = 0,02 to 0.98 by .02 control=c;

title 'Fit single Weibull curve (SAS method)’;

title2 ’Four entry dates’;

o u

data par;

if _N_=1;
lambdaSAS=exp{-intercept/_scale_);
alphaSAS=1/_scale_;
oualphaSAS=-intercept/_scale_;

proc print data=par;
var lambdaSAS oualphaSAS alphaSAS;
run;
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A.2

A.2.

1.

Chapter 3: M L Estimation subject to Constraints

1 A Fixed Censoring Time - IML Programs

Program for fitting a Weibull distribution to grouped survival data

proc iml worksize=60;
reset nolog;

*kckxkkikckkkFrequency vector;
£={66,158,254,157,250,35,1666};

*¥xkkkkx**xVector of upper boundaries;
x={12,17,24,28,34,37};

*kxkkkkkkkRelative frequency vector;
n=f [+];

k=nrow(f);

d=k-1;

p=f/n;

*¥kkckkkxkkDesign matrix and matrix orthogonal to design matrix;
S1=J(d,1,1)@cusum(J(1,k,1));

S$2=J(1,k,1)Qcusum(J(d,1,1));
S=S1<=82; print S;

X1=J(d,1,1) | |log(x); print X1;
C=I(d)-X1*inv(X1¢*X1)*X1‘; print C;
projmatrix=Xixinv(X1‘*X1)*X1‘; print projmatrix;

*xx******* ITERATIVE PROCEDURE (double iterations over m and p);
*¥*kkxstarting value for m;

m=p; print p;

ms=S*m; ps=ms;

PO=p;

**x**x*iteration over m;
itr=0;

verskill=1;

i=0;

do while (verskili>le-6);
i=i+1;

p=p0;
Gm=-C*diag(1/(log(1-ms)))*diag(1/(1-ms))*S; *Weibull;

*kxkkkkkkkiteration over p;
verskil=1;
J=0;
do while (verskil>le-6);
3=3+1;
pl=p;
ps=S*p;
g=C*log(-log(1-ps)); *Weibull;
Gp=-C+diag(1/(log(1-ps)))*diag(1/(1-ps))*S; *Weibull;
*kkx¥kkkkcovariance matrix;
sig=(1/n)*(diag(m)-m*m‘) ;

V=sig;

HAAA KA K KKK KA AA A KKK KKK
p=p- (Gm*V) ‘*ginv (Gp*V+Gm‘)*g; *Weibull;
verskil=sqrt ((p-pl ‘*(p-pl)%;

print i j p m;

end;
verskill=sqrt((p-m) ‘*(p-m));
m=p;ms=S*m; print m;

end;

*x*¥kkkkkkParameter vector for linear model;
par=inv (x1‘*x1)*x1‘*log(-log(1l-ms)); print par; *Weibull;

*kkkokkkkkkParameters for Weibull model;
lambda=exp (par[1]);
alpha=par 25;

print ’Weibull parameters: MLE subject to comstraints’;
print ’lambda=’ lambda ’alpha=’ alpha;

*xkkkorkokkkCompute Wald statistic;

p=p0;

ps=S*p;

Gp=-C*diag(1/(log(1-ps)))*diag(1/(1-ps))*S; *Weibull;
g=C*log(-log(1-ps)); *Weibull;

*¥kkkkcovariance matrix;
sig=(1/n)*(diag(p)-p*p);
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V=sig;

stk ok sk sk ok ok sk K ok ok ok ok ok ok koK ok KoK

wald=g‘*ginv(Gp*V*Gp‘)*g; nu=eigval(C); nu=nul[+];
discr=wald/n;

prob=1-probchi(wald,nu) ;

alpha=par[2];

Gini=1-0.5##(1/alpha);

print ’Measure of fit’;

print ’Wald=’wald ’Discrepancy=’ discr;

print ’prob=’ prob ’degrees of freedom=’ nu ’Gini=’ Gini;

Program for fitting a log-logistic distribution to grouped survival data

proc iml worksize=60;
reset nolog;

**kk*kk*kkkxkFrequency vector;
£={66,158,254,157,250,35,1666};

*kkkkkkxk*Vector of upper boundaries;
x={12,17,24,28,34,37};

*kkkkkkkkkRelative frequency vector;
n=f [+];

k=nrow(f);

d=k-1;

p=f/n;

*kkckkkkkkkDesign matrix and matrix orthogonal to design matrix;

S1=J(d,1,1)Q@cusum(J(1,k,1));
82=J(1,k,1)Q@cusum(J(d,1,1));
5=51<=52; print S;

X1=J(d,1,1) | |log(x); print X1;
C=I(d)-X1*inv(X1‘*X1)*X1‘; print C;
projmatrix=Xi*inv(X1‘*X1)*X1‘; print projmatrix;

***x**x**x* I TERATIVE PROCEDURE (double iterations over m and p);
*¥*xkxstarting value for m;

m=p; print p;

ms=S*m; ps=ms;

PO=p;

**x*x*kiteration over m;

itr=0;

verskill=1;

i=0;

do while (verskili>0.00000001);
i=i+1;

P=p0;
Gm=C* (diag(1/ms)+diag(1/(1-ms)))*S; *loglogistic;

*kkdokkkkkkiteration over p;
verskil=1;
3=0;
do while (verskil>0.00000001);
j=i+;
pi=p;
ps=Sxp;
g=Cx (log(ps)-log(1-ps)); *xloglogistic;
Gp=C* (diag(1/ps)+diag(1/(1-ps)))*S; *loglogistic;
*kk¥kkkkkcovariance matrix;
sig=(1/n)*(diag(m)-m*m®) ;
V=sig;
Kok ok ok o ok ok ook ok o K ook oK ook o o kK ok KK o
p=p-(Gm*V) ‘*ginv (Gp*V*Gm*) *g; *loglogistic;
verskil=sqrt ((p-p1) ‘*(p-p1));
print i j p m;

end;
verskill=sqrt ((p-m) ‘*(p-m));
m=p;ms=S*m; print m;

end;

*¥xxkxkkxxParameter vector for linear model;

par=inv (x1°#*x1)*x1‘*(log(ms)-log(1-ms)); print par; *loglogistic;
*xkkkkkkkkParameters for loglogistic model;

lambda=exp (par[1]);

alpha=par%2§;

print ’Loglogistic parameters: MLE subject to constraints’;
print ’lambda=’ lambda ’alpha=’ alpha;

*xkkkkkkokkCompute Wald statistic;

P=p0;

ps=S*p;

Gp=C*(diag(1/ps)+diag(1/(1~ps)))*S; *loglogistic;
g=C* (Log(ps)-log(1-ps)); *loglogistic;

***kkkkcovariance matrix;
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sig=(1/n)*(diag(p)-p*p‘);

V=sig;

ks ok o sk ook ok o Kok ok sk ok Kok ok Sk ok K
wald=g‘*ginv(Gp*V*Gp‘)*g; nu=eigval(C); nu=nul+];
discr=wald/n;

prob=1-probchi(wald,nu) ;

alpha=par[2];

Gini=1-0.5##(1/alpha);

print ’Measure of fit’;

print ’Wald=’wald ’Discrepancy=’ discr;

print ’prob=’ prob ’degrees of freedom=’ nu ’Gini=’ Gini;

3. Program for fitting a lognormal distribution to grouped survival data

proc iml worksize=60;
reset nolog;

*FkxkkxkkkFrequency vector;
f={66,158,254,157,250,35,1666};

*xxkkkkxk*Vector of upper boundaries;
x={12,17,24,28,34,37};
x=log(x);

*xkckkkxx*k*Relative frequency vector;
n=f [+];

k=nrow(f) ;

d=k-1;

p=f/n;

pi=(gamma(0.5))##2;
**kkkkkkx*Design matrix and matrix orthogonal to design matrix;
$1=J(d,1,1)@cusum(J(1,k,1));

82=J(1,k,1)Q@cusum(J(d,1,1));
$=51<=52; print S;

X1=J(d,1,1) | |log(x) ; print X1;
C=I(d)-X1*inv(X1‘*X1)*X1‘; print C;
projmatrix=X1*inv(X1¢*X1)*X1¢; print projmatrix;

s***x+*x*+*x [ TERATIVE PROCEDURE (double iterations over m and p);
***x*x*kstarting value for m;

m=p; print p;

ms=S*m; ps=ms;

PO=p;

**x*k*x*kiteration over m;

itr=0;

verskill=1;

i=0;

do while (verskill>le-6);

i=itl;

p=p0;

argl=2;

arg2=3;

par=inv( J(2,1,1) || rob1t(ms[arg1]//ms[argQ]) )*(x[arg1l]//x[arg2]);
u-par[i],51gma-par€

Gm—C*dlag(sqrt(2#p1)/(exp( (x-mu) #(x-mu) /2/sigma/sigma)))*S; *lognormal;

*xkkkkikokkiteration over p;
verskil=1;
j=0;
do whlle (verskil>le-6);

ps=S*p;
g=C*probit (ps); *Llognormal ;
parp=inv( J(2,1, 1)|Iproblt(ps[argl]//ps[argQ]) )*(x[argl]//x[arg2])
mup-parp[l],s1gmap
Gp-C*dlag(sqrt(2#p1§/(exp( (x-mup) #(x-mup) /2/sigmap/sigmap))) *S; *lognormal;
¥**kkkcovariance matrix;
sig=(1/n)*(diag(m)-m*m°);
V=sig;
kKKK K KKK K KKK
p=p-(Gm*V)‘*ginv(G *V*Gm‘) *g; *lognormal;
verskil=sqrt((p-p1§ “*(p-p1));
end;
verskill=sqrt ((p-m) ‘*(p-m));
m=p ; ms=S*m; print m;
end;

**xxxxxxx*Parameter vector for linear model
par=inv( J(2,1, 1)|Iproblt(ms[argl]//ms[arg2]) )*(x[argll]//x[arg2]);

*¥xkkkkxkkParameters for Lognormal model;
mu=par [1]; sigma=par[2];

print ’Lognormal parameters: MLE subject to constraints’;
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print ’mu=’ mu ’sigma=’ sigma;

*xkkxkkkkkCompute Wald statistic;

p=p0;

ps=S*p;
Gp=Cxdiag(sqrt (2#pi)/ (exp (- (x-mup)#(x-mup)/2/sigmap/sigmap)))*S;
g=C*probit (ps);

*****kcovariance matrix;

sig=(1/n)*(diag(p)-p*p‘);

V=sig;

KA KKK KA A KKK KKK KKK §

wald=(g) ‘*ginv(Gp*V*Gp‘)*g; nu=eigval(C); nu=nu[+];

discr=wald/n;

prob=1-probchi (wald,nu) ;

print ’Measure of fit’;

print ’Wald=’wald ’Discrepancy=’ discr;

print ’prob=’ prob ’degrees of freedom=’ nu;
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A.2.2 Staggered Entry of Policies - IML Programs

1. Program for fitting one survival distribution to the four histograms

Program for fitting one Weibull/log-logistic distribution to the four histograms
of the entry groups

titlel ’STAGGERED ENTRY OF POLICIES AT FOUR ENTRY TIMES’;
title2 ’Fit one survival distribution to the four histograms of the entry groups’;
title3 ’Constraints: specified model’;

proc iml worksize= 60;
reset nolog;
options pagesize=500;

*¥xxkkkkkxFrequency vector;
f1={66,158,254,157,250,35,1666};

*kxxxkk*xkxVector of upper boundaries;
x1={12,17,24,28,34,37§;

*¥xkkkkkkkFrequency vector;
£2={118,166,229,200,172,1924};

*xkckkxkkxkVector of upper boundaries;
x2={12,17,24,28,34};

*kkkkkkkkxFrequency vector;
£3={154,99,242,117,1674};

*xkkxkkkx*kVector of upper boundaries;
x3={12,17,24,28};

*kkkkkkkkkFrequency vector;
£4={175,166,207,1848};

*¥kkkikkkxkVector of upper boundaries;
x4={12,17,24};

*xkkk*kx*kk*Relative frequency vectors;

ni=f1[+]; n2=f2[+]; n3=£f3[+]; n4=f4[+]; n=ni1+n2+n3+n4;
ki=nrow(f1); di=ki-1;

k2=nrow (£2); d2=k2-1;

k3=nrow(£3); d3=k3-1;

k4=nrow(f4); d4=k4-1;

k=k1+k2+k3+k4;

d=d1+d2+d3+d4;

pl=f1/nl; p2=f2/n2; p3=£3/n3; p4=f4/n4d;
p=p1//p2//p3//p4;

*kickickkkkkDesign matrix and matrix orthogonal to design matrix;

S1=J(d1,1,1)Q@cusum(J(1,k1,1));
$2=J(1,k1,1)Qcusum(J(d1,1,1));
S1=51<=52;

S2=S1[1:d2,1:41];
§3=S1[1:d3,1:d2];
S4=S1(1:d4,1:43];
S=block(S1,S82,S3,54);

1x1=J(d1,1,1) | |1log(x1);
1x2=J(d2,1,1) | |log(x2);
1x3=J(d3,1,1) | |log(x3);
1x4=J(d4,1,1) | |log(x4);

xc=1x1//1x2//1x3//1x4;
C=I(d)-xc*inv(xc‘*xc)*xc‘;

s**x**xx*** [ TERATIVE PROCEDURE (double iterations over m and p);
***xxstarting value for m;

m=p; print p;

ms=S*m; psS=ms;

pO=p;

*****xjiteration over m;
itr=0; !

verskill=1;

i=0;

do while (verskili>le-6);
i=i+1;

p=p0;
Gm=-C*diag(1/(log(1-ms)))*diag(1/(1-ms))*S; *Weibull;
*Gm=C* (diag(1/ms)+diag(1/(1-ms)))*S; *Loglogistic;

*kkkkkkkkkiteration over p;
verskil=1;
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i=0;
io while (verskil>le-6);
J=i*1;
pi=p;
ps=S*p;
g=C*log(-log(1-ps)); *Weibull;
*g=Cx* (log(ps)-log(1-ps)); *Loglogistic;
Gp=-Cx*diag(1/(log(1-ps)))*diag(1/(1-ps))*S; *Weibull;
*Gp=C* (diag(1/ps)+diag(1/(1-ps)))*S; *loglogistic;
*kk¥kkk¥¥kkcovariance matrix;
mi=m([1:k1];

m2=m[k1+1:k1+k2];
m3=m [k1+k2+1:k1+k2+k3];
md=m [k1+k2+k3+1:k1+k2+k3+k4] ;

sigl=(1/n1)*(diag(ml)-mi*mi‘);
sig2=(1/n2)*(diag(m2) -m2*m2°) ;
sig3=(1/n3)*(diag(m3) -m3*m3°) ;
sig4=(1/n4)*(diag(m4) -m4*md ) ;
sig=block(sigl,sig2,sig3,sigd);

V=sig;

KRR R Kok KK R K KKK K
p=p-(Gm*V) ‘*ginv (Gp*V*Gm‘)*g; *Weibull;
*p=p-(Gm*V) ‘*ginv (Gp*V*Gm‘)*g; *loglogistic;
verskil=sqrt ((p-p1) ‘*(p-p1));
end;

verskill=sqrt ((p-m) ‘*(p-m));
m=p; ms=S*m;

end;

print m; print i j;

*kx¥**kk*x*kParameter vector for linear model;

par=inv(xc ‘*xc)*xc ‘*log(-log(1-ms)); *Weibull;
*par=inv(xc ‘*xc)*xc‘* (log(ms)-log(1l-ms)); *Loglogisties;
print par;

*x*kkx*kxx*Parameters for Weibull (*Loglogistic) model;
oualpha=par [1];

lambda=exp (par [1]) ;

alpha=par%2§;

print ’Weibull (*Loglogistic) parameters: MLE subject to constraints’;
print ’lambda=’ lambda oualpha ’alpha=’ alpha;

skxrkkkkkkHazard and Survival function, Oddsskokkkkskskskskskokkkskokkkokkkokkokkokk ok kkkokkkok ;
whaz12=(lambda*alpha*12** (alpha-1))/(1+lambda*12**alpha) ;
whaz24=(lambda*alpha*24** (alpha-1))/(1+lambda*24**alpha) ;
wsurvl2=(1+lambda*12%*alpha)**(-1) ;

wsurv24=(1+lambda*24**alpha)**(-1) ;

wodds12=(1-wsurvi2) /wsurvi2;

wodds24=(1-wsurv24) /wsurv24;

/*
1lhaz12=(lambda*alpha*12** (alpha-1))/(1+lambda*12**alpha) ;
11haz24=(lambda*alpha*24** (alpha-1))/(1+lambda*24**alpha) ;
1llsurvi2=(1+lambda*12**alpha)**(-1);
11lsurv24=(1+lambda*24**alpha)**(-1) ;
llodds12=(1-11lsurvi2)/llsurvi2;
110dds24=(1-}1surv24)/llsurv24;

*

print whaz12 whaz24 wsurv12 wsurv24 woddsl2 wodds24;
*print 1lhaz12 1llhaz24 1llsurvi2 1llsurv24 llodds12 llodds24;

KA KKK KK KD QT COIIT L L@ Kok ok ok ok ok o Kok o oK Kok K ok K ok oK K o o K ok o o ok o o K o K ok ok ook o o ok ok o ook oK K oK KK o
wmedian=((1/lambda)#log(2))##(1/alpha);

wperc5=((1/1lambda)#1og(100/ (100~ 5)))##(1/alpha);
wperc10=((1/lambda)#1og(100/(100-10)))##(1/alpha);
wperc20=((1/1lambda)#1log(100/(100-20)))##(1/alpha);
wperc25=((1/1lambda)#1og(100/(100-26)))##(1/alpha);
wperc30=((1/lambda)#1log(100/(100-30)))##(1/alpha) ;
wperc40=((1/lambda)#log(100/(100-40)))##(1/alpha) ;
wperc50=((1/lambda)#1og(100/(100-50)))##(1/alpha) ;
wperc60=((1/lambda)#log(100/(100-60)))##(1/alpha) ;
wperc70=((1/lambda)#log(100/(100-70)))##(1/alpha);
wperc75=((1/lambda)#1og(100/(100-75)))##(1/alpha) ;
wperc80=((1/1ambda)#1og(100/ (100-80) )) ##(1/alpha) ;
wperc90=((1/lambda)#log(100/(100-90)))##(1/alpha) ;
wperc95=((1/lambda) #10g(100/(100-95)))##(1/alpha) ;

/*
lmedian=(1/lambda)##(1/alpha) ;

llperc5=((1/lambda)#( 5/(100- 5)))##(1/alpha);
llperc10=((1/lambda)#(10/(100-10)))##(1/alpha);
11lperc20=((1/lambda)#(20/(100~20)))##(1/alpha) ;
llperc25=((1/lambda)#(25/(100-25)))##(1/alpha) ;
11lperc30=((1/lambda)#(30/(100-30)))##(1/alpha);
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1llperc40=((1/lambda)#(40/(100-40)))##(1/alpha);
1lperc50=((1/lambda)#(50/(100-50)))##(1/alpha) ;
1lperc60=((1/lambda)#(60/(100-60)))##(1/alpha) ;
11lperc70=((1/lambda)#(70/(100-70)))##(1/alpha) ;
1llperc75=((1/lambda)#(75/(100-75)))##(1/alpha);
11lperc80=((1/lambda)#(80/(100-80)))##(1/alpha);
11lperc90=((1/lambda)#(90/(100-90)))##(1/alpha) ;
1lperc95=((1/lambda)#(95/(100-95)))##(1/alpha);

*/

print wmedian;

print wperc5 wperclO wperc20 wperc25 wperc30;

print wperc40 wperc50 wperc60 wperc70;

print wperc75 wperc80 wperc90 wperc95;

*print lmedian;

*print llperc5 1llperciO llperc20 llperc25 llperc30;
*print llperc40 llperc50 llperc60 llperc70;

*print llperc75 llperc80 llperc90 llperc95;

sokkkkkkkkCompute Wald statistickksksikkmkskokkokskokkkohdokkokkokkokkkkokkkkokokokokokkkkkok

p=p0;

ps=S*p;

Gp=-C*diag(1/(log(1-ps)))*diag(1/(1-ps))*S; *Weibull;
*Gp=Cxdiag(1/ps+1/(1-ps))*S; *Loglogistic;
g=C*log(-log(1-ps)); *Weibull;
*g=C* (Log(ps)-log(1-ps)); *Loglogistic;

*¥kkkkcovariance matrix;
pi=pl[1:k1];

p2=p [k1+1:k1+k2];

p3=p [k1+k2+1:k1+k2+k3] ;

p4=p [k1+k2+k3+1 :k1+k2+k3+k4] ;

sigl=(1/n1)*(diag(pl)-pl*pl‘);
sig2=(1/n2)*(diag(p2)-p2*p2°¢);
sig3=(1/n3)*(diag(p3)-p3*p3°‘);
sig4=(1/n4)*(diag(p4)-p4*pd‘);
sig=block(sigl,sig2,sig3,sigd);

V=sig;

kKKK oK KK oK KKKk KK KooK
wald=g‘*ginv(Gp*V*Gp‘)*g; nu=eigval(C); nu=nu[+];
discr=wald/n;

prob=1-probchi(wald,nu) ;

alpha=par[2];

Gini=1-0.5##(1/alpha) ;

print ’Measure of fit’;

print ’Wald=’wald ’Discrepancy=’ discr;

print ’prob=’ prob ’degrees of freedom=’ nu ’Gini=’ Gini;

Program for fitting one lognormal distribution to the four histograms of the
entry groups

titlel ’STAGGERED ENTRY OF POLICIES AT FOUR ENTRY TIMES’;
title2 ’Fit ome lognormal distribution to the four entry groups’;
title3 ’Constraints: specified model’;

proc iml worksize= 60;
reset nolog;
options pagesize=500;

ssckkkkkkkkFrequency vector;
£1={66,158,254,157,250,35,1666};

*¥xkxkkx*xkVector of upper boundaries;
x1={12,17,24,28,34,37§;

*kdokkkkkkkFrequency vector;
£2={118,166,229,200,172,1924};

sxkxkkkkkkVector of upper boundaries;
x2={12,17,24,28,34};

*xkkkkkkkkFrequency vector;
£3={154,99,242,117,1674};

*xkkkkkkkkVector of upper boundaries;
x3={12,17,24,28};

**kkkck*kkkFrequency vector;
£4={175,166,207,1848};

*¥xxxkikkkkVector of upper boundaries;
x4={12,17,24};

**kkkkkkkkkRelative frequency vectors;
ni=f1[+]; n2=f2[+]; n3=£f3[+]; n4=f4[+]; n=nl1+n2+n3+n4;
ki=nrow(f1); di=ki-1;
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k2=nrow (£f2); d2=k2-1;

k3=nrow(£3); d3=k3-1;

kd4=nrow(£f4); d4=k4-1;

k=k1+k2+k3+k4;

d=d1+d2+d3+d4;

pl=fi/n1; p2=£2/n2; p3=£3/n3; pé4=f4/n4;
p=p1//p2//p3//p4;

*xkxkkk*k**xDesign matrix and matrix orthogonal to design matrix;

S1=J(d1,1,1)@cusum(J(1,k1,1));
S$2=J(1,k1,1)@cusum(J(d1,1,1));
S1=51<=S2;

S2=81[1:d42,1:d1];
S3=81[1:d43,1:d2];
S4=S1[1:d4,1:d3];
S=block(S1,S2,83,54); print S;

1x1=J(d1,1,1) | |log(x1l);
1x2=J(d2,1,1) | |1log(x2);
1x3=J(d3,1,1) | |1log(x3);
1x4=J(d4,1,1) | |log(x4);

xc=1x1//1x2//1x3//1x4; print xc;
C=I(d)-xc*inv(xc‘*xc)*xc‘;

s*x***%x**x [ TERATIVE PROCEDURE (double iterations over m and p);
*¥x*x*starting value for m;

m=p; print p;

ms=S*m; ps=ms;

PO=p;

***kx*kiteration over m;

itr=0;

verskill=1;

i=0;

do while (verskili>le-6);

i=i+l;

P=po;

argl=2;

arg2=3;

par=inv( J(2,1,1) | |probit (ms[argl]//ms[arg2]) )*(x[argll//x[arg2]);
mu=par[1];sigma=par%2];

Gm=Cxdiag(sqrt (2#pi)/ (exp (- (x-mu)#(x-mu)/2/sigma/sigma)))*S;

*kkkkkkkkkiteration over p;
verskil=1;
j=0;
do while (verskil>le-6);
j=j+1;

P
g=C*probit (ps);

*1o,
parp=inv( J(2,1,1)||probit(ps[argll]//ps[arg2]) )*(x{argl]//x[argZ??;

mup=parp[1] ; sigmap=parp[2];
Gp=C*diag(sqrt%§#p;§

*kkkkkk*kk¥xcovariance matrix;

mi=m[1:k1];

m2=m[k1+1:k1+k2];

m3=m [k1+k2+1:k1+k2+k3];

mé=m[k1+k2+k3+1:k1+k2+k3+k4] ;

sigl=(1/n1)*(diag(ml)-mi*mi‘);
sig2=(1/n2)* (diag(m2) -m2*m2°) ;
sig3=(1/n3)*(diag(m3)-m3*m3°);
sigd=(1/n4)*(diag(md) -m4*mé*);
sig=block(sigl,sig2,sig3,sig4);
V=sig;
ok ok ok ok ko ook ok ok KRk KKK
p=p- (Gm*V) ‘*ginv (Gp*V*Gm‘)*g;
verskil=sqrt ((p-pl ‘*(p-pl)%;
end;
verskill=sqrt ((p-m) ‘*(p-m));
m=p;ms=S*m;
end;
print m; print i j;
*xxkkkkkkkParameter vector for linear model;
par=inv( J(2,1,1) | |probit (ms[argl]//ms[arg2]) )*(x[argil//x[arg2]);

*xkkkxkkkkParameters for Lognormal model;
mu=par [1]; sigma=par([2];

print ’Lognormal parameters: MLE subject to constraints’;
print ’mu=’ mu ’sigma=’ sigma;
*kxkkkkckkkCompute Wald statistic;

p=p0;
ps=S*p;

*lognormal;

ormal;

/(exp(:(x-mup)#(x-mup)/2/sigmap/sigmap)))*S; *lognormal;

*lognormal;

*lognormal;
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Gp=Cx*diag(sqrt (2#pi)/ (exp (- (x-mup)# (x-mup) /2/sigmap/sigmap)))*S;  *lognormal;
g=C*probit (ps); *lognormal ;
**¥***covariance matrix;

pi=p[1:k1];

p2=p [k1+1:k1+k2] ;

p3=p [k1+k2+1:k1+k2+k3];

p4=p [k1+k2+k3+1:k1+k2+k3+k4] ;

sigl=(1/n1)*(diag(p1)-pl*pl‘);
sig2=(1/n2)*(diag(p2)-p2*p2°);
sig3=(1/n3)*(diag(p3)-p3*p3°‘);
sigd=(1/n4)*(diag(p4)-ps*pd‘);
sig=block(sigl,sig2,sig3,sig4);

V=sig;

ks ok o sk ok ok sk ok ok ok o ok ok o sk ok sk ok ok sk ok 3
wald=g‘*ginv(Gp*V*Gp‘)*g; nu=eigval(C); nu=nu[+];
discr=wald/n;

prob=1-probchi(wald,nu) ;

alpha=par[2];

Gini=1-0.5##(1/alpha) ;

print ’Measure of fit’;

print ’Wald=’wald ’Discrepancy=’ discr;

print ’prob=’ prob ’degrees of freedom=’ nu ’Gini=’ Gini;

2. Programs for fitting four survival distributions to the four histograms and then
set the four sets of parameters equal

Program for fitting four Weibull/log-logistic distributions to the four hlstograms
and then set the lambda’s equal and the alpha’s equal

titlel ’STAGGERED ENTRY OF POLICIES AT FOUR ENTRY TIMES’;
title2 ’Fit four survival distributions to the four entry groups’;
title3 ’Restrictions: specified model AND set lambda’s equal and alpha’s equal’;

proc iml worksize= 60;
reset nolog;
options pagesize=500;

*dkkkkxkkkFrequency vector;
f£1={66,158,254,157,250,35,1666};

ssokkkkkkkkVector of upper boundaries;
x1={12,17,24,28,34,37¥;

®kxkkkkxkkFrequency vector;
£2={118,166,229,200,172,1924};

*kkckkkxkkkVector of upper boundaries;
x2={12,17,24,28,34};

**********Frequency vector;
£3={154,99,242,117,1674};

*xkkkxkkkxVector of upper boundaries;
x3={12,17,24,28};

*kkkkkxkkkFrequency vector;
£4={175,166,207,1848};

ssokkckkkokkkVector of upper boundaries;
x4={12,17,24};

skckkckkkkkkRelative frequency vectors;

ni=f1[+]; n2=f2[+]; n3=f3[+]; n4=f4[+]; n=n1+n2+n3+n4;
kil=nrow(f1); di=ki-1;

k2=nrow(f2); d2=k2-1;

k3=nrow(£3); d3=k3-1;

k4=nrow(f4); d4=k4-1;

k=k1+k2+k3+k4;

d=d1+d2+d3+d4;

pl=f1/nl; p2=£2/n2; p3=£3/n3; pé4=f4/n4;
p=p1//p2//p3//p4;

*xkkkxkkk*xDesign matrix and matrix orthogonal to design matrix;

S1=J(d1,1,1)Q@cusum(J(1,k1,1));
$2=J(1,k1,1)@cusum(J(d1,1,1));
S1=51<=82;

S2=81[1:d42,1:4d1];
83=S1[1:d3,1:d2];
S4=81[1:d4,1:43];
S=block(S1,82,83,54); print S;

1x1=J(d1,1,1) | |log(x1);
1x2=J(d2,1,1) | |log(x2);
1x3=J(d3,1,1) | |log(x3);
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1x4=J(d4,1,1) | | log(x4);

xc=block(1x1,1x2,1x3,1x4);
C=I(d)-xc*inv(xc‘*xc)*xc‘;
CP=C;
€c=¢//({10-100000, 10

010-10000,01
print xc C;

00
00

3
} *inv(xc‘*xc)*xc‘);

*xxkx****xx [TERATIVE PROCEDURE (double iterations over m and p);

*¥x*x*k*kstarting value for m;
m=p; print p;

ms=S*m; ps=ms;

PO=p;

***xx*xiteration over m;

itr=0;

verskill=1;

i=0;

do while (verskili>le-6);

i=i+1;

p=p0;
Gm=-C*diag(1/(log(1-ms)))*diag(1/(1-ms))*S;
*Gm=C* (diag(1/ms)+diag(1/(1-ms)))*S;

*xkkkkkkkkiteration over p;
verskil=1;
j=0;
do while (verskil>le-6);
j=j+1;
Pl‘g;
ps=S*p;
g=Cxlog(-log(1-ps));
*g=C* (log(ps)-log(i-ps));
Gp-—C*dlag(i/(log(l-ps)))*dlag(i/(i-ps))*s
*Gp=Cx (diag(1/ps)+diag(1/(1-ps)))*S;
*¥xkkk*kkkkcovariance matrix;
mi=m[1:k1];
m2=m[k1+1:k1+k2];
m3=m [k1+k2+1:k1+k2+k3];
méd=m [k1+k2+k3+1 :k1+k2+k3+k4] ;

sigl=(1/n1)*(diag(ml)-mi*m1‘);
sig2=(1/n2)*(diag(m2) -m2+m2°) ;
sig3=(1/n3)*(diag(m3)-m3*m3°) ;
sigd=(1/n4)*(diag(m4)-m4*m4*) ;
sig=block(sigl,sig2,sig3,sig4);
V=sig;
oKk ok kKR kK KR KKK KK
p=p- (GmxV) ‘*ginv (Gp*V*Gm)*g;
*p=p- (Gm*V) ‘*ginv (Gp*V*Gm‘)*g;
verskil=sqrt%(p-p1 ‘*(p-p1)§
end;
verskill=sqrt ((p-m) ‘*(p-m));
m=p;ms=S*m;
end;
print m; print i j;

*kckkiokkkkkParameter vector for linear model;
par=inv(xc ‘*xc)*xc‘ *log( log(i-ms)); print par;
*par=inv(xc ‘*xc)*xc ‘* (log(ms) - log(l-msg

*kxxkxkkk*Parameters for Weibull (¥Loglogistic) model;

oualpha=par [1];
lambda=ex ar[1])
alpha=par{2§

*Weibull;
*Loglogistic;

*Weibull;
*Loglogistic;
*Weibull;
*Loglogistic;

*Weibull;
*Loglogistic;

*Weibull;
*Loglogistic;

print ’Weibull(*Loglogistic) parameters: MLE subject to constraints’;

print ’lambda=’ lambda oualpha ’alpha=’ alpha;

*xxkkkkkkkCompute Wald statistic;
p=p0;
ps=5S*p;

Gp=-C*diag(1/(log(1-ps)))*diag(1/(1-ps))*S;
*Gp=C*diag(1/ps+1/(1-ps))*S;
g=C*log(-log(1-ps));

*g=C* (log(ps)-log(1-ps));

**x***xcovariance matrix;
pl=pl1:k1];

p2=p[k1+1:k1+k2];

p3=p [k1+k2+1:k1+k2+k3] ;

p4=p [k1+k2+k3+1 :k1+k2+k3+k4] ;

sigl=(1/n1)*(diag(p1)-pi*pl‘);
sig2=(1/n2)*(diag(p2)-p2*p2°);
sig3=(1/n3)*(diag(p3)-p3*p3°);
sigd=(1/nd)*(diag(pd)-p4*pd‘);

*Weibull;
*Loglogistic;
*Weibull;
*Loglogistic;
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sig=block(sigl,sig2,sig3,sig4);

V=sig;

stk ok ok o ok sk ok ok sk ok ok Kok sk ok sk ok ok o sk ok 3

wald=g‘*ginv(Gp*V*Gp‘)*g; nu=eigval(CP); nu=nu[+]+4;
discr=wald/n;

prob=1-probchi(wald,nu) ;

alpha=par[2];

Gini=1-0.5##(1/alpha);

print ’Measure of fit’;

print ’Wald=’wald ’Discrepancy=’ discr;

print ’prob=’ prob ’degrees of freedom=’ nu ’Gini=’ Gini;

Program for fitting four lognormal distributions to the four histograms and then
set the mu’s equal and the sigma’s equal

titlel ’STAGGERED ENTRY OF POLICIES AT FOUR ENTRY TIMES’;
title2 ’Fit four lognormal distributions to the four entry groups’;
title3 ’Restrictions: specified model AND set mu’s equal and sigma’s equal’;

proc iml worksize= 60;
reset nolog;
options pagesize=500;

*xxkkkkkkxFrequency vector;
f1={66,168,254,157,250,35,1666};

*kx%kkkkk*xVector of upper boundaries;
x1={12,17,24,28,34,37§;

*¥3kkkkkkkFrequency vector;
£2={118,166,229,200,172,1924};

*kckkikkkkkVector of upper boundaries;
x2={12,17,24,28,34};

*kxkkkkkkkFrequency vector;
£3={154,99,242,117,1674};

*xxkkkkkkxVector of upper boundaries;
x3={12,17,24,28};

*xdokkkkkkxkFrequency vector;
£4={175,166,207,1848};

*xkkxkkkkkVector of upper boundaries;
x4={12,17,24};

*x¥kkkkkkkxRelative frequency vectors;

ni=f1[+]; n2=f2[+]; n3=£3[+]; nd4=f4[+]; n=n1+n2+n3+n4;
kl=nrow(f1); di=ki-1;

k2=nrow(f2); d2=k2-1;

k3=nrow(£3); d3=k3-1;

k4=nrow(£f4); d4=k4-1;

k=k1+k2+k3+k4;

d=d1+d2+d3+d4;

pl=f1/n1; p2=£f2/n2; p3=£3/n3; p4=£f4/n4;
p=pl//p2//p3//p4;

*dckkkkkkkkDesign matrix and matrix orthogonal to design matrix;

S1=J(d1,1,1)Q@cusum(J(1,k1,1));
S2=J(1,k1,1)Qcusum(J(d1,1,1));
S1=851<=82;

S2=S1[1:d2,1:d41];
S3=S1[1:d3,1:d2];
S4=51[1:d4,1:43];
S=block(S1,S2,83,54); print S;

1x1=J(d1,1,1) | |log(x1);
1x2=J(d2,1,1) | |log(x2);
1x3=J(d3,1,1) | |log(x3);
1x4=J(d4,1,1) | |log(x4);

xc=block(1x1,1x2,1x3,1x4);
C=I(d)-xc*inv(xc‘*xc)*xc‘;
CP=C;
c=c//({10-100000, 1

010-10000,0
print xc C;

000-1000, B
1000-100, } *inv(xc‘*xc)*xc);
***x****** [TERATIVE PROCEDURE (double iterations over m and p);

*xx*kkstarting value for m;

m=p; print p;

ms=S*m; ps=ms;

po=p;

***x**xiteration over m;
itr=0;

verskill=1;
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i=0;

do while (verskill>le-6);

i=i+1;

p=p0;

argl=2;

arg2=3;

par= 1nv( J(2,1,1) | |probit (ms[argl]l//ms[arg2]) )*(x[argl]l//x[arg2]);

mu=par [1] ; sigma=par [2] ;
m—C*dlag(sqrt(2#p1)/(exp(-(x-mu)#(x-mu)/2/sigma/sigma)))*S; *lognormal;

*kdkkkkkkkiteration over p;
verskil=1;
j=0;
do while (verskil>le-6);
j=j+1;
pi=p;
ps=S*p;
g-C*problt(ps), ormal;
parp—lnv( J(2 1, 1)||prob1t(ps[argl]//ps[arg2]) )*(x[argl]//x[arg2fn
mup=parp 1] ; sigmap
Gp—C*dlag(sqrt(2#p1§/(exp( (x~-mup) #(x-mup) /2/sigmap/sigmap)))*S; *lognormal;
skkkkkkkkkcovariance matrix;
mi=m[1:k1];
m2=m[k1+1:k1+k2];
m3=m [k1+k2+1:k1+k2+k3] ;
md=m [k1+k2+k3+1:k1+k2+k3+k4] ;

sigl=(1/n1)*(diag(m1)-mi*mi‘);

sig2=(1/n2)*(diag(m2)-m2*m2°‘) ;

sig3=(1/n3)*(diag(m3)-m3*m3¢) ;

sig4=(1/n4)*(diag(m4) -mé*m4 ‘) ;

sig=block(sigl,sig2,sig3,sig4);

V=sig;

kKRR Aok KRR kKA K
p=p-(Gm*V) ‘*ginv (G VG Y*g; *lognormal ;
verskil=sqrt((p-p1§ ‘*(p-pl));
end;

verskill=sqrt ((p-m) ‘* (p-m));

m=p;ms=S*m;

end;

print m; print i j;

*kxkkkxkxxParameter vector for linear model;
par=inv( J(2,1,1) | |probit (ms[argl]//ms[arg2]) )*(x[argl]//x[arg2]); *lognormal;

*xkkkkkkkkParameters for Lognormal model;
mu=par [1]; sigma=par([2];

print ’Lognormal parameters: MLE subject to constraints’;
print ’mu=’ mu ’sigma=’ sigma;

*3kckkkkkkkCompute Wald statistic;
pP=p0;
Pps=S*p;

Gp=Cx*diag(sqrt (2#pi)/ (exp (- (x-mup) # (x-mup) /2/sigmap/sigmap)))*S;  *lognormal;
g=C*probit (ps) ; *lognormal;
*kkkxkcovariance matrix;
pl=p[1:k1];
p2—p[k1+1 k1+k2];
p3=p [k1+k2+1:k1+k2+k3] ;

p4=p [k1+k2+k3+1:k1+k2+k3+k4] ;
sigl=(1/n1)*(diag(p1)-pl*pl‘);
sig2=(1/n2)*(diag(p2) -p2*p2°) ;
sig3=(1/n3)*(diag(p3)-p3*p3°);

sigd=(1/nd)*(diag(p4) -p4+*ps‘);
sig=block(sigl,sig2,sig3,sigd);

V=sig;

KoK R KK KKK KKK KKK KKK
wald=g‘*ginv(Gp*V*Gp‘)*g; nu=eigval (CP); nu=nu[+]+4;
discr=wald/n;
prob=1-probchi (wald,nu) ;

alpha=par[2];

Gini=1-0.5##(1/alpha) ;
print ’Measure of fit’;
print ’Wald=’wald ’Discrepancy=’ discr;
print ’prob=’ prob ’degrees of freedom=’ nu ’Gini=’ Gini;

232

Program for fitting a joint histogram to the four histograms of the entry groups

titlel ’STAGGERED ENTRY OF POLICIES AT FOUR ENTRY TIMES’;
title2 ’Fit a joint histogram to the four histograms of the entry groups’;

proc iml worksize= 60;
reset nolog;
options pagesize=500;

*kkkkkkkxkFrequency vector;
f1={66,158,254,157,250,35,1666};
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**xxkxxx*kxkVector of upper boundaries;
x1={12,17,24,28,34,37§;

*kkkkkkkkkFrequency vector;
£2={118,166,229,200,172,1924};

*xkxxxkkkkVector of upper boundaries;
x2={12,17,24,28,34};

*kkkkkkkkkFrequency vector;
£3={164,99,242,117,1674};

*xkkxkkxk*Vector of upper boundaries;
x3={12,17,24,28};

*xkx*xkkx*Frequency vector;
£4={175,166,207,1848};

*kxkkkkkkkVector of upper boundaries;
x4={12,17,24};

*xkkxkkkkkRelative frequency vectors;
ni=f1[+]; n2=f2[+]; n3=£f3[+]; nd4=f4[+]; n=n1+n2+n3+n4;
ki=nrow(f1); di=ki-1;
k2=nrow(£2); d2=k2-1;
k3=nrow(£3); d3=k3-1;
k4=nrow(£f4); d4=k4-1;
k=k1+k2+k3+k4;
=d1+d2+d3+d4;
pl=£f1/nl; p2=£2/n2; p3=£3/n3; pé4=f4/n4;
p=pl//p2//p3//p4;
*¥kkkkkkkkConstraints imposed by the experimental design;

Gm=
(I1(dd) 113(d4,1,0)11J3(a4,1,0)113(d4,1,0)|13(d4,1,0)||-1(a4) 113(da4,1,0) ||
(I(a4) |13(a4,1,0)113(a4,1,0)|13(d4,1,0)||3(d4,1,0)||J(a4,d4,0)||J(d4,1,0) ||
(I1(d4) |113(a4,1,0)113(d4,1,0)|13(d4,1,0)|]I(d4,1,0)113(d4,d4,0)|1J(d4,1,0)|]
(J(1,d4,0) |1 1l 1l 1] 1113(1,44,0) || -1l
(J(1,d4,0) || 1l 1l 1] | 1113(1,d4,0) || ol
(J3(1,d4,0) || 1]l 1l 1| 1113(1,d4,0) || oll
(J(1,d4,0) || oll 1l oll 0l1J(1,d44,0) || oll
(J(1,d4,0) |1 1l ol oll ol1J(1,d44,0) || -1
J(d4,1,0)|13(d4,1,0)1J(d4,d4,0)|13(d4,1,0)|1J(d4,1,0)|]I(d4,d4,0)||I(d4,1,0))//
J(d4,1,0)|1J(d4,1,0)|1-1(d4) 11J(d4,1,0)|1J(d4,1,0)|1J(a4,d4,0)|1J3(d4,1,0))//
J(d4,1,0)|13(d4,1,0)|13(d4,d4,0)113(a4,1,0)|}J(d4,1,0)||-I(d4) 113(a4,1,0))//
-1/ -111J(1,d4,0) || oll 0l]J3(1,d4,0) || 0)//
oll 0l1J(1,d4,0) || -1/ -111J(1,4d4,0) || 0)//
ol 0l1J3(1,d4,0) 1| oll 0l1J(1,d4,0) || -1)//
-1 0l1J3(1,d4,0) || oll 0l13(1,d4,0) || 0)//
ol 0l13(1,d4,0) || oll ol13(1,d44,0) 11 0);

*print Gm;

*xkkkkkkkkstarting value for m;
m=p; Gp=Gm;

pO=p; ) .
*kkkkkkkkkjiteration over m;
verskil=1;

i=0;

do while (verskil>le-6);
i=i+l;

p=pO0;

g=Gm*p;

*kkkkkkkkkcovariance matrix;
mi=m[1:k1];

m2=m[k1+1:k1+k2];

m3=m [k1+k2+1:k1+k2+k3] ;

m4=m [k1+k2+k3+1:k1+k2+k3+k4] ;

sigl=(1/n1)*(diag(m1)-mi*m1‘);
sig2=(1/n2)*(diag(m2) -m2*m2°) ;
sig3=(1/n3)*(diag(m3)-m3*m3°) ;
sigd=(1/n4)*(diag(mé)-mé*md*) ;
sig=block(sigl,sig2,sig3,sig4);
V=sig;

H AR K AR K HH AR KKK HK K KK KKK

p=p-(Gm*V) ‘ *ginv (Gp*V*Gm‘ ) *g;

*x*xx*Define joint frequencies;
pi=p[1:k1];

p2=p [k1+1:k1+k2];

p3=p [k1+k2+1:k1+k2+k3] ;

p4=p [k1+k2+k3+1 :k1+k2+k3+k4] ;
p=p1//p2//p3//p4;

npl=ni#pl; np2=n2#p2; np3=n3#p3; np4=nd#p4; np=n#p;
stk ok ok sk ok ok sk ok s ok sk sk ok skl ok ok ok ok Kok

*print i p m npl np2 np3 np4 np;
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verskil=sqrt ((p-m) ‘*(p-m));
m=p; ml=pl; m2=p2; m3=p3; md=pd;
end;

s#xxxPrint frequencies of joint histogram;
print ’Frequencies of joint histogram=’ np;
print ’Relative Frequencies of joint histogram=' p;

dokkkdookxkkCompute Wald statistic;
*kk*dkcovariance matrix;
pl=p[1:k1];

p2=p [k1+1:k1+k2];

p3=p [k1+k2+1:k1+k2+k3];

p4=p [k1+k2+k3+1:k1+k2+k3+k4] ;

sigl=(1/n1)*(diag(p1)-pl*pl‘);
sig2=(1/n2)*(diag(p2)~p2%p2°);
sig3=(1/n3)*(diag(p3)-p3*p3‘);
sigd=(1/n4)*(diag(p4)-pa*pi‘);
sig=block(sigl,sig2,sig3,sigd);
V=sig;

H Ak R Rk Sk R AR K KKK
Gp=Gm;
wald=g‘*ginv(Gp*V+Gp‘)*g;
discr=wald/n;

print ’Wald=’ wald ’Discrepancy=’ discr;



l Appendix A: Computer Programs I 235

A.3

A.3.

1.

Chapter 3: Simulation Studies

1 Program to simulate continuous right-censored lifetime data

Program to generate continuous right-censored lifetime data from the
Weibull(Loglogistic) distribution and to run simulations with the technique of
MLE under constraints as well as the standard technique of MLE

(1000 samples of size 100 from Weib(Logl)(0.15;0.5) - censored at 50)

proc iml worksize=6000 symsize=2000;
reset noname nocenter;

FAAAFFF KK KCONEENTS OF MOAULE KKKk kA A K Kook sk kA A A A A A KKK KA AAAA A KK KKK
start mod_est(x,f) global(lambda,alpha) ;

*x*xx*Relative frequencies;
n=100;

k=nrow(f);

d=k-1;

p=f/n;

***x**Design matrix and matrix orthogonal to design matrix;
S1=J(d,1,1)@cusum(J(1,k,1));

$2=J(1,k,1)@cusum(J(d,1,1));

8=51<=52;

x1=J(d,1,1) | |log(x);
C=I(d)-x1*inv(x1‘*x1)*x1‘;

#*xx*kx*x*TERATIVE PROCEDURE (double iterations over m and p);
***x*k*kstarting value for m;

m=p;

ms=S*m; ps=ms;

pO=p;

**x*x*kkiteration over m;
itr=0;

verskill=1;

i=0;

do while (verskilil>le-6);
i=i+1;

p=pO;
Gm=-C+diag(1/(log(1-ms)))*diag(1/(1-ms))*S; *Weibull;
*Gm=C* (diag(1/ms)+diag(1/(1-ms)))*S; *Loglogistic;

*x**x*xiteration over p;
verskil=1;
j=0;
do while (verskil>le-6);
J=j+1;
pi=p;
Ps=S*p;
g=C*log(-log(1-ps)); *Weibull;
*g=C* (Log (ps)-log(1-ps)); xLoglogistic;
p=-Cxdiag(1/(log(1-ps)))*diag(1/(1-ps))*S; *Weibull;
*Gp=C* (diag(1/ps)+diag(1/(1-ps)))*S; *Loglogistic;
**x¥x*covariance matrix;
sig=(1/n)*(diag(m)-m*m) ;
V=sig;
KKK R KK KK K KKK KKK KKK KKK
p=p- (Gm*V) ‘*ginv (Gp*V*Gm* ) *g; *Weibull;
*p=p- (Gm*V) ‘ *ginv (Gp*V*Gm‘ ) *g; *Loglogistic;
verskil=sqrt ((p-p1l) ‘*(p-p1));
end;
verskill=sqrt ((p-m) ‘*(p-m));
m=p;ms=S*m;
end;

*¥*k*x*xxParameter vector for linear model;
par=inv(x1‘*x1)*x1‘*log(-log(1-ms)); *Weibull;
*par=inv(xc ‘*xc)*xc‘*(log(ms)-log(1-ms)); *xLoglogistic;

*kxkkkkkxxParameters for Weibull (*Loglogistic) model;
oualpha=par [1];

lambda=exp (par[1]);

alpha=par 2?;

finish mod_est;

KA oo oK o ok K AR K ok oKk ok ok ok o o ok ok ok ok o o o KKK KRR KRk ok KK KK K
*xxxxkxk%*xSimulate 1000 samples of size 100 from Weib(Logl) (0.15;0.5)
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- censored at 50;

lambda=0.15;

alpha=0.5;

n=100;

z=1000;

DT=((1/lambda)#(-log(1l-ranuni(J(n,z,0)))))##(1/alpha); *Weibull;
*FT=ranuni(J(n,z,0));

*DT=(FT/(lambda#(1-FT))) ##(1/alpha) ; *Loglogistic;
DT=DT><J(n,z,50); *censored at 50;

*kxkxxkkxkDefine class boundaries and a frequency vector for each sample
of continuous values, then run the module and store the 1000 estimates
of lambda and alpha in a file PARMS;

filename parms ’c:\sim\sd2\wiml100a.sd2’; *Weibull;
*filename parms ’c:\sim\sd2\11im1100a.sd2’; *Loglogistic;
file parms;

do w=1 to z;
T=DT[,w];

B=T;
T[rank(T),]=B;
spnr=J(n,1,1)#w;

Y=(T=J(n,1,50));

nc=Y[+];

if nc=0 then nc=le-4;

nl=n-nc;

ox=T[1:n1];

nc=le-4<>nc;

f=J(nl,1,1)//nc;

perccens=(nc/n)#100;
nr=nrow(ox); nri=nr-1;
x1=0x[1:nr1];x2=0x[2:nr];
x=(x1+x2)/2;
x=x//50;

run mod_est(x,f);
put lambda +3 alpha +3 perccens;
end;

closefile parms;

*xkokkiokkkkPut simulated data in a format that can be inputted in SAS
as a thousand continuous data sets;

Jmacro subgr(a);

Y%do i=1 %to &a;

name={"spnr" "time" "cens"};

di=DT[,&i];

cens=(di<J(n,1,50));

spnr=J(n,1,&i);

di=spnr||dil|cens;

create d&i from di [colname=name];

append from di;

Yend;

/mend subgr;

%subgr (1000) ;

skxkkxkkkkRepeat the LIFEREG procedure of SAS one thousand times to get
estimates for the intercept and scale parameters;

Ymacro mac(stel);
%do i=1 Yto &stel;

proc lifereg data=d&i noprint outest=out&i (keep=intercept _scale_);
model time*cens(0)= ; *Weibull;

*model time*cens(0)= / d=llogistic; *Loglogistic;

run;

%end;
Jmend mac;
Jmac (1000) ;

*xkkkkkkkkAppend the thousand estimates;

Ymacro ind(stel);
%do i=2 Yto &stel;

proc append base=outl data=out&i;
run;

%end;
Ymend ind;
%ind (1000) ;

st s o sk ko ok o sk ok sk o o ko ko ok K oK ks ko ok o o o ko ok ok ok o ok ok ko sk sk s e ok ok sk ok ok ko sk ok Kok
*xkkkkkkkkSampling distribution of parameter estimatesikkkkkkik;
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**x*x*%*xIML estimates;
data spv_iml;
infile ’c:\sim\sd2\wiml100a.sd2’; *Weibull;
*infile ’c:\sim\sd2\1iml100a.sd2’; *Loglogistic;
input lambda alpha;
titlel ’Sampling distribution: 1000 samples of size 100 from
Weib(Logl) (0.15;0.5) - censored at 507;
title2 ’IML method’;

proc univariate data=spv_iml normal plot;
var lambda alpha;
run;

**xx*SAS estimates;

data sim.wsas100a (keep=lambda alpha); *Weibull;
*data sim.lsas100a (keep=lambda alpha); *Loglogistic;
set outl;

lambda=exp(-intercept/_scale_);
alpha=1/_scale_;

titlel ’Sampling distribution: 1000 samples of size 100 from
Weib(Logl) (0.15;0.5) - censored at 507;
title2 ’SAS method’;

proc univariate data=sim.wsas100a normal plot; *Weibull;
*proc univariate data=sim.lsas100a normal plot; *Loglogistic;
var lambda alpha;

run;

2. Program to generate continuous right-censored lifetime data from the log-
normal distribution and to run simulations with the technique of MLE under
constraints as well as the standard technique of MLE
(1000 samples of size 200 from Lognormal -normal(2;0.5) - censored at 8)

proc iml worksize=60 symsize=2000;
reset noname nocenter;

sokskok ok koK kR CONEENTS OF MOGNLL @ sk ok ok sk ok ok ok sk ok ook ook ok b ook bk sk ok ok o o sk o ok ok ok o ook ook o K F 3
start mod_est(x,f,nl) global(mu,sigma) ;

*xx**xRelative frequencies;
x=log(x);

n=200;

k=nrow(f);

d=k-1;

p1—(gamma(0 5))**2;

p—f/n:

*x*xx*Design matrix and matrix orthogonal to design matrix;
S1=J(d,1,1)@cusum(J(1,k,1));

$2=J(1,k,1)@cusum(J(d,1,1));

S=51<=52;

x1=J(d,1,1) | Ix;
C=I(d)-x1*inv(x1‘*x1)*x1°;

*xxx**x*** ITERATIVE PROCEDURE (double iterations over m and p);
*x*k*x*kstarting value for m;

m=p;

ms=S*m; ps=ms;

PO=p;

**xx**iteration over m;

itr=0;

verskill=1;

i=0;

do while (verskili>le-6);

i=i+1;

p=po;

argl=15;

arg2=nl-15

par=inv( J(2 1,1) | |probit (ms[argl]//ms[arg2]) )*(x[argll//x[arg2]);
mu=par [1] ; sigma=par [2] ;

Gm—C*dlag(sqrt(2#p1)/(exp( (x-mu)#(x-mu)/2/sigma/sigma)))*S;

***k*kxiteration over p;
verskil=1;
j=0;
do while (verskil>le-6);
J=j+1;
pl=p;
s=S+p;
g=C*probit (ps) ;
parp-lnv( J(2,1, 1)|Iproblt(ps[argl]//ps[arg2]) )*(x[argl]//x[arg2]);
mup= parp[l],slgmap—parp[
Gp= C*d1ag(sqrt(2#p1)/(exp( (x-mup) # (x-mup) /2/sigmap/sigmap)) ) *S;
****kcovariance matrix;
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sig=(1/n)*(diag(m)-m*m‘) ;

V=sig;

AR AR KA KKK KKK A KK
p=p-(Gm*V) ‘*ginv (G V%G )*g;
verskil=sqrt ((p- plg ‘*(p-p1));
end;

verskill=sqrt((p-m)‘*(p-m));

m=p ; ms=S*m;

end;

*xikkkParameter vector for linear model
par=inv( J(2,1, 1)IIproblt(ms[argl]//ms[argzl) )*(x[argll]//x[arg2]);

**kkkkkk*kxkParameters for Lognormal model;
mu=par (1] ;
sigma=par [2];

finish mod_est;

ok ko oo KRR KSR KKK K oK oK S K K o KKK KKK KKKk KKKk
*kkkkkkkkkSimulate 1000 samples of size 200 from Lognormal(2;(0.5)°2)
- censored at 8;

n=200;

z=1000;

mean=2;

stddev=0.5;

AA=mean+stddev#normal (J(n,z,0));
DT=exp (AA) ;

DT=DT><J(n,z,8); *8=censor point;

**kkk*kkx**Define class boundaries and a frequency vector for each sample
of continuous values, then run the module and store the
1000 estimates of lambda and alpha in a file PARMS;

filename parmé ’c:\sim\sd2\1nik200a.sd2’;
file parms;

do w=1 to z;
T=DT[,w];

B=T;
T[rank(T),]=B;
spnr=J(n,1,1)#w;

Y=(T=J(n,1,8)); *8=censor point;
nc=Y[+];
if nc=0 then nc=le-4;
nl=n-nc;
ox=T[1:nl1];
nc=1e-4<>nc;
£=J(nl,1,1)//nc;
perccens=(nc/n)#100;
nr=nrow(ox); nri=nr-1;
x1=ox[1:nr1] ;x2=0x[2:nr];
x=(x1+x2)/2;
x=x//8; *8=censor point;
*print £ x nl;
run mod_est(x,f,nl);
put (mu) +3 (sigma) +3 (perccens) +3 (nl);
end;

closefile parms;

*kkkkkkkkkPut simulated data in a format that can be inputted in SAS
as a thousand continuous data sets;

%macro subgr(a);

%do i=1 %to &a;

name={"spnr" "time" "cens"};

di=DT[,&i];

cens=(di<J(n,1,8)); *8=censor point;

spnr=J(n,1,&i);

di=spnr||dil|cens;

create d&i from di [colname=name];

append from di;

%end ;

/mend subgr ;

%subgr (1000) ;

*kkxkkk*kkkRepeat the LIFEREG procedure of SAS one thousand times to get
estimates for the intercept and scale parameters;

Ymacro mac(stel);
%do i=1 Yto &stel;

proc lifereg data=d&i noprint outest=out&i (keep=intercept _scale_);
model time*cens(0)= / d=lnormal;
run;

%end;



Appendix A: Computer Programs 239

%mend mac;
Ymac (1000) ;

skkkkkkkkkAppend the thousand estimates;

Ymacro ind(stel);
%do i=2 %to &stel;

proc append base=outl data=out&i;
run;

%end;
Ymend ind;
%ind (1000) ;

ks ok ok sk ok ok oK ok o ok ok ok ok o K oK ok ok ok oK ok Kk K ok K oK o K o o K o o ok o ok o s sk ok ok ok ok sk ok ok sk ok sk sk ok ok
*xkkxkkk*kkSampling distribution of parameter estimateskkkkikskkx;

**x*x**xIML estimates;

data spv_iml;

infile ’c:\sim\sd2\1nik200a.sd2’;

input mu sigma;

*ods html body=’c:\sim\lnik200a.htm’;

titlel ’Sampling distribution: 1000 samples of size 200 from lognormal
- normal(2;0.5) - censored at 8’;

title2 ’IML method’;

proc univariate data=spv_iml normal plot;
var mu sigma;
run;

****k*SAS estimates;

data sim.lnsk200a (keep=mu sigma) ;

set outl;

mu=intercept;

sigma=_scale_;

titlel ’Sampling distribution: 1000 samples of size 200 from lognormal
- normal(2;0.5) - censored at 87;

title2 ’SAS method’;

proc univariate data=sim.lnsk200a normal plot;
var mu sigma;
run;

A.3.2 Program to simulate grouped right-censored lifetime data

1. Program to generate right-censored grouped lifetime data from the Weibull
(loglogistic) distribution and to run simulations with the technique of MLE
under constraints as well as the standard technique of MLE (1000 samples of
size 2000 from Weib(30;1.8) - censored at 0.15 (grouped into 5 classes))

proc iml worksize=6000 symsize=2000;
reset noname nocenter;

Fook Kok okk Kok kkCONLENES OF MOCULL@ sk sk sk sk sk kok sk ok o ok ok sk ok ok o o ok sk ok b ok ok ok ko sk ok ok o ok ok ok 3 o
start mod_est(x,f) global(lambda,alpha) ;

*x*x**Relative frequencies;
n=2000;

k=nrow(f);

=k-1;

p=f/n;

*****Design matrix and matrix orthogonal to design matrix;
S1=J(d,1,1)@cusum(J(1,k,1));

52=J(1,k,1)@cusum(J(d,1,1));

S=51<=52;

x1=J(d,1,1) | |log(x);
C=I(d)-x1*inv(x1‘*x1)*x1°;

skkkkk***x* TERATIVE PROCEDURE (double iterations over m and p);
*x*x**starting value for m;

**x*kx*iteration over m;
itr=0;

verskill=1;

i=0;
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do while (verskill>le-6);

i=i+1;

p=pO0;

Gm=-C*diag(1/(log(1-ms)))*diag(1/(1-ms))*S; *Weibull;
*Gm=C* (diag(1/ms)+diag(1/(1-ms)))*S; *xLoglogistic;

**x*k*kiteration over p;
verskil=1;

J=0;

do while (verskil>le-6);

J=j+1;

pl=p;

ps=S*p;

g=C+log(-log(1-ps)); *Weibull;
*g=C* (log (ps)-log(1-ps)); *xLoglogistic;
Gp=-C*diag(1/(log(1-ps)))*diag(1/(1-ps))*S; *Weibull;
*Gp=C* (diag(1/ps)+diag(1/(1-ps)))*S; *Loglogistic;

***k¥xkcovariance matrix;

sig=(1/n)*(diag(m)-m*m‘);

V=sig;

KKK o KK KKK ok KKK KKK KK KK
p=p- (Gm*V) ‘ *ginv (Gp*V*Gm‘ ) *g; *Weibull;
*p=p- (Gm*V) ‘*ginv (Gp*V*Gm‘) *g; *Loglogistic;
verskil=sqrt ((p-p1) ‘*(p-p1));
end;

verskill=sqrt ((p-m) ‘*(p-m));

m=p;ms=S*m;

end;

**x¥x**x*xParameter vector for linear model;
par=inv(x1‘#*x1)*x1‘*log(-log(1-ms)); *Weibull;
*par=inv(xc ‘*xc)*xc‘* (log(ms)-log(1l-ms)); *Loglogistic;

**kxxx*x*kx*Parameters for Weibull(xLoglogistic) model;
oualpha=par[1];

lambda=exp(par[1]);

alpha=par?2§;

finish mod_est;

kK 3k o o K oK 3K o o K KoK oK KoK ok 3K oK oK ok o K K o oK o o 3 K ok o o K sk o ok ok o 3 o o oK o o K o s o ok o o k sk ok o sk Kk ok 3

skxkkxkkkxSimulate 1000 samples of size 2000 from Weib(Logl) (30;1.8) -
censored at 0.15 and then define lower and upper class boundaries
for 5 class intervals;

lambda=30;

alpha=1.8;

n=2000;

z=1000;

TT=((1/lambda) #(-log(1-ranuni(J(n,z,0)))))##(1/alpha) ; *Weibull;
*FT=ranuni(J(n,z,0));

*TT=(FT/(lambda#(1-FT)))##(1/alpha) ; *xLoglogistic;
x1={0,0.08,0.10,0.12,0.15}; *lower boundaries; *censored at 0.15;
x2={0.08,0.10,0.12,0.15,100}; *upper boundaries;

k=5;

sk o ok o K o o 3k o o K o K o o o o K ok o K ok o ok ok o K ok o o sk o K ook o K ok ok ok ok ok sk o K ok sk o ok ok ok ok ok KoK
*kkkkkkkkkcalculate the frequency vector for each sample, then run the
module and store the 1000 estimates of lambda and alpha in a file PARMS;

filename parms ’c:\sim\sd2\wigtwdcl.sd2’; *Weibull;
*filename parms ’c:\sim\sd2\ligtwdcl.sd2’; *Loglogistic;
file parms;

do w=1 to z;

T=TT[w,];
A=(J(k,1,1)*T)<=(x2%J(1,n,1));
B=(J(k,1,1)*T)>=(x1*J(1,n,1));
E=A=B;

f=E*J(n,1,1);
perccens=(f[5,1]/n)#100;
x=x2[1:4,];

run mod_est(x,f);
put lambda +3 alpha +3 perccens;
end;

closefile parms;

skkckkkikokkkPut simulated data in a format that can be inputted in SAS
as a thousand grouped data sets;

Ymacro subgr(a);

7%do i=1 Yto &a;

name={"lower" "upper" "frek"};

lower=.//x1[2:5,];

upper=x2[1:4,1//.;

T=TT [&i,];
A=(J(k,1,1)*T)<=(x2*J(1,n,1));
B=(J(k,1,1)*T)>=(x1*J(1,n,1));
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E=A=B;

frek=E*J(n,1,1);

di=lower| |upper| |frek;

create d&i from di [colname=name];
append from di;

%end;

%mend subgr;

%subgr (1000) ;

s*kxkxk*xkkRepeat the LIFEREG procedure of SAS for grouped data one thousand
times to get estimates for the intercept and scale parameters;

Ymacro mac(stel);
%do i=1 Yto &stel;

proc lifereg data=d&i noprint outest=out&i (keep=intercept _scale_);

model (lower,upper)= ; *Weibull;
*model (lower,upper)= / d=llogistic; *xLoglogistic;
weight frek;

run;

%end;

Ymend mac;

/mac (1000) ;

*kxkkkkkkkAppend the thousand estimates;

Jmacro ind(stel);
%do i=2 Y%to &stel;

proc append base=outl data=out&i;
run;

%end;
Ymend ind;
%ind (1000) ;

st ok ok sk ks o ke sk o sk ko sk sk o s ok ok sk R K R Sk R Stk s oK R R s ok sk ok o sk ok Sk ok s ok s ko sk sk sk sk ok Kok
*xckkckkkkkkSampling distribution of parameter estimateskkikikkkik;

**xx*x*IML estimates;

data spv_iml;

infile ’c:\sim\sd2\wigtwdcl.sd2’; *Weibull;

*infile ’c:\sim\sd2\ligtwdcl.sd2’; *Loglogistic;

input lambda alpha;

titlel ’Sampling distribution: 1000 samples of size 2000 from
Weib(Logl) (30;1.8) - censored at 0.15 (5 classes)’;

title2 ’IML method’;

proc univariate data=spv_iml normal plot;
var lambda alpha;
run;

***kk*xSAS estimates;

data sim.wsgtwdcl (keep=lambda alpha); *Weibull;
*data sim.lsgtwdcl (keep=lambda alpha); *Loglogistic;
set outl;

lambda=exp (-intercept/_scale_);
alpha=1/_scale_;

titlel ’Sampling distribution: 1000 samples of size 2000 from Weib(30;1.8)
- censored at 0.15 (5 classes)’;
title2 ’SAS method’;

proc univariate data=sim.wsgtwdcl normal plot; *Weibull;
*proc univariate data=sim.lsgtwdcl normal plot; *Loglogistic;
var lambda alpha;

run;

2. Program to generate right-censored grouped lifetime data from the lognormal
distribution and to run simulations with the technique of MLE under constraints
as well as the standard technique of MLE (1000 samples of size 2000 from
Lognormal - normal(2;0.5) - censored at 8 (grouped into 5 classes))

proc iml worksize=60 symsize=2000;
reset noname nocenter;

FAKKKAAKKKCONTENES OF MOAUL @Kok K skokokkskskk ok ok kok ok ok ok o ok ok ook KK oK K KA KKK KA
start mod_est(x,f) global (mu,sigma) ;

***x**Relative frequencies;
x=log(x);

n=2000;

k=nrow(f);

d=k-1;

pi=(gamma(0.5))**2;
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p=f/n; ;

***x**Design matrix and matrix orthogonal to design matrix;
S1=J(d,1,1)@cusum(J(1,k,1));

S2=J(1,k,1)@cusum(J(d,1,1));

S=S1<=52;

x1=J(d,1,1) | Ix;
C=I(d)-x1*inv(x1‘*x1)*x1°‘;

**xx*x**%**TERATIVE PROCEDURE (double iterations over m and p);
*¥x*kkstarting value for m;

m=p;

ms=S*m; ps=ms;

PO=p;

*x*x*xiteration over m;

itr=0;

verskill=1;

i=0;

do while (verskill>le-6);

i=i+1;

p=p0;

argl=2;

arg2=3;

par=inv( J(2,1,1) 1| roblt(ms[argl]//ms[argz]) )*(x[argl]//x[arg2]);
mu-par[l],51gma- %

Gm-C*dlag(sqrt(2#p1)/(exp( (x-mu) #(x-mu) /2/sigma/sigma)) ) *S;

*x***iteration over p;
verskil=1;
j=0;
do while (verskil>le-6);
J=j+1;
pi=p;
ps=S*p;
g=Cxprobit(ps);
parp=inv( J(2,1, 1)|Iproblt(ps[argl]//ps[arg2]) )*(x[argl]//x[arg2]);
mup=parp [1] ; sigmap
Gp-C*d1ag(sqrt(2#p-§/(exp( (x—mup)#(x-mup)/2/s1gmap/slgmap)))*S
*¥¥*k*xcovariance matrix;
sig=(1/n)*(diag(m)-m*m*) ;
V=sig;
HARA A KKK KA A KA KKK KKK
p=p- (Gm*V) ‘*ginv (G *V*Cm ¢ )*g;
verskil=sqrt((p-p1§ “*(p-pl1));
end;
verskill=sqrt ((p-m) ‘*(p-m)) ;
m=p;ms=S*m;
end;

***xx*x*xParameter vector for linear model
par=inv( J(2,1, 1)|Iproblt(ms[argl]//ms[arg23) Y*(x[argll//x[arg2]);

**kkkkxkkkkParameters for Lognormal model;
mu=par [1] ;
sigma=par[2];

finish mod_est;
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**kxkkk*kk*kSimulate 1000 samples of size 2000 from Lognormal(2;(0.5)°2) -
censored at 8 and then define lower and upper boundaries for 5 class intervals;

n=2000;

2=1000;

mean=2;

stddev=0.5;

AA=mean+stddev#normal (J(z,n,0));

DT=exp (AA) ;

DT=DT><J(z,n,8); *8=censor point;

x1={0,4,6,7,8}; *lower boundaries; *censored at 8;
x2={4,6,7,8,10000}; *upper boundaries;

k=5;
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*kkkkkkkkkcalculate the frequency vector for each sample, then run
the module and store the 1000 estimates of lambda and alpha in a file PARMS;

filename parms ’c:\sim\sd2\lnigtwal.sd2’;
file parms;

do w=1 to z;

T=DT[w,];

A=(J(k,1,1)*T)< (x2*J(1,n,1));
B=(J(k,1,1)*T)>=(x1*J(1,n,1));
E=A=B;

f=E+xJ(n,1,1);

perccens=(f [5,1]/n)#100;
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x=x2[1:4,];

run mod_est (x,£);
put mu +3 sigma +3 perccens;
end;

closefile parms;

*kkkkckkkkkPut simulated data in a format that can be inputted in SAS
as a thousand grouped data sets;

Jmacro subgr(a);

%do i=1 Yto &a;

name={"lower" "upper" "frek"};

lower=.//x1[2:5,§;

upper=x2[1:4,1//.;

T=DT[&i,];

A=(J(k,1,1)*T)< (x2*xJ(1,n,1));
B=(J(k,1,1)*T)>=(x1*J(1,n,1));
E=A=B;

frek=ExJ(n,1,1);

di=lower| |upper| | frek;

create d&i from di [colname=name];
append from di;

%end;

/mend subgr ;

%subgr (1000) ;

*xkkkkkxkkRepeat the LIFEREG procedure of SAS for grouped data one thousand
times to get estimates for the intercept and scale parameters;

Jmacro mac(stel);
%do i=1 Yto &stel;

proc lifereg data=d&i noprint outest=out&i (keep=intercept _scale_ );
model (lower,upper)= / d=lnormal;

weight frek;

run;

Yend;
Jmend mac;
Ymac (1000) ;

**kkxkkk*kkAppend the thousand estimates;

Ymacro ind(stel);
%do i=2 Yto &stel;

proc append base=outl data=out&i;
run;

%end;
Ymend ind;
%ind (1000) ;
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*dkkckkkkkkSampling distribution of parameter estimateskkskksikkxk;

**x*x*xIML estimates;

data spv_iml;

infile ’c:\sim\sd2\lnigtwal.sd2’;

input mu sigma;

titlel ’Sampling distribution: 1000 samples of size 2000 from lognormal
- normal(2;0.5) ~ censored at 8 (5 classes)’;

title2 ’IML method’;

proc univariate data=spv_iml normal plot;
var mu sigma;
run;

**k*x**SAS estimates;

data sim.lnsgtwal (keep=mu sigma);

set outl;

mu=intercept;

sigma=_scale_;

titlel ’Sampling distribution: 1000 samples of size 2000 from lognormal
- normal(2;0.5) - censored at 8 (5 classes)’;

title2 ’SAS method’;

proc univariate data=sim.lnsgtwal normal plot;
var mu sigma;
run;
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1. Program for fitting a log-logistic/Weibull regression model with one predictor

to grouped survival data

options nodate pagesize=500 pageno=1;
libname hsbc ’c:\hsbci\sd2’;

title ’AGE:three levels (define two dummies)’;

data agegr;

input lower upper

cards;

12

12
17
17
17
24
24

28
28
28
34

34
37
37
37

12
12
12
17

17
24
24
24

28
28

12
12
12
17
17
17
24

=

12
12
12
17

17
24
24
24

i
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0
-1
1
0

1
0
-1
1
0
-1
1
0
-1
1

0
1
-1
0
1
-1
0
1
-1
0
1
-1
0
1
-1
0
1
-1
0
1
-1
0
1
-1
0
1
-1
0
1
-1
0
1
-1
0
1
-1
0
1
-1
0
1
-1
0
1
=i
0
1
=i
0
i
-1
0
1
-1
0
1
-1
0
1
-1
0
1
-1
0

573

agegrl agegr2 fregq;
*input lower upper agegr $
*at class statement: use one column A B C A B C etc.;
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24
24

data add;

c=1;
run;

data

fin;
set agegr add;

. 0 1 616
-1 -1

659

proc lifereg data=fin covout;
*class agegr;
*model (lower, upper) = agegr / dist=llogistic;

model (lower, upper) = agegrl agegr2 / dist=llogistic;

weight freq;

output out=llog cdf=cdf predicted=months
0.02 to 0.98 by .02

quantiles

control=c;

title ’Fit Loglogistic curve (SAS method) to HSBC: MPC policies - predictor AGE’;

title2 ’Four entry dates’;

run;

data par;

intercept=3.86266;
_scale_=0.48394;
thetal=-0.08757;
theta2= 0.01693;
theta3= -(thetal+thetal);

if _N_=1;

oualphaSASagel=-(intercept+thetal*l+theta2*0)/_scale_;

lambdaSASagel=exp(~(intercept+thetal*l+theta2+*0)/_scale_);

oualphaSASage2=-(intercept+thetal*O+theta2*1)/_scale_;

lambdaSASage2=exp (- (intercept+thetal*O+theta2*1)/_scale_);
oualphaSASage3=-(intercept+thetal*(-1)+theta2*(-1))/_scale_;
lambdaSASage3=exp(~(intercept+thetal*(-1)+theta2*(-1))/_scale_);

alphaSAS=1/_scale_;

oubetaSAS=1/_scale_;

oualphaBASELINESAS=-(intercept/_scale_ );
lambdaBASELINESAS=exp (- (intercept/_scale_));

proc print data=par;

var oualphaSASagel oualphaSASage2 oualphaSASage3

run;

lambdaSASagel lambdaSASage2 lambdaSASage3
alphaSAS oubetaSAS
oualphaBASELINESAS lambdaBASELINESAS;

245

2. Program for fitting a log-logistic/Weibull regression model with two predictors
to grouped survival data

options nodate pagesize=500 pageno=1;
libname hsbc ’c:\hsbci\sd2’;

titlel ’AGE:three levels (define two dummies)’;
title2 ’SCORE:three levels (define two dummies)’;

data agegr;

input lower upper agegrl agegr2 scorel score2 freq;
*input lower upper agegr $ freq;

*at class statement:

cards;

12
17
24
28
34
37

12
17
24
28
34
37

12
17
24
28
34
37

12

12
17
24
28
34
37

12
17
24
28
34
37

12
17
24
28
34
37

12
17

PRRERPRRERRR RBRPRERE

e

oo

OO0OO0OO0OO0O00 0O0O00O0O0O0O OO0OO0OO0O0O0OO

[

[eNeNoNoRoNoNe]

OCOO0OO0OO0O00 RRERRERRRER

B e e

1
[y
1
-

-1
-1
-1
-1
-1
-1

| S I |
e

1 0
1 0

use one column of A B C A B C etc.;

165

13
14
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. 12 0 1 1 0 24
12 17 0 1 1 0 30
17 24 0 1 1 029
24 . 0 1 1 0 81

. 12 0 1 0 114
12 17 0 1 0 115
17 24 0 1 0 112
24 5 0 1 0 1307

. 12 0 1 -1 -116
12 17 0 1 -1 -1 16
17 24 0 1 -1 -127
24 5 0 1-1-1228

E 12 -1 -1 1 0 20
12 17 -1 -1 1 0 22
17 24 -1 -1 1 0 28
24 . -1 -1 1 0119

. 12 -1 -1 0 119
12 17 -1 -1 0 112
17 24 -1 -1 0 1 26
24 -1 -1 0 1 369

. 12 -1 -1 -1 -1 11
12 17 -1 -1 -1 -1 11
17 24 -1 -1 -1 -1 16
24 .o0-1-1-1-1171
data add;
c=1;
run;
data fin;

set agegr add;

proc lifereg data=fin covout;

*class agegr;

*model (lower, upper) = agegr / dist=llogistic;

model (lower, upper) = agegrl agegr2 scorel score2 / dist=llogistic;
weight freq;

output out=llog cdf=cdf predicted=months

quantiles = 0.02 to 0.98 by .02

control=c;

title ’Fit Loglogistic curve (SAS method) to HSBC: MPC policies - predictor AGE’;
title2 ’Four entry dates’;

run;

data par;

intercept=3.80119;
_scale_=0.44454;
thetaA1=-0.09129;

thetaA2= 0.0052689;
thetaA3= -(thetaAl+thetal2);
thetaS1=-0.46574;

thetaS2= 0.31782;

thetaS3= -(thetaSi+thetaS2);
if _N_=1;

oualphaSASalsl=-(intercept+thetaAl*1+thetaA2+0+thetaS1*1+thetaS2*0)/_scale_;
lambdaSASalsi=exp(-(intercept+thetaAl*1+thetaA2*0+thetaS1*1+thetaS2%0)/_scale_);
oualphaSASals2=-(intercept+thetaAl*1+thetaA2*0+thetaS1*0+thetaS2x1)/_scale_;
lambdaSASals2=exp(-(intercept+thetaAl*1+thetaA2*0+thetaS1*0+thetaS2+1)/_scale_);
oualphaSASals3=-(intercept+thetaAl*1+thetaA2*O+thetaS1*(-1)+thetaS2*(~1))/_scale_;
lambdaSASals3=exp(-(intercept+thetaAl*1+thetaA2*0+thetaS1*(-1)+thetaS2*(-1))/_scale_);
oualphaSASa2si=-(intercept+thetaA1*0+thetaA2*1+thetaS1*1+thetaS2*0)/_scale_;
lambdaSASa2si1=exp(-(intercept+thetaA1*O+thetaA2+1+thetaS1*1+thetaS2%0)/_scale_);
oualphaSASa2s2=-(intercept+thetaAl*0+thetaA2*1+thetaS1*0+thetaS2+1)/_scale_;
lambdaSASa2s2=exp (- (intercept+thetaA1*O+thetaA2*1+thetaS1*0+thetaS2+1)/_scale_);
oualphaSASa2s3=-(intercept+thetaAl*0+thetaA2*1+thetaS1*(~1)+thetaS2*(~1))/_scale_;
lambdaSASa2s3=exp (- (intercept+thetaA1*0+thetaA2*1+thetaS1i*(-1)+thetaS2*(-1))/_scale_);
oualphaSASa3sl1=-(intercept+thetaAl*(-1)+thetaA2*(-1)+thetaS1*1+thetaS2*0)/_scale_;
lambdaSASa3s1=exp(-(intercept+thetaAl*(-1)+thetaA2*(-1)+thetaSi*1+thetaS2*0)/_scale_);
oualphaSASa3s2=-(intercept+thetaAl*(-1)+thetaA2*(-1)+thetaS1*0+thetaS2*1)/_scale_;
lambdaSASa3s2=exp(-(intercept+thetaAl*(-1)+thetaA2*(~1)+thetaS1*0+thetaS2x1)/_scale_);
oualphaSASa3s3=-(intercept+thetaAl#* (-1)+thetaA2*(-1)+thetaSi*(-1)+thetaS2*(-1))/_scale_;
lambdaSASa3s3=exp(-(intercept+thetaAl*(~1)+thetaA2x*(-1)+thetaSi*(-1)+thetaS2*(-1))/_scale_);
alphaSAS=1/_scale_;

oubetaSAS=1/_scale_;

oualphaBASELINESAS=-(intercept/_scale_);

lambdaBASELINESAS=exp (-(intercept/_scale_));

proc print data=par;

var oualphaSASalsl oualphaSASals2 oualphaSASals3
lambdaSASalsl lambdaSASals2 lambdaSASals3;

proc print data=par;

var oualphaSASa2s1 oualphaSASa2s2 oualphaSASa2s3

248



Appendix A: Computer Programs

A5

A.5.

lambdaSASa2s1 lambdaSASa2s2 lambdaSASa2s3;
proc print data=par;
var oualphaSASa3sl oualphaSASa3s2 oualphaSASa3s3
lambdaSASa3s1 lambdaSASa3s2 lambdaSASa3s3;
proc print data=par;
var alphaSAS oubetaSAS oualphaBASELINESAS lambdaBASELINESAS;
run;

249

Chapter 4: M L Estimation subject to Constraints

1 Staggered Entry of Policies - IML Programs

1. Program for fitting a log-logistic regression model (constant shape, one covari-

ate)

titlel ’Fitting of regression model with one covariate’;
title2 ’Staggered entry: constant shape parameter’;

proc iml worksize= 60;
reset nolog;
options pagesize=500;

*kxkkkkkxkFrequency vector (first entry,3 agegroups);
£11={29,69,95,73,108,15,642};
£12={21,50,91,45,75,13,553};
£13={16,49,68,39, 67, 7,471};

*xkkxkkkkkVector of upper boundaries;
x1={12,17,24,28,34,37};

*xkxkkkkkxFrequency vector (second entry,3 agegroups);
£21={41,75,103,92,83,628};
£22={49,62,61,66,54,753};
£23={28,29,65,42,35,543};

**xkkikkkk*kVector of upper boundaries;
x2={12,17,24,28,34};

*xkkkkkkkkFrequency vector (third entry,3 agegroups);
£31={68,34,99,57,570};
£32={40,44,83,33,533};
£33={46,21,60,27,571};

*xxkokkkkkkVector of upper boundaries;
x3={12,17,24,28};

*kkxkkkkkxFrequency vector (fourth entry,3 agegroups);
£41={71,60,69,573};
£42={54,61,68,616};
£43={50,45,70,659};

*xxkkkkkkkVector of upper boundaries;
x4={12,17,24};

*kkxdkkkkkRelative frequency vectors;

nil=£f11[+]; n21=f21?+]; n31=£31[+]; nd1=£41[+]; ni=n11+n21+n31+n41l;

ni12=£12[+]; n22=£22[+]; n32=£32[+]; nd2=£42[+]; n2=n12+n22+n32+n42;

n13=£13[+]; n23=£23[+]; n33=£33[+]; n43=£43[+]; n3=n13+n23+n33+n43;
n=nl+n2+n3;

ki=nrow(f11); di=ki-1;

k2=nrow(£21); d2=k2-1;

k3=nrow(£31); d3=k3-1;

k4=nrow(f41); d4=k4-1;

k=k1+k2+k3+k4;

d=d1+d2+d3+d4;

pli=£f11/n11; p21=£21/n21; p31=£31/n31; p41=£f41/n41; pl=p11//p21//p31//p41;

pl2=£12/n12; p22=£22/n22; p32=£32/n32; p42=£42/n42; p2=p12//p22//p32//p42;

p13=£13/n13; p23=£23/n23; p33=£33/n33; p43=£43/n43; p3=p13//p23//p33//p43;
p=p1//p2//p3;

*kkxkkkx**kDesign matrix and matrix orthogonal to design matrix;

S1=J(d1,1,1)@cusum(J(1,k1,1));
S2=J(1,k1,1)@cusum(J(d1,1,1));
S1=S1<=82;

S2=S1[1:d2,1:d1];
S3=S1[1:d3,1:d2];
S4=S1[1:d4,1:d3];
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S=block(S1,52,83,54);
S=1(3)es;

AA=J(54,1,1); *54=3 times((7-1)+(6-1)+(5-1)+(4-1))=3 times 18=54;
BB=J(3,1,1);

CcC=(1(2)//3(1,2,-1));

DD=J(18,1,1); *d=18;

EE=J(9,1,1);

1x=BB@(log(x1)//log(x2)//1log(x3)//1log(x4));
xc=AA| | (CC@DD) | |1x; print xc;
C=I(3#d)-xc*inv(xc‘*xc)*xc‘;

*xx*x***%x [TERATIVE PROCEDURE (double iterations over m and p);
**x*k*kstarting value for m;

m=p;

ms=S*m; pPsS=ms;

pO=p;

**xx**xiteration over m;

itr=0;

verskilil=1;

i=0;

do while (verskill>0.00000001);

i=i+1;

pP=p0; .
*Gm=-Cxdiag(1/(log(1-ms)))*diag(1/(1-ms))*S; *Weibull;
Gm=C*diag(1/ms+1/(1-ms))*S; *log-logistic;

*kdokkkkkkkiteration over p;
verskil=1;

i=0;
&o while (verskil>0.00000001);

3=3+1;

pi=p;

ps=S*p;

*g=C*log(-log(1-ps)); *Weibull;
g=C*(log(ps)-log(1-ps)); *log-logistic;
*Gp=-C*diag(1/(log(1-ps)))*diag(1/(1-ps))*S; *Weibull;
Gp=Cx*(diag(1/ps)+diag(1/(1-ps)))*S; *log-logistic;

sokokok ko kokokokokokokkokokk covariance mart i xokokoksk sk ok sk ok sk ko ok ok ok sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok
mil=m[1:k1]; m21=m[ki1+1:k1+k2];
m31=m[k1+k2+1:k1+k2+k3]; mél=m[k1+k2+k3+1:k1+k2+k3+k4];

mi2=m[k+1:k+k1]; m22=m[k+ki+1:k+k1+k2];
m32=m [k+k1+k2+1:k+k1+k2+k3]; md2=m[k+k1+k2+k3+1:k+k1+k2+k3+k4];

m13=m[2#k+1:2#k+k1]; m23=m[2#k+k1+1:2#k+k1+k2];
m33=m[2#k+k1+k2+1: 2#k+k1+k2+k3]; m43=m[2#k+k1+k2+k3+1: 2#k+k1+k2+k3+k4] ;

sigl1=(1/n11)*(diag(mil)-m11*mi1‘);
sig21=(1/n21)* (diag(m21)-m21*m21°) ;
sig31=(1/n31)*(diag(m31)-m31*m31°) ;
sigd1=(1/n41)*(diag(mé1)-m41*md1‘);
sigl=block(sigll,sig21,sig31,sigdl);

sig12=(1/n12)*(diag(m12)-m12*m12‘);
s51g22=(1/n22)* (diag(m22)-m22*m22°¢) ;
si1g32=(1/n32)* (diag(m32)-m32*m32°¢) ;
sigd2=(1/n42)*(diag(mé2)-m42*m42°) ;
sig2=block(sigl2,sig22,sig32,sigd2);

sig13=(1/n13)*(diag(m13)-m13*mi3°);
sig23=(1/n23)* (diag(m23)-m23*m23°) ;
5i1g33=(1/n33)*(diag(m33)-m33*m33°) ;
sigd3=(1/n43)*(diag(m43)-m43*m43°) ;
sig3=block(sigl3,sig23,sig33,sig43);

sig=block(sigl,sig2,sig3);

V=sig;
****g;***************************************************************;
*p=p-(Gm*V) ‘*ginv (Gp*V*Gm‘ ) *g ; *Weibull;
p=p- (Gm*V) ‘*ginv (Gp*V*Gm*) *g; *log-logistic;

verskil=sqrt ((p-pl) ‘*(p-p1));
end;

verskill=sqrt ((p-m) ‘*(p-m));

m=p ; ms=S*m;

end;

print m; print i j;

*kxkkk*kkk*kParameter vector for linear model;

*par=inv (xc ‘*xc)*xc‘*log(-log(i-ms)); *Weibull;
par=inv (xc ‘*xc)*xc ‘*(log(ms)-log(1-ms)) ; *log-logistic;
print par[format=E20.];

**xkkkkkkkRegression coefficients;
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oualphaBASELINE=par[1];
betaAl=par [2];
betaA2=par[3];
betaA3=-(par[2]+par[3]);
lambdaBASELINE=exp (par[1]);
lambdaAi=exp (par [1]+par[2]);
lambdaA2=exp(par [1]+par[3]);
lambdaA3=exp(par[1]+betaA3);
alpha=par [45);

*kkkkkkkkkIndices, lambda’s and constant alpha for age levelskkkkkkskkkdokikkkikkk;
indexAl=exp(betaAl) ; *constant shape parameter;

indexA2=exp (betaA2) ;

indexA3=exp (betalA3);

lambdaAl=lambdaBASELINE#indexAl;  *same as lambdaAl=exp(par[1]+par[2]);
lambdaA2=1ambdaBASELINE#indexA2;  *same as lambdaA2=exp (par[1]+par([3]);
lambdaA3=1lambdaBASELINE#indexA3;  *same as lambdaA3=exp(par [1]+betaA3);
oualphaAl=log(lambdaAl); *same as oualphaAl=oualphaBASELINE+betaAl;
oualphaA2=log(lambdaA2);

oualphaA3=log(lambdaA3) ;

print ’ Loglogistic parameters, beta effects and indices for age levels Al A2 A3’;

print ’lambdaBASELINE=’ lambdaBASELINE [format=E20.]

’oualphaBASELINE=’ oualphaBASELINE alpha;

print ’lambda(age=A1)=’ lambdaAl[format=E20.]

’lambda(age=A2)=’ lambdaA2[format=E20.]

’lambda(age=A3)=’ lambdaA3[format=E20.];

print ’alpha=’ alphal[format=E20.] oualphaAl oualphaA2 oualphaA3;

print ’beta(age=A1)=’ betaAl ’beta(age=A2)=’ betaA2 ’beta(age=A3)=’ betaA3
’index(age=A1)=’ indexAl[format=E20.] ’index(age=A2)=’ indexA2[format=E20.]
’index (age=A3)=’ indexA3[format=E20.];

sxxkxkkkkkHazard ratio and 0dds Tatdoskskskskskskokskskokskok %ok kskskok s skok Kok ok ok ko ok ok dokok ok ok Kok koK ok §
hazBASELINE12=(lambdaBASELINE*alpha*12** (alpha-1))/(1+lambdaBASELINE*12**alpha) ;
hazBASELINE24=(lambdaBASELINE*alpha*24** (alpha-1))/(1+lambdaBASELINE*24**alpha) ;
survBASELINE12=(1+lambdaBASELINE*12#**alpha)**(-1) ;
survBASELINE24=(1+lambdaBASELINE*24**alpha)**(-1) ;
0ddsBASELINE12=(1-survBASELINE12) /survBASELINE12;
0ddsBASELINE24=(1~survBASELINE24) /survBASELINE24;

hazAGE_A1_12=(lambdaA1*alpha+12+*(alpha-1))/(1+lambdaA1%12+*alpha);
hazAGE_A1_24=(lambdaAl*alpha*24#*(alpha-1))/(1+lambdaAl*24**alpha);
survAGE_A1_12=(1+lambdaAl*12%*alpha)**(-1) ;
survAGE_A1_24=(1+lambdaAl*24**alpha)**(-1);
oddsAGE_A1_12=(1-survAGE_A1_12)/survAGE_A1_12;
oddsAGE_A1_24=(1-survAGE_A1_24)/survAGE_A1_24;

hazratioAGE_A1_12=hazAGE_A1_12/hazBASELINE12;
hazratioAGE_A1_24=hazAGE_A1_24/hazBASELINE24;
oddsratioAGE_A1_12=0ddsAGE_A1_12/0ddsBASELINE12;
oddsratioAGE_A1_24=0ddsAGE_A1_24/0ddsBASELINE24;

print hazBASELINE12 hazBASELINE24 survBASELINE12 survBASELINE24
0ddsBASELINE12 oddsBASELINE24;

print hazAGE_A1_12 hazAGE_A1_24;

print survAGE_A1_12 survAGE_A1_24;

print oddsAGE_A1_12 oddsAGE_A1_24;

print hazratioAGE_A1_12 hazratioAGE_A1_24 oddsratioAGE_A1_12 oddsratioAGE_A1_24;
okok o Kok ok ok ok ok Kk ok KKK ok KK kK kKK * Kk sk ok o o o sk o ko ok ok sk ok ok ok ok ek sk ok sk ok ok K o
hazAGE_A2_12=(lambdaA2+alpha*12+* (alpha-1))/(1+lambdaA2*12**alpha);
hazAGE_A2_24=(lambdaA2*alpha*24#**(alpha-1))/(1+lambdaA2*24**alpha) ;
survAGE_A2_12=(1+lambdaA2*12**alpha)**(-1);
survAGE_A2_24=(1+lambdaA2*24**alpha)**(-1);
oddsAGE_A2_12=(1-survAGE_A2_12)/survAGE_A2_12;
0ddsAGE_A2_24=(1-survAGE_A2_24)/survAGE_A2_24;

hazratioAGE_A2_12=hazAGE_A2_12/hazBASELINE12;
hazratioAGE_A2_24=hazAGE_A2_24/hazBASELINE24;
oddsratioAGE_A2_12=0ddsAGE_A2_12/0ddsBASELINE12;
oddsratioAGE_A2_24=0ddsAGE_A2_24/0ddsBASELINE24;

print hazAGE_A2_12 hazAGE_A2_24;

print survAGE_A2_12 survAGE_A2_24;

print oddsAGE_A2_12 oddsAGE_A2_24;

print hazratioAGE_A2_12 hazratioAGE_A2_24 oddsratioAGE_A2_12 oddsratioAGE_A2_24;
Sk ok ok ok K ok ok ok ok ok ok ok K ook ok ook ok ok ok ok ok ok ok o o K ok K Kok K ook oK K o KKK K Kok K ok ok KoK K Kok ok KK oK KK K oK K KK KKK
hazAGE_A3_12=(lambdaA3+*alpha*12** (alpha-1))/(1+lambdaA3*12**alpha) ;
hazAGE_A3_24=(lambdaA3+*alpha*24#*(alpha-1))/(1+lambdaA3*24**alpha) ;
survAGE_A3_12=(1+lambdaA3*12**alpha)**(-1);
survAGE_A3_24=(1+lambdaA3*24**alpha)**(-1);
0ddsAGE_A3_12=(1-survAGE_A3_12)/survAGE_A3_12;
oddsAGE_A3_24=(1-survAGE_A3_24)/survAGE_A3_24;

hazratioAGE_A3_12=hazAGE_A3_12/hazBASELINE12;
hazratioAGE_A3_24=hazAGE_A3_24/hazBASELINE24;
oddsratioAGE_A3_12=0ddsAGE_A3_12/0ddsBASELINE12;
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oddsratioAGE_A3_24=0ddsAGE_A3_24/0ddsBASELINE24;

print hazAGE_A3_12 hazAGE_A3_24;
print survAGE_A3_12 survAGE_A3_24;
print oddsAGE_A3_12 oddsAGE_A3_24;

print hazratioAGE_A3_12 hazratioAGE_A3_24 oddsratioAGE_A3_12 oddsratioAGE_A3_24;

sokskokkkkkkkMadian Lif et dmeskokskskkokok sk ok sk skok sk okok sk ok ok ok 3k ok ok ok ok ok 3ok ok 3Kk ok 3k ok o K ok 3 ok o oK ok o ok o 3ok o KoK KK oK

medianBASELINE=(1/lambdaBASELINE)##(1/alpha);
medianAl=(1/lambdaAl)##(1/alpha);
medianA2=(1/lambdaA2)##(1/alpha) ;
medianA3=(1/lambdaA3)##(1/alpha) ;

perc5BASELINE=((1/lambdaBASELINE)#( 5/(100- 5)))##(1/alpha);
perc10BASELINE=((1/1lambdaBASELINE)#(10/(100-10)))##(1/alpha);
perc20BASELINE=((1/lambdaBASELINE)#(20/(100-20)))##(1/alpha);
perc25BASELINE=((1/lambdaBASELINE)#(25/(100-25)))##(1/alpha) ;
perc30BASELINE=((1/1lambdaBASELINE)# (30/(100-30)))##(1/alpha);
perc40BASELINE=((1/1lambdaBASELINE)# (40/(100-40)))##(1/alpha);
perc50BASELINE=((1/1ambdaBASELINE)# (50/ (100-50)))##(1/alpha) ;
perc60BASELINE=( (1/lambdaBASELINE)# (60/(100-60)))##(1/alpha);
perc70BASELINE=((1/lambdaBASELINE)# (70/(100-70)))##(1/alpha);
perc75BASELINE=((1/lambdaBASELINE)#(75/(100-75)))##(1/alpha);
perc80BASELINE=((1/lambdaBASELINE)# (80/(100-80)))##(1/alpha);
perc9OBASELINE=((1/lambdaBASELINE)#(90/(100-90)))##(1/alpha);
perc95BASELINE=((1/1ambdaBASELINE)#(95/(100-95)))##(1/alpha);

perc5A1=((1/lambdaA1)#( 5/(100- 5)))##(1/alpha);
perc10A1=((1/lambdaA1)#(10/(100~10)))##(1/alpha);
perc20A1=((1/lambdaA1)#(20/(100-20)))##(1/alpha);
perc25A1=((1/lambdaAl)#(25/(100-25)) ) ##(1/alpha) ;
perc30A1=((1/lambdaA1)#(30/(100~30)))##(1/alpha);
perc40A1=((1/lambdaA1)#(40/(100-40)))##(1/alpha);
perc50A1=((1/lambdaA1)#(50/(100-50) ))##(1/alpha);
perc60A1=((1/lambdaAl)#(60/(100-60)))##(1/alpha);
perc70A1=((1/lambdaA1)#(70/(100-70)))##(1/alpha);
perc75A1=((1/lambdaA1)#(75/(100-75)) ) ##(1/alpha);
perc80A1=((1/lambdaA1)#(80/(100-80)))##(1/alpha);
perc90A1=((1/lambdaA1)#(90/(100-90)))##(1/alpha);
perc95A1=((1/lambdaA1)#(95/(100-95)))##(1/alpha);

perc5A2=((1/lambdaA2)#( 5/(100- 5)))##(1/alpha);
perc10A2=((1/lambdaA2)#(10/(100~-10)))##(1/alpha);
perc20A2=((1/lambdaA2)#(20/(100-20)))##(1/alpha);
perc25A2=((1/lambdaA2)#(25/(100~-25)))##(1/alpha) ;
perc30A2=((1/lambdaA2)#(30/(100-30)))##(1/alpha);
perc40A2=((1/lambdaA2)#(40/(100-40)))##(1/alpha);
perc50A2=((1/lambdaA2)#(50/(100-50)))##(1/alpha);
perc60A2=((1/1lambdaA2)#(60/(100-60)))##(1/alpha);
perc70A2=((1/lambdaA2)#(70/(100-70)))##(1/alpha);
perc75A2=((1/lambdaA2)#(75/(100-75) ) )##(1/alpha);
perc80A2=((1/lambdaA2)#(80/(100-80)))##(1/alpha);
perc90A2=((1/lambdaA2)#(90/(100-90)))##(1/alpha);
perc95A2=((1/lambdaA2)#(95/(100-95)) ) ##(1/alpha);

perc5A3=((1/lambdaA3)#( 5/(100- 5)))##(1/alpha);
perc10A3=((1/lambdaA3)#(10/(100-10)))##(1/alpha);
perc20A3=((1/lambdaA3)#(20/(100-20)))##(1/alpha);
perc25A3=((1/1lambdaA3)#(25/(100-25)))##(1/alpha);
perc30A3=((1/lambdaA3)#(30/(100-30)))##(1/alpha);
perc40A3=((1/lambdaA3)#(40/(100-40)) )##(1/alpha);
perc50A3=((1/lambdaA3)#(50/(100-50)))##(1/alpha);
perc60A3=((1/lambdaA3)#(60/(100-60)))##(1/alpha);
perc70A3=((1/lambdaA3)#(70/(100-70)))##(1/alpha);
perc75A3=((1/lambdaA3)#(75/(100~75)) ) ##(1/alpha);
perc80A3=((1/lambdaA3)#(80/(100-80)))##(1/alpha) ;
perc90A3=((1/lambdaA3)#(90/(100-90)))##(1/alpha);
perc95A3=((1/lambdaA3)#(95/(100-95) ) ) ##(1/alpha);

print perc5BASELINE perc1OBASELINE perc20BASELINE perc25BASELINE perc30BASELINE;
print perc40BASELINE perc50BASELINE perc60BASELINE perc70BASELINE;
print perc75BASELINE perc80BASELINE perc9OBASELINE perc95BASELINE;

print perc5A1 perc10Al perc20Al perc25A1 perc30Al;
print perc40Al perc50A1 perc60A1l perc70Al;
print perc75A1 perc80A1 perc90Al perc95A1;

print perc5A2 perc10A2 perc20A2 perc25A2 perc30A2;
print perc40A2 perc50A2 perc60A2 perc70A2;
print perc75A2 perc80A2 perc90A2 perc95A2;

print perc5A3 perc10A3 perc20A3 perc25A3 perc30A3;
print perc40A3 perc50A3 perc60A3 perc70A3;
print perc75A3 perc80A3 perc90A3 perc95A3;

print ’medianlifetimeBASELINE=’ medianBASELINE;

print ’medianlifetime(age=A1)=’ medianAil
‘medianlifetime (age=A2)=’ medianA2
‘medianlifetime (age=A3)=’ medianA3;
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2. Program for fitting a log-logistic regression model (shape alters, one covariate)

titlel ’Fitting of regression model with one covariate’;
title2 ’Staggered entry: shape parameter alters’;

proc iml worksize= 60;
reset nolog;
options pagesize=500;

**kx*xk*k*x**¥Frequency vector (first entry,3 agegroups);
f11={29,59,95,73,108,15,642%;
£12={21,50,91,45,75,13,553};
£13={16,49,68,39, 67, 7,471};

**xxxkk*kk*xVector of upper boundaries;
x1={12,17,24,28,34,37};

**kkxkkkxkkFrequency vector (second entry,3 agegroups);
£21={41,75,103,92,83,628};
£22={49,62,61,66,54,753};
£23={28,29,65,42,35,543};

**xxkxk*k*k*Vector of upper boundaries;
x2={12,17,24,28,34};

*¥xxkkkkk*kFrequency vector (third entry,3 agegroups);
£31={68,34,99,57,570};
£32={40,44,83,33,533};
£33={46,21,60,27,571};

*xxxk*k*k*k*xxVector of upper boundaries;
x3={12,17,24,28};

**kx*k¥*xxk*¥Frequency vector (fourth entry,3 agegroups);
£41={71,60,69,573};
£42={54,61,68,616};
£43={50,45,70,659};

*xxxx%kk*k*k*Vector of upper boundaries;
x4={12,17,24};

*dokkkkkxkx*kRelative fre?uency vectors;

nil=£f11[+]; n21=£21[+]; n31=£31[+]; n4i=£f41[+]; ni=n11+n21+n31+n4d1i;

ni12=£f12[+]; n22=£22[+]; n32=£32[+]; nd2=£42[+]; n2=n12+n22+n32+n42;

n13=£f13[+]; n23=£23[+]; n33=£33[+]; né3=£43[+]; n3=n13+n23+n33+n43;
n=nl+n2+n3;

ki=nrow(£f11); di=ki-1;
k2=nrow(£21); d2=k2-1;
k3=nrow(£31); d3=k3-1;
k4=nrow (£41); d4=k4-1;
k=k1+k2+k3+k4;
d=d1+d2+d3+d4;

pli=£f11/n11; p21=£21/n21; p31=£31/n31; p41=£41/nd1; pl=pi11//p21//p31//p41;
pl2=£12/n12; p22=£22/n22; p32=£32/n32; p42=£42/n42; p2=p12//p22//p32//p42;
p13=£13/n13; p23=£23/n23; p33=£33/n33; p43=£43/n43; p3=p13//p23//p33//p43;

p=p1//p2//p3;
*xkkxkkkkkDesign matrix and matrix orthogonal to design matrix;

S1=J(d1,1,1)@cusum(J(1,k1,1));
S2=J(1,k1,1)@cusum(J(d1,1,1));
S1=51<=82;

S2=S1[1:d2,1:41];
S3=S1[1:d43,1:42];
S4=S1[1:d4,1:43];
S=block(S1,582,S3,54);
S=I(3)es;

AA=J(54,1,1); *54=3 times((7-1)+(6-1)+(5-1)+(4-1))=3 times 18=54;
BB=J(3,1,1);

CC=(I(2)//3(1,2,-1));

DD=J(18,1,1); *d=18;

EE=J(9,1,1);

1x=log(x1)//log(x2)//1log(x3)//log(x4);
xc=AA||(CCeDD) | |I(3)@lx; print xc;
C=I(3#d)-xc*inv(xc‘*xc)*xc*;

*#x**xx+xx* [ TERATIVE PROCEDURE (double iterations over m and p);
***xxxstarting value for m;

m=p;

ms=S*m; psS=ms;

pO=p;

**x**xiteration over m;
itr=0;
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verskili=1;
i=0;
do while (verskili1>0.00000001);
i=i+1;
p=p0; )
*Gm=~C+diag(1/(log(1-ms)))*diag(1/(1-ms))*S; *Weibull;
Gm=C*diag(1/ms+1/(1-ms))*S; *log-logistic;
*k*xkkkkkk*kiteration over p;
verskil=1;
3=0;
do while (verskil>0.00000001);
j=j+1;
pi=p;
s=S*p;
*g=C*log(-log(1-ps)); *Weibull;
g=Cx*(log(ps)-log(1l-ps)); *log-logistic;
*Gp=-C*diag(1/(log(1-ps)))*diag(1/(1-ps))*S; *Weibull;
Gp=C*(diag(1/ps)+diag(1/(1-ps)))*S; *log-logistic;

F Kok KKK KKK KKK KKK COVATIANCE MATT LXK KKK ok koo ok ok Kok ok ok ok KK oK K ok KKK oK K KoK KoK
mii=m[1:k1]; m21=m[ki1+1:k1+k2];
m31=m[k1+k2+1:k1+k2+k3]; m41=m[ki1+k2+k3+1:k1+k2+k3+k4];

mi12=m[k+1:k+k1]; m22=m[k+ki1+1:k+k1+k2];
m32=m [k+k1+k2+1 :k+k1+k2+k3]; m42=m[k+k1+k2+k3+1:k+k1+k2+k3+k4];

m13=m[2#k+1:2#k+k1] ; m23=m[2#k+k1+1:2#k+k1+k2];
m33=m [2#k+k1+k2+1 : 2#k+k1+k2+k3] ; md3=m[2#k+k1+k2+k3+1:2#k+k1+k2+k3+k4];

sigl1=(1/n11)*(diag(mi11)-mi1*mi1°);
sig21=(1/n21)*(diag(m21)-m21*m21°) ;
sig31=(1/n31)*(diag(m31)-m31*m31°) ;
sig41=(1/n41)*(diag(m41)-m41*m41);
sigl=block(sigll,sig21,sig31,sigél);

sig12=(1/n12)* (diag(m12)-m12*m12°¢) ;
51g22=(1/n22) * (diag (m22)-m22*m22°) ;
s1g32=(1/n32)* (diag(m32)-m32*m32°) ;
sigd2=(1/n42)*(diag(m42)-m42*m42°) ;
sig2=block(sigl2,sig22,sig32,sigd2);

sig13=(1/n13)*(diag(m13)-m13*m13¢);
sig23=(1/n23)*(diag(m23)-m23*m23°) ;
sig33=(1/n33)*(diag(m33)-m33*m33°¢) ;
sigd3=(1/n43)*(diag(m43)-m43+m43°) ;
sig3=block(sigl3,sig23,sig33,sigd3);

sig=block(sigl,sig2,sig3);

V=sig;

-4 —————————————
*p=p-(Gm*V) ‘*ginv (Gp*V*Gm‘)*g; *Weibull;
p=p- (Gm*V) ‘*ginv (Gp*V*Gm‘)*g; *log-logistic;

verskil=sqrt ((p-pl) ‘*(p-p1));
end;

verskill=sqrt ((p-m) ‘*(p-m));
m=p; ms=S*m;

end;

print m; print i j;

*xk*kk**kx*xParameter vector for linear model;
*par=inv(xc ‘*xc)*xc‘*log(-log(l-ms)); *Weibull;
par=inv (xc ‘*xc)*xc‘*(log(ms)-log(1-ms)); print par; *log-logistic;

print par[format=E20.];

*xdckkkkkkkRegression coefficients;
oualphaBASELINE=par[1];
lambdaBASELINE=exp (par[1]);
betaAl=par[2];

betaA2=par[3];

betaA3=-(par [2]+par[3]);
lambdaAl=exp(par[1]+par[2]);
lambdaA2=exp (par[1]+par [3]);
lambdaA3=exp (par[1]+betaA3);
alphaA1=par$4§;

alphaA2=par [5] ;

alphaA3=par [6] ;
alphaBASELINE=(ni#alphaAl+n2#alphaA2+n3#alphaA3)/n;

*%kk*kkxxxk*k[,ambda’s and alpha’s for age levelskkkskkkkokkkkkkkkkkk ;
1ambdaA1=exp(par[1]+paI[2F);

lambdaA2=exp (par[1]+par[3]);

lambdaA3=exp (par [1]+betaA3) ;

oualphaAl=log(lambdaAl);

oualphaA2=log(lambdaA2) ;

oualphaA3=log(lambdaA3) ;

print ’ Loglogistic parameters and beta effects for age levels Al A2 A3’;
print ’lambdaBASELINE=’ lambdaBASELINE [format=E20.]
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’oualphaBASELINE=’ oualphaBASELINE alphaBASELINE;
print ’lambda(age=A1)=’ lambdaAl[format=E20.]
’lambda (age=A2)=’ lambdaA2[format=E20.]
’lambda(age=A3)=’ lambdaA3[format=E20.];
print oualphaAl oualphaA2 oualphaA3;
print ’alpha(age=A1)=’ alphaAl[format=E20.]
’alpha(age=A2)=’ alphaA2[format=E20.]
’alpha(age=A3)=’ alphaA3[format=E20.];

print ’beta(age=A1)=’ betaAl ’beta(age=A2)=’ betaA2 ’beta(age=A3)=’ betaA3;

sxkxkkxkkkHazard ratio and Odds ratiokkkskskskskskokskokkskkokskkokdok ok ko kok sk kK okkHkk K kok K Kok Kok ok §
hazBASELINE12=(lambdaBASELINE+alphaBASELINE*12** (alphaBASELINE-1))/(1+lambdaBASELINE*12**alphaBASELINE) ;
hazBASELINE24=(lambdaBASELINE*alphaBASELINE#24** (alphaBASELINE-1))/ (1+lambdaBASELINE*24**alphaBASELINE) ;
survBASELINE12=(1+lambdaBASELINE*12%*alphaBASELINE)** (-1);
survBASELINE24=(1+1lambdaBASELINE*24**alphaBASELINE) ** (-1) ;

0ddsBASELINE12=(1-survBASELINE12) /survBASELINE12;

0ddsBASELINE24=(1~-survBASELINE24) /survBASELINE24;

hazAGE_A1_12=(lambdaAl*alphaA1l*12* (alphaAi-1))/(1+lambdaA1*12**alphalAl);
hazAGE_A1_24=(lambdaA1*alphaAl*24+* (alphaAl-1))/(1+1lambdaA1*24+*alphaAl) ;
survAGE_A1_12=(1+lambdaA1l*12**alphalAl)**(-1);
survAGE_A1_24=(1+lambdaA1*24**alphaAl)**(-1);
oddsAGE_A1_12=(1-survAGE_A1_12)/survAGE_A1_12;
oddsAGE_A1_24=(1-survAGE_A1_24)/survAGE_A1_24;

hazratioAGE_A1_12=hazAGE_A1_12/hazBASELINE12;
hazratioAGE_A1_24=hazAGE_A1_24/hazBASELINE24;
oddsratioAGE_A1_12=0ddsAGE_A1_12/0ddsBASELINE12;
oddsratioAGE_A1_24=0ddsAGE_A1_24/0ddsBASELINE24;

print hazBASELINE12 hazBASELINE24 survBASELINE12 survBASELINE24
oddsBASELINE12 oddsBASELINE24;

print hazAGE_A1_12 hazAGE_A1_24;

print survAGE_A1_12 survAGE_A1_24;

print oddsAGE_A1_12 oddsAGE_A1_24;

print hazratioAGE_A1_12 hazratioAGE_A1_24 oddsratioAGE_A1_12 oddsratioAGE_A1_24;
KKK K KK KoK K o KK K KK K o KK oK K o K K ok oK o sk Kok o o KK oK K o K K oK K KK K K o KK KK K o o K oK K Sk K oK K o KKK KKK
hazAGE_A2_12=(lambdaA2*alphaA2* 12+ (alphaA2-1) )/ (1+lambdaA2+12++alphaA2) ;
hazAGE_A2_24=(1lambdaA2*alphaA2+24+# (alphaA2-1) )/ (1+1lambdaA2+24**alphah2) ;
survAGE_A2_12=(1+lambdaA2*12**alphaA2)**(-1) ;
survAGE_A2_24=(1+lambdaA2*24x**alphaA2)**(-1);

oddsAGE_A2_12=(1-survAGE_A2_12) /survAGE_A2_12;
oddsAGE_A2_24=(1-survAGE_A2_24)/survAGE_A2_24;

hazratioAGE_A2_12=hazAGE_A2_12/hazBASELINE12;
hazratioAGE_A2_24=hazAGE_A2_24/hazBASELINE24;
oddsratioAGE_A2_12=0ddsAGE_A2_12/0ddsBASELINE12;
oddsratioAGE_A2_24=oddsAGE_A2_24/0ddsBASELINE24;

print hazAGE_A2_12 hazAGE_A2_24;

print survAGE_A2_12 survAGE_A2_24;

print oddsAGE_A2_12 oddsAGE_A2_24;

print hazratioAGE_A2_12 hazratioAGE_A2_24 oddsratioAGE_A2_12 oddsratioAGE_A2_24;
Ko R oK R o o K o ook R oK R K R o o o o o R o ok s o o o o ok K Ko ok o o o K o o o K R o R o o ok o ok s o sk ok ok o o ks ko ke s ok sk K o sk ok ok K o 3
hazAGE_A3_12=(lambdaA3*alphaA3*12** (alphaA3-1))/(1+lambdaA3+*12**alphaA3) ;
hazAGE_A3_24=(lambdaA3*alphaA3+24** (alphaA3-1))/(1+lambdaA3*24**alphalA3) ;
survAGE_A3_12=(1+lambdaA3*12**alphaA3)**(-1) ;
survAGE_A3_24=(1+lambdaA3*24**alphaA3)**(-1) ;
oddsAGE_A3_12=(1-survAGE_A3_12)/survAGE_A3_12;
oddsAGE_A3_24=(1-survAGE_A3_24)/survAGE_A3_24;

hazratioAGE_A3_12=hazAGE_A3_12/hazBASELINE12;
hazratioAGE_A3_24=hazAGE_A3_24/hazBASELINE24;
oddsratioAGE_A3_12=0ddsAGE_A3_12/0ddsBASELINE12;
oddsratioAGE_A3_24=0ddsAGE_A3_24/0ddsBASELINE24;

print hazAGE_A3_12 hazAGE_A3_24;

print survAGE_A3_12 survAGE_A3_24;

print oddsAGE_A3_12 oddsAGE_A3_24;

print hazratioAGE_A3_12 hazratioAGE_A3_24 oddsratioAGE_A3_12 oddsratioAGE_A3_24;

sokkokorkokkkMedian Lifet ime sk ks dokdok koo sk bk ok ook ok ok ok okok ok Kok ook ok ok ok 3
medianBASELINE=(1/1ambdaBASELINE) ## (1/alphaBASELINE) ;
medianAl=(1/lambdaA1)##(1/alphaAl);

medianA2=(1/lambdaA2) ##(1/alphaA2);

medianA3=(1/lambdaA3)##(1/alphaA3) ;

perc5BASELINE=((1/lambdaBASELINE)#( 5/(100- 5)))##(1/alphaBASELINE) ;
perc10BASELINE=((1/lambdaBASELINE)# (10/(100~10)))##(1/alphaBASELINE) ;
perc20BASELINE=((1/lambdaBASELINE)# (20/(100-20)))##(1/alphaBASELINE) ;
perc25BASELINE=((1/lambdaBASELINE)#(25/(100-25)))##(1/alphaBASELINE) ;
perc30BASELINE=((1/1lambdaBASELINE)# (30/(100-30)))##(1/alphaBASELINE) ;
perc40BASELINE=((1/1lambdaBASELINE)# (40/(100-40)))##(1/alphaBASELINE) ;
perc50BASELINE=((1/lambdaBASELINE)# (50/(100-50)))##(1/alphaBASELINE) ;
perc60BASELINE=((1/lambdaBASELINE)# (60/(100-60)))##(1/alphaBASELINE) ;
perc70BASELINE=((1/1lambdaBASELINE)# (70/(100-70)))##(1/alphaBASELINE) ;
perc75BASELINE=((1/1lambdaBASELINE) #(75/(100-75))) ##(1/alphaBASELINE) ;
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perc80BASELINE=((1/1ambdaBASELINE)# (80/(100-80)))##(1/alphaBASELINE) ;
perc90BASELINE=((1/1lambdaBASELINE)# (90/(100-90)))##(1/alphaBASELINE) ;
perc95BASELINE=((1/lambdaBASELINE)# (95/(100-95)))##(1/alphaBASELINE) ;

perc5A1=((1/lambdaA1)#( 5/(100- 5)))##(1/alphaAl);
perc10A1=((1/lambdaAl)#(10/(100-10)))##(1/alphaAl);
perc20A1=((1/lambdaAl)#(20/(100-20)))##(1/alphall);
perc25A1=((1/lambdaAl)#(25/(100-25)))##(1/alphaAl);
perc30A1=((1/1lambdaAl)#(30/(100-30)))##(1/alphalAl);
perc40A1=((1/lambdaA1)#(40/(100-40)))##(1/alphaAl);
perc50A1=((1/lambdaAl)#(50/(100-50)))##(1/alphall);
perc60A1=((1/lambdaAl)#(60/(100-60)))##(1/alphall);
perc70A1=((1/lambdaAl)#(70/(100-70)))##(1/alphalAl);
perc75A1=((1/1lambdaA1)#(75/(100-75)))##(1/alphaAl);
perc80A1=((1/lambdaAl)#(80/(100-80)))##(1/alphaAl);
perc90A1=((1/1lambdaAl)#(90/(100-90)))##(1/alphaAl);
perc95A1=((1/lambdaAl)#(95/(100-95)))##(1/alphaAl);

perc5A2=((1/lambdaA2)#( 5/(100- 5)))##(1/alphaA2);
perc10A2=((1/lambdaA2)#(10/(100-10)))##(1/alphalA2);
perc20A2=((1/lambdaA2)#(20/(100-20)))##(1/alphal2);
perc25A2=((1/lambdaA2)#(25/(100-25)))##(1/alphalA2);
perc30A2=((1/1lambdaA2)#(30/(100-30)))##(1/alphaA2);
perc40A2=((1/lambdaA2)#(40/(100-40)) ) ##(1/alphal2);
perc50A2=((1/lambdaA2)#(50/(100-50) ) )##(1/alphaA2);
perc60A2=((1/1lambdaA2)#(60/(100-60)))##(1/alphaA2);
perc70A2=((1/1lambdaA2)#(70/(100-70)))##(1/alphaA2);
perc75A2=((1/lambdaA2)#(75/(100-75)))##(1/alphaA2);
perc80A2=((1/lambdaA2)#(80/(100-80)))##(1/alphalA2);
perc90A2=((1/lambdaA2)#(90/(100-90) ) )##(1/alphal2);
perc95A2=((1/lambdaA2)#(95/(100-95) ) )##(1/alphaA2) ;

perc5A3=((1/lambdaA3)#( 5/(100- 5)))##(1/alphaA3);
perc10A3=((1/lambdaA3)#(10/(100-10)))##(1/alphaA3);
perc20A3=((1/lambdaA3)#(20/(100-20)))##(1/alphal3);
perc25A3=((1/lambdaA3)#(25/(100-25)) ) ##(1/alphaA3);
perc30A3=((1/lambdaA3)#(30/(100-30)))##(1/alphaA3);
perc40A3=((1/lambdaA3)#(40/(100-40)))##(1/alphal3);
perc50A3=((1/lambdaA3)#(50/(100-50) ) )##(1/alphal3);
perc60A3=((1/lambdaA3)#(60/(100-60) ))##(1/alphaA3);
perc70A3=((1/lambdaA3)#(70/(100-70) ) )##(1/alphaA3);
perc75A3=((1/lambdaA3)#(75/(100-75)))##(1/alphaA3);
perc80A3=((1/lambdaA3)#(80/(100-80)))##(1/alphaA3);
perc90A3=((1/lambdaA3)#(90/(100-90)))##(1/alphaA3);
perc95A3=((1/lambdaA3)#(95/(100-95)) ) ##(1/alphaA3);

print perc5BASELINE perclOBASELINE perc20BASELINE perc25BASELINE perc30BASELINE;
print perc40BASELINE perc50BASELINE perc60BASELINE perc70BASELINE;
print perc75BASELINE perc80BASELINE perc90BASELINE perc95BASELINE;

print perc5Al percl10Al perc20A1l perc25A1 perc30A1l;
print perc40Al perc50A1 perc60Al perc70Al;
print perc75A1 perc80Al perc90Al perc95A1l;

print perc5A2 percl0A2 perc20A2 perc25A2 perc30A2;
print perc40A2 perc50A2 perc60A2 perc70A2;
print perc75A2 perc80A2 perc90A2 perc95A2;

print perc5A3 percl0A3 perc20A3 perc25A3 perc30A3;
print perc40A3 perc50A3 perc60A3 perc70A3;
print perc75A3 perc80A3 perc90A3 perc95A3;

print ’medianlifetimeBASELINE=’ medianBASELINE;

print ’medianlifetime(age=A1)=’ medianAl
’medianlifetime (age=A2)=’ medianA2
‘medianlifetime (age=A3)=’ medianA3;

3. Program for fitting a Weibull regression model (constant shape, one covariate)

titlel ’Fitting of regression model with one covariate’;
title2 ’Staggered entry: constant shape parameter’;

proc iml worksize= 60;
reset nolog;
options pagesize=500;

**xxkkkxkxFrequency vector (first entry,3 agegroups);
£11={29,59,95,73,108,15,642};
£12={21,50,91,45,75,13,563};
£13={16,49,68,39, 67, 7,471};

*¥xkkkkk*k*Vector of upper boundaries;
x1={12,17,24,28,34,37};

**k*k*kk*kx*Frequency vector (second entry,3 agegroups);
£21={41,75,103,92,83,628};
£22={49,62,61,66,54,753};
£23={28,29,65,42,35,543};
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*¥xkkkkx*k*xVector of upper boundaries;
x2={12,17,24,28,34};

***x**k**k**kFrequency vector (third entry,3 agegroups);
£31={68,34,99,57,570};
£32={40,44,83,33,533};
£33={46,21,60,27,571};

*kckkkkkkkVector of upper boundaries;
x3={12,17,24,28};

**kx¥*kkx*xxkFrequency vector (fourth entry,3 agegroups);
£41={71,60,69,573};
£42={54,61,68,616};
£43={50,45,70,659};

*xkxkkxkkxVector of upper boundaries;
x4={12,17,24};

*xkkkkk*kkkRelative fre?uency vectors;

nil=£f11[+]; n21=£21[+]; n31=£31[+]; nd1=£41[+]; ni=n11+n21+n31+n41;

ni12=£12[+]; n22=£22[+]; n32=£32[+]; nd42=£42[+]; n2=n12+n22+n32+n42;

ni13=£f13[+]; n23=£23[+]; n33=£33[+]; nd3=£43[+]; n3=n13+n23+n33+n43;
n=nl+n2+n3;

ki=nrow(f11); di=ki-1;
k2=nrow(£21); d2=k2-1;
k3=nrow(£f31); d3=k3-1;
kd4=nrow(f41); d4=k4-1;
k=k1+k2+k3+k4;
d=d1+d2+d3+d4;

pli=f11/ni1; p21=£21/n21; p31=£31/n31; p41=£41/nd1; pl=p11//p21//p31//p41;

pl2=£12/n12; p22=£22/n22; p32=£32/n32; p42=£42/n42; p2=p12//p22//p32//p42;

p13=£13/n13; p23=£23/n23; p33=£33/n33; p43=£43/n43; p3=p13//p23//p33//p43;
p=p1//p2//p3;

*xkkckkkkkkDesign matrix and matrix orthogonal to design matrix;

S1=J(d1,1,1)Qcusum(J(1,k1,1));
§2=J(1,k1,1)@cusum(J(d1,1,1));
S1=81<=82;

S2=S1[1:d2,1:d1];
S$3=81[1:d3,1:42];
S4=51[1:d4,1:43];
S=block(S1,S52,83,54);
S=I(3)es;

AA=J(54,1,1); *54=3 times((7-1)+(6-1)+(5-1)+(4-1))=3 times 18=54;
BB=J(3,1,1);

CC=(I(2)//3(1,2,-1));

DD=J(18,1,1); *d=18;

EE=J(9,1,1);

1x=BB@(log(x1)//log(x2)//log(x3)//log(x4));
xc=AA| | (CCeDD) | |1x; print xc;
C=I(3#d)-xc*inv(xc‘*xc)*xc‘;

#**x****x** [TERATIVE PROCEDURE (double iterations over m and p);
*xx*k*kstarting value for m;

m=p;

ms=S*m; ps=ms;

pO=p;

***k*x*kiteration over m;

itr=0;

verskill=1;

i=0;

do while (verskill>0.00000001);
i=i+1;

P=p0;
Gm=-C*diag(1/(log(1-ms)))*diag(1/(1-ms))*S; *Weibull;
*Gm=C+diag(1/ms+1/(1-ms))*S; *log-logistic;

*kkkkkkkkkiteration over p;
verskil=1;
3=0;
do while (verskil>0.00000001);
J=j+1;

g=C*log(-log(1-ps)); *Weibull;
*g=C* (log(ps)-log(1-ps)); *Loglogistic;
Gp=-C*diag(1/(log(1-ps)))*diag(1/(1-ps))*S; *Weibull;
*Gp=C* (diag(1/ps)+diag(1/(1-ps)))*S; *loglogistic;
HAAAK AR KKK HAKKHKKCOVATIANCE MALTLIH KA AR AR KKK A KA A A KKK KKK KK KK
mil=m[1:k1]; m21i=m[ki+1:k1+k2];
m31=m[k1+k2+1:k1+k2+k3]; m41=m[k1+k2+k3+1:k1+k2+k3+k4];
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mi12=m[k+1:k+k1]; m22=m[k+k1+1:k+k1+k2];

m32=m [k+k1+k2+1 :k+k1+k2+k3] ; m42=m[k+k1+k2+k3+1:k+k1+k2+k3+k4] ;

m13=m[2#k+1:2#k+k1]; m23=m[2#k+k1+1:2#k+k1+k2];

n33=m[2#k+k1+k2+1: 2#k+k1+k2+k3] ; m43=m[2#k+k1+k2+k3+1: 2#k+k1+k2+k3+k4];

sigl1=(1/n11)*(diag(m11)-mi1*mi1°¢);
sig21=(1/n21)*(diag(m21)-m21*m21°) ;
sig31=(1/n31)*(diag(m31)-m31*m31°);
sig41=(1/n41)*(diag(mé1)-m41*mé1¢);
sigl=block(sigll,sig21,sig31,sigll);

sigl12=(1/n12)*(diag(m12)-m12+m12°);
si1g22=(1/n22)*(diag(m22)-m22*m22°) ;
sig32=(1/n32)* (diag(m32)-m32*m32°¢) ;
s5i1g42=(1/n42)* (diag(m42)-m42*m42°) ;
sig2=block(sigl2,sig22,sig32,sigd2);

sig13=(1/n13)*(diag(m13)-m13*m13¢);
51g23=(1/n23)* (diag(m23) -m23*m23°) ;
sig33=(1/n33)* (diag(m33)-m33*m33°) ;
sig43=(1/n43)*(diag(m43)-m43*md3°) ;
sig3=block(sig13,sig23,sig33,sig43);

sig=block(sigl,sig2,sig3);
V=sig;
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p=p-(Gm*V) ‘*ginv(Gp*V*Gm*) *g;
*p=p-(Gm*V) ‘*ginv (Gp*V*Gm*) *g;
verskil=sqrt ((p-p1) ‘*(p-p1));
end;
verskill=sqrt ((p-m) ‘*(p-m));
m=p;ms=S*m;
end;
print m; print i j;

*¥*kkk*kkk*xParameter vector for linear model;
par=inv(xc‘*xc)*xc ‘*log(-log(1-ms)) ;
*par=inv(xc‘*xc)*xc‘*(log(ms)-log(i-ms)); print par;

print par[format=E20.];

*xkxkkkkkkRegression coefficients;
oualphaBASELINE=par [1];
betaAl=par[2];

betaA2=par[3];

betaA3=-(par [2]+par[3]);
lambdaBASELINE=exp (par[1]);
lambdaAi=exp(par [1]+par[2]);
lambdaA2=exp (par [1]+par [3]);
lambdaA3=exp (par [1]+betaA3) ;
alpha=par[4§;

*xxkkkkk**kRisk scores, lambda’s and constant alpha for age levelskkkkskkkkksiokkkkkk;
riskscoreAl=exp(betaAl); *constant shape parameter;

riskscoreA2=exp(betaA2) ;
riskscoreA3=exp(betalA3);

lambdaA1l=lambdaBASELINE#riskscoreAl;
lambdaA2=lambdaBASELINE#riskscoreA2;
lambdaA3=1lambdaBASELINE#riskscoreA3;
oualphall=log(lambdaAl) ;
oualphaA2=log(lambdaA2) ;
oualphaA3=log(lambdaA3) ;

print ’ Weibull parameters, beta effects and risk scores for age levels Al A2 A3’;

print ’lambdaBASELINE=’ lambdaBASELINE[format=E20.]
’oualphaBASELINE=’ oualphaBASELINE

’lambda (age=A1)=’ lambdaAl[format=E20.]
’lambda(age=A2)=’ lambdaA2[format=E20.]

’lambda (age=A3)=’ lambdaA3[format=E20.]

*Weibull;
*loglogistic;

*Weibull;
*log-logistic;

’alpha=’ alpha[format=E20.] oualphaAl oualphaA2 oualphaA3
’beta(age=A1)=’ betaAl ’beta(age=A2)=’ betaA2 ’beta(age=A3)=’ betaA3

’riskscore(age=A1)=’ riskscoreAl[format=E20.] ’riskscore(age=A2)=’ riskscoreA2[format=E20.]

’riskscore(age=A3)=’ riskscoreA3[format=E20.];

skkkkkkkkkHazard ratio and Odds Tatdokskskkskskskskokskokokskokok sk skok ok skokskok ok skokok sk ok kokok Kook Kok kKoK 3

hazBASELINE12=1ambdaBASELINE*alpha*12** (alpha-1);
hazBASELINE24=1ambdaBASELINE*alpha*24+* (alpha-1);
survBASELINE12=exp (~1ambdaBASELINE*12**alpha) ;
survBASELINE24=exp (-1ambdaBASELINE*24**alpha) ;
oddsBASELINE12=(1-survBASELINE12)/survBASELINE12;
0ddsBASELINE24=(1-survBASELINE24) /survBASELINE24;

hazAGE_A1_12=lambdaAl*alpha*12** (alpha-1);
hazAGE_A1_24=]lambdaAl*alpha*24** (alpha-1);
survAGE_A1_12=exp(-lambdaAl*12**alpha) ;
survAGE_A1_24=exp (-lambdaA1*24**alpha) ;

258
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oddsAGE_A1_12=(1-survAGE_A1_12)/survAGE_A1_12;
oddsAGE_A1_24=(1-survAGE_A1_24)/survAGE_A1_24;

hazratioAGE_A1_12=hazAGE_A1_12/hazBASELINE12;
hazratioAGE_A1_24=hazAGE_A1_24/hazBASELINE24;
oddsratioAGE_A1_12=oddsAGE_A1_12/0ddsBASELINE12;
oddsratioAGE_A1_24=0ddsAGE_A1_24/0ddsBASELINE24;

print hazBASELINE12 hazBASELINE24 survBASELINE12 survBASELINE24
oddsBASELINE12 oddsBASELINE24;

print hazAGE_A1_12 hazAGE_A1_24;

print survAGE_A1_12 survAGE_A1_24;

print oddsAGE_A1_12 oddsAGE_A1_24;

print hazratioAGE_A1_12 hazratioAGE_A1_24 oddsratioAGE_A1_12 oddsratioAGE_A1_24;
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hazAGE_A2_12=lambdaA2*alpha*12%* (alpha-1) ;
hazAGE_A2_24=lambdaA2+*alpha*24#** (alpha-1);

survAGE_A2_12=exp (-lambdaA2*12**alpha) ;

survAGE_A2_24=exp (-lambdaA2*24**alpha) ;
oddsAGE_A2_12=(1-survAGE_A2_12)/survAGE_A2_12;
oddsAGE_A2_24=(1~survAGE_A2_24)/survAGE_A2_24;

hazratioAGE_A2_12=hazAGE_A2_12/hazBASELINE12;
hazratioAGE_A2_24=hazAGE_A2_24/hazBASELINE24;
oddsratioAGE_A2_12=0ddsAGE_A2_12/0ddsBASELINE12;
oddsratioAGE_A2_24=0ddsAGE_A2_24/0ddsBASELINE24;

print hazAGE_A2_12 hazAGE_A2_24;

print survAGE_A2_12 survAGE_A2_24;

print oddsAGE_A2_12 oddsAGE_A2_24;

print hazratioAGE_A2_12 hazratioAGE_A2_24 oddsratioAGE_A2_12 oddsratioAGE_A2_24;
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hazAGE_A3_12=1lambdaA3*alpha*12+* (alpha-1);
hazAGE_A3_24=lambdaA3*alpha*24** (alpha-1) ;
survAGE_A3_12=exp(-lambdaA3*12**alpha) ;

survAGE_A3_24=exp (-lambdaA3*24**alpha) ;
oddsAGE_A3_12=(1-survAGE_A3_12)/survAGE_A3_12;
0ddsAGE_A3_24=(1-survAGE_A3_24)/survAGE_A3_24;

hazratioAGE_A3_12=hazAGE_A3_12/hazBASELINE12;
hazratioAGE_A3_24=hazAGE_A3_24/hazBASELINE24;
oddsratioAGE_A3_12=0oddsAGE_A3_12/0ddsBASELINE12;
oddsratioAGE_A3_24=0ddsAGE_A3_24/0ddsBASELINE24;

print hazAGE_A3_12 hazAGE_A3_24;

print survAGE_A3_12 survAGE_A3_24;

print oddsAGE_A3_12 oddsAGE_A3_24;

print hazratioAGE_A3_12 hazratioAGE_A3_24 oddsratioAGE_A3_12 oddsratioAGE_A3_24;

sokkokkokkokkkMedian Lifetime stkokskskoksk sk ok skosk ook sk sk ok ok ok sk ok ke k ok ke ok sk ok ok sk ok k sk ok ok ok ok e ok ok ks ok ok ok o ok ok ok sk ok kK 5k 5
medianBASELINE=((1/lambdaBASELINE)#1log(2))##(1/alpha);
medianA1=((1/lambdaAl)#log(2))##(1/alpha);
medianA2=((1/lambdaA2)#log(2))##(1/alpha);
medianA3=((1/lambdaA3)#log(2))##(1/alpha);

perc5BASELINE=((1/1lambdaBASELINE)#1log(100/ (100~ 5)))##(1/alpha);
perc10BASELINE=((1/1lambdaBASELINE)#1log(100/(100-10)))##(1/alpha);
perc20BASELINE=((1/1lambdaBASELINE)#1og(100/(100-20)))##(1/alpha);
perc25BASELINE=((1/1lambdaBASELINE)#1og(100/(100-25)))##(1/alpha);
perc30BASELINE=((1/lambdaBASELINE)#1og(100/(100-30)))##(1/alpha);
perc40BASELINE=((1/1lambdaBASELINE)#10g(100/(100-40)))##(1/alpha);
perc50BASELINE=((1/1ambdaBASELINE)#1og(100/(100-50)))##(1/alpha);
perc60BASELINE=((1/lambdaBASELINE)#1og(100/(100-60)))##(1/alpha);
perc70BASELINE=((1/1ambdaBASELINE)#1og(100/(100-70)))##(1/alpha);
perc75BASELINE=((1/1ambdaBASELINE)#1log(100/(100-75)))##(1/alpha);
perc80BASELINE=((1/1lambdaBASELINE)#1og(100/(100-80)))##(1/alpha);
perc90BASELINE=((1/lambdaBASELINE)#1og(100/(100-90)))##(1/alpha);
perc95BASELINE=((1/1ambdaBASELINE)#1log(100/(100-95))) ##(1/alpha);

perc5A1=((1/lambdaA1)#1og(100/ (100~ 5)))##(1/alpha);
perc10A1=((1/lambdaA1)#1log(100/(100-10)))##(1/alpha) ;
perc20A1=((1/lambdaA1)#1log(100/(100-20)))##(1/alpha);
perc25A1=((1/1lambdaA1)#1log(100/(100-25)))##(1/alpha);
perc30A1=((1/lambdaA1)#1og(100/(100-30)))##(1/alpha);
perc40A1=((1/lambdaA1l)#log(100/(100-40)))##(1/alpha);
perc50A1=((1/1lambdaAl)#log(100/(100-50)))##(1/alpha);
perc60A1=((1/lambdaA1)#1og(100/(100-60)))##(1/alpha);
perc70A1=((1/lambdaA1)#1og(100/(100-70)))##(1/alpha);
perc75A1=((1/lambdaA1)#1og(100/(100-75)))##(1/alpha) ;
perc80A1=((1/lambdaA1)#log(100/(100-80)))##(1/alpha) ;
perc90A1=((1/1lambdaA1l)#1log(100/(100-90)))##(1/alpha);
perc95A1=((1/1lambdaAl)#1og(100/(100-95)))##(1/alpha) ;

perc5A2=((1/lambdaA2)#log(100/(100- 5)))##(1/alpha);
perc10A2=((1/1lambdaA2)#1og(100/(100-10)))##(1/alpha) ;
perc20A2=((1/lambdaA2)#log(100/(100-20)))##(1/alpha);
perc25A2=((1/1lambdaA2)#1og(100/(100-25)))##(1/alpha) ;
perc30A2=((1/lambdaA2)#1og(100/(100-30)))##(1/alpha) ;
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perc40A2=((1/lambdaA2)#10g(100/(100-40)))##(1/alpha);
perc50A2=((1/lambdaA2)#1og(100/(100-50)))##(1/alpha);
perc60A2=((1/lambdaA2)#1log(100/(100-60)))##(1/alpha);
perc70A2=((1/lambdaA2)#1log(100/(100-70)))##(1/alpha);
perc75A2=((1/lambdaA2)#log(100/(100-75)))##(1/alpha);
perc80A2=((1/lambdaA2)#1log(100/(100-80)))##(1/alpha);
perc90A2=((1/lambdaA2)#1og(100/(100-90)))##(1/alpha) ;
perc95A2=((1/lambdaA2)#1og(100/(100-95)))##(1/alpha);

perc5A3=((1/lambdaA3)#1log(100/(100- 5)))##(1/alpha);
perc10A3=((1/lambdaA3)#1log(100/(100-10)))##(1/alpha);
perc20A3=((1/lambdaA3)#1log(100/(100-20)))##(1/alpha);
perc25A3=((1/lambdaA3)#10g(100/(100-25)))##(1/alpha);
perc30A3=((1/lambdaA3)#log(100/(100-30)))##(1/alpha);
perc40A3=((1/lambdaA3)#1log(100/(100-40)))##(1/alpha) ;
perc50A3=((1/lambdaA3)#1log(100/(100-50)))##(1/alpha);
perc60A3=((1/lambdaA3)#log(100/(100-60)))##(1/alpha);
perc70A3=((1/lambdaA3)#log(100/(100-70)))##(1/alpha);
perc75A3=((1/lambdaA3)#log(100/(100-75)))##(1/alpha);
perc80A3=((1/1ambdaA3)#1og(100/(100-80)))##(1/alpha);
perc90A3=((1/lambdaA3)#1og(100/(100-90)))##(1/alpha);
perc95A3=((1/lambdaA3)#1og(100/(100-95)))##(1/alpha);

print perc5BASELINE perc1OBASELINE perc20BASELINE perc25BASELINE perc30BASELINE;
print perc40BASELINE perc50BASELINE perc60BASELINE perc70BASELINE;
print perc75BASELINE perc80BASELINE perc9OBASELINE perc95BASELINE;

print perc5Al perc10Al perc20Al perc25A1 perc30Al;
print perc40Al perc50A1 perc60Al perc70Al;
print perc75A1 perc80A1 perc90Al perc95A1;

print perc5A2 percl0A2 perc20A2 perc25A2 perc30A2;
print perc40A2 perc50A2 perc60A2 perc70A2;
print perc75A2 perc80A2 perc90A2 perc95A2;

print perc5A3 perc10A3 perc20A3 perc25A3 perc30A3;
print perc40A3 perc50A3 perc60A3 perc70A3;
print perc75A3 perc80A3 perc90A3 perc95A3;

print ’medianlifetimeBASELINE=’ medianBASELINE;

print ’medianlifetime(age=A1)=’ medianAl
’medianlifetime (age=A2)=’ medianA2
‘medianlifetime (age=A3)=’ medianA3;

4. Program for fitting a Weibull regression model (shape alters, one covariate)

titlel ’Fitting of regression model with one covariate’;
title2 ’Staggered entry: shape parameter alters’;

proc iml worksize= 60;
reset nolog;
options pagesize=500;

***xk*kk*x*k*Frequency vector (first entry,3 agegroups);
f11={29,59,95,73,108,15,642%;
£12={21,50,91,45,75,13,553};
£13={16,49,68,39, 67, 7,471};

**kkckxkkk*kVector of upper boundaries;
x1={12,17,24,28,34,37};

*#xxxxxkx*x*Frequency vector (second entry,3 agegroups);
£21={41,75,103,92,83,628};
£22={49,62,61,66,54,753};
£23={28,29,65,42,35,543};

*xkkkxk*kkxVector of upper boundaries;
x2={12,17,24,28,34};

*®kkkkkk*kkFrequency vector (third entry,3 agegroups) ;
£31={68,34,99,57,570};
£32={40,44,83,33,533};
£33={46,21,60,27,571};

*kkkkkkkkxVector of upper boundaries;
x3={12,17,24,28};

**xx*kkxxx%Frequency vector (fourth entry,3 agegroups);
£41={71,60,69,573};
£42={54,61,68,616};
£43={50,45,70,659};

*xkkkiokkkkVector of upper boundaries;
x4={12,17,24};

*xxkkkk*kk*xRelative frequency vectors;

ni1=£f11[+]; n21=f21?+]; n31=£f31[+]; nd1=£41[+]; ni=ni1+n21+n31+n4i;
n12=£f12[+]; n22=£22[+]; n32=£32[+]; n42=£42[+]; n2=n12+n22+n32+n42;
n13=£f13[+]; n23=£f23[+]; n33=f33[+]; n43=£43[+]; n3=n13+n23+n33+n43;
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n=ni+n2+n3;
ki=nrow(f11); di=ki-1;
k2=nrow(£f21); d2=k2-1;
k3=nrow(£f31); d3=k3-1;
kd4=nrow (£f41); d4=k4-1;
k=k1+k2+k3+k4;
d=d1+d2+d3+d4;

pli=f11/nii; p21=£21/n21; p31=£31/n31; p41=£41/n41; pl=p11//p21//p31//p41;

pl2=£12/n12; p22=£22/n22; p32=£32/n32; p42=£42/n42; p2=p12//p22//p32//p42;

p13=£13/n13; p23=£23/n23; p33=£33/n33; p43=£43/n43; p3=p13//p23//p33//p43;
p=p1//p2//p3;

*¥kkkkkkk*kDesign matrix and matrix orthogonal to design matrix;

S1=J(d1,1,1)Qcusum(J(1,k1,1));
S2=J(1,k1,1)Q@cusum(J(d1,1,1));
S1=S1<=S2;

S2=81[1:d2,1:d1];
S3=S1[1:d43,1:d42];
S4=51[1:d4,1:d3];
S=block(S1,S2,83,54);
S=I(3)@s;

AA=J(54,1,1); *54=3 times((7-1)+(6-1)+(5-1)+(4~-1))=3 times 18=54;
BB=J(3,1,1);

cC=(1(2)//3(1,2,-1));

DD=J(18,1,1); *d=18;

EE=J(9,1,1);

1x=log(x1)//log(x2)//1log(x3)//log(x4);
xc=AA| | (CC@DD) | II(3)@1lx; print xc;
C=I(3#d)-xc*inv(xc ‘*xc)*xc‘;

#*****x+** ITERATIVE PROCEDURE (double iterations over m and p);
**xxxstarting value for m;

m=p;

ms=S*m; ps=ms;

pO=p;

*xx*x*iteration over m;

itr=0;

verskili=1;

i=0;

do while (verskil1>0.00000001);

izit+l;

p=p0; .
Gm=-C*diag(1/(log(1-ms)))*diag(1/(1-ms))*S; *Weibull;
*Gm=C*diag(1/ms+1/(1-ms))*S; *log-logistic;

*kskkkkkkkxiteration over p;
verskil=1;
j=0;
do while (verskil>0.00000001);
§=3+1;
pl=p;
ps=S*p;
g=C*log(-log(1-ps)); *Weibull;
*g=C* (log(ps)-log(1-ps)); *Loglogistic;
Gp=-C*diag(1/(log(1-ps)))*diag(1/(1-ps))*S; *Weibull;
*Gp=C* (diag(1/ps)+diag(1/(1-ps)))*S; xloglogistic;
skskkokkokokkokokkkkkkkkcovariance matrix R A KA KK KKK
mil=m[1:k1]; m21=m[ki1+1:k1+k2];
m31=m[k1+k2+1:k1+k2+k3]; m41=m[k1+k2+k3+1:k1+k2+k3+k4];

mi12=m[k+1:k+k1]; m22=m[k+ki+1:k+k1+k2];
m32=m [k+k1+k2+1 :k+k1+k2+k3]; m42=m[k+k1+k2+k3+1:k+k1+k2+k3+k4];

mi13=m[2#k+1:2#k+k1]; m23=m[2#k+k1+1:2#k+k1+k2];
m33=m [2#k+k1+k2+1: 2#k+k1+k2+k3] ; md3=m[2#k+k1+k2+k3+1:2#k+k1+k2+k3+k4];

sigli=(1/n11)*(diag(ml1)-m11*mil1);
sig21=(1/n21)*(diag(m21)-m21*m21°);
sig31=(1/n31)*(diag(m31)-m31*m31°);
sig41=(1/n41)*(diag(m41)-mé1*md1‘);
sigl=block(sigll,sig21,sig31,sigél);

sigl12=(1/n12)*(diag(m12)-m12+m12);
5ig22=(1/n22)* (diag(m22) -m22%m22°) ;
5ig32=(1/n32)*(diag(m32) -m32+m32°) ;
sig42=(1/n42)*(diag(m42)-m42+md2°) ;
sig2=block(sigl2,sig22,sig32,sig42);

sig13=(1/n13)*(diag(m13)-m13*m13);
s1g23=(1/n23)*(diag(m23)-m23+m23°) ;
5ig33=(1/n33)*(diag(m33)-m33*m33°) ;
sig43=(1/n43)*(diag(m43)-m43+m43°) ;
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sig3=block(sigl3,sig23,sig33,sigd3);

sig=block(sigl,sig2,sig3);

V=sig;
****5;***************************************************************;
p=p- (Gm*V) ‘*ginv (Gp*V*Gm*) *g; *Weibull;
* p=p-(Gm*V) “*ginv (Gp*V*Gm*) *g; *xloglogistic;
verskil=sqrt ((p-pl) ‘*(p-p1));
end;

verskill=sqrt((p-m) ‘*(p-m));
m=p;ms=S*m;

end;

print m; print i j;

*xxkk*k*kx*kParameter vector for linear model;
par=inv(xc ‘*xc)*xc‘*log(-log(1-ms)); *Weibull;
*par=inv(xc‘*xc)*xc‘*(log(ms)-log(l-ms)); print par; *log-logistic;

print par[format=E20.];

*kkkokkkkkkRegression coefficients;
oualphaBASELINE=par[1];
lambdaBASELINE=exp (par[1]);
betaAl=par [2];

betaA2=par [3];

betaA3=-(par [2]+par[3]);
1ambdaA1=exp(par%1]+par[2]);
lambdaA2=exp (par [1]+par [3]);
lambdaA3=exp (par[1]+betaA3);
alphaA1=par%4T;

alphaA2=par[5] ;

alphaA3=par[6] ;
alphaBASELINE=(nl#alphaAl+n2#alphaA2+n3#alphaA3)/n;

skkokkkkkkkxk]ambda’s and alpha’s for age Levelsskskokokskskokskskkk kokkkkkk ;
lambdaA1=1ambdaBASELINE#exp (par [2]);
lambdaA2=1ambdaBASELINE#exp (par [3]) ;
lambdaA3=1ambdaBASELINE#exp (betaA3) ;

oualphaAi=log(lambdaAl);

oualphaA2=1og(lambdaA2) ;

oualphaA3=log(lambdaA3) ;

print ’ Weibull parameters, beta effects for age levels Al A2 A3’;
print ’lambdaBASELINE=’ lambdaBASELINE[format=E20.]
’oualphaBASELINE=’ oualphaBASELINE alphaBASELINE;
print ’lambda(age=A1)=’ lambdaAl[format=E20.]
’lambda(age=A2)=’ lambdaA2[format=E20.]
’lambda(age=A3)=’ lambdaA3[format=E20.];
print oualphaAl oualphaA2 oualphaA3;
print ’alpha(age=A1)=’ alphaAl[format=E20.]
’alpha(age=A2)=’ alphaA2[format=E20.]
’alpha(age=A3)=’ alphaA3[format=E20.];

print ’beta(age=A1)=’ betaAl ’beta(age=A2)=’ betaA2 ’beta(age=A3)=’ betaA3;

skkokkkokkkkHazard ratio and OAds ratdoskskskskskoskskokskskokskkokskokkok sk kskok ok skok sk ok skok ko okok ook ok Kok ok ¥ 3
hazBASELINE12=1ambdaBASELINE*alphaBASELINE*12* (alphaBASELINE-1);
hazBASELINE24=1ambdaBASELINE*alphaBASELINE*24+* (alphaBASELINE-1) ;
survBASELINE12=exp (-1ambdaBASELINE*12**alphaBASELINE) ;

survBASELINE24=exp (-1lambdaBASELINE*24**alphaBASELINE) ;
0ddsBASELINE12=(1-survBASELINE12)/survBASELINE12;
0ddsBASELINE24=(1-survBASELINE24) /survBASELINE24;

hazAGE_A1_12=lambdaAl*alphaAl*12+%*(alphaAl-1);
hazAGE_A1_24=lambdaAl*alphaA1%24#*(alphaAl-1);
survAGE_A1_12=exp(-lambdaAl*12**alphaAl);
survAGE_A1_24=exp (-lambdaA1*24**alphaAl);
0ddsAGE_A1_12=(1-survAGE_A1_12)/survAGE_A1_12;
oddsAGE_A1_24=(1-survAGE_A1_24)/survAGE_A1_24;

hazratioAGE_A1_12=hazAGE_A1_12/hazBASELINE12;
hazratioAGE_A1_24=hazAGE_A1_24/hazBASELINE24;
oddsratioAGE_A1_12=o0ddsAGE_A1_12/0ddsBASELINE12;
oddsratioAGE_A1_24=oddsAGE_A1_24/0ddsBASELINE24;

print hazBASELINE12 hazBASELINE24 survBASELINE12 survBASELINE24
oddsBASELINE12 oddsBASELINE24;

print hazAGE_A1_12 hazAGE_A1_24;

print survAGE_A1_12 survAGE_A1_24;

print oddsAGE_A1_12 oddsAGE_A1_24;

print hazratioAGE_A1_12 hazratioAGE_A1_24 oddsratioAGE_A1_12 oddsratioAGE_A1_24;
KK ok o KK K o K KK oK KK K oK K o KK o K K oK K K o KK oK K o oo K K o K K o K oK KK o KK oK oK oK K o K oK ok K o K oK ok KK ok K o KK KoK K
hazAGE_A2_12=lambdaA2*alphaA2+12x* (alphaA2-1) ;
hazAGE_A2_24=lambdaA2*alphaA2+24** (alphaA2-1) ;
survAGE_A2_12=exp(-lambdaA2*12**alphad2) ;

survAGE_A2_24=exp (-lambdaA2*24**alphaA2) ;
oddsAGE_A2_12=(1-survAGE_A2_12)/survAGE_A2_12;
0ddsAGE_A2_24=(1-survAGE_A2_24)/survAGE_A2_24;
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hazratioAGE_A2_12=hazAGE_A2_12/hazBASELINE12;
hazratioAGE_A2_24=hazAGE_A2_24/hazBASELINE24;
oddsratioAGE_A2_12=oddsAGE_A2_12/0ddsBASELINE12;
oddsratioAGE_A2_24=0ddsAGE_A2_24/0ddsBASELINE24;

print hazAGE_A2_12 hazAGE_A2_24;

print survAGE_A2_12 survAGE_A2_24;

print oddsAGE_A2_12 oddsAGE_A2_24;

print hazratioAGE_A2_12 hazratioAGE_A2_24 oddsratioAGE_A2_12 oddsratioAGE_A2_24;
Kok o ok o K K K o ko o K o K ok oKk ok oK o ok ook o sk ok ok ok o ko K ok ok R ok K ok o ok o koK ok o K o K ok K ko o ok ok sk ok ook oK o K oK K
hazAGE_A3_12=lambdaA3*alphaA3+*12**(alphaA3-1);
hazAGE_A3_24=1lambdaA3*alphaA3*24**(alphaA3-1);
survAGE_A3_12=exp(-lambdaA3*12**alphaA3) ;

survAGE_A3_24=exp (-lambdaA3*24**alphaA3) ;
0ddsAGE_A3_12=(1-survAGE_A3_12)/survAGE_A3_12;
oddsAGE_A3_24=(1-survAGE_A3_24)/survAGE_A3_24;

hazratioAGE_A3_12=hazAGE_A3_12/hazBASELINE12;
hazratioAGE_A3_24=hazAGE_A3_24/hazBASELINE24;
oddsratioAGE_A3_12=0ddsAGE_A3_12/0ddsBASELINE12;
oddsratioAGE_A3_24=oddsAGE_A3_24/0ddsBASELINE24;

print hazAGE_A3_12 hazAGE_A3_24;

print survAGE_A3_12 survAGE_A3_24;

print oddsAGE_A3_12 oddsAGE_A3_24;

print hazratioAGE_A3_12 hazratioAGE_A3_24 oddsratioAGE_A3_12 oddsratioAGE_A3_24;

soksksorkokkkMedian Lifet ime sokskskskskok sokokok ok sk sk sk kokok oo okokok ok ook ook ook ok ook ok sk ok ok ok ok
medianBASELINE=((1/lambdaBASELINE)#log(2))##(1/alphaBASELINE) ;
medianA1=((1/lambdaAl)#log(2))##(1/alphaAl);
medianA2=((1/lambdaA2)#log(2))##(1/alphaA2);
medianA3=((1/lambdaA3)#log(2))##(1/alphaA3);

perc5BASELINE=( (1/1ambdaBASELINE)#1og(100/ (100~ 5)))##(1/alphaBASELINE) ;
perc10BASELINE=((1/1lambdaBASELINE)#1og(100/(100-10)))##(1/alphaBASELINE) ;
perc20BASELINE=( (1/1ambdaBASELINE)#1og(100/(100~20)))##(1/alphaBASELINE) ;
perc25BASELINE= ( (1/1ambdaBASELINE) #1og (100/ (100-25) ) ) ## (1/alphaBASELINE) ;
perc30BASELINE=( (1/1ambdaBASELINE)#1og(100/(100-30)))##(1/alphaBASELINE) ;
perc40BASELINE=( (1/1ambdaBASELINE)#1og(100/(100-40)))##(1/alphaBASELINE) ;
perc50BASELINE= ( (1/1ambdaBASELINE)#1og (100/ (100-50) ) ) ##(1/alphaBASELINE) ;
perc60BASELINE= ( (1/1ambdaBASELINE)#1og(100/(100-60) ) )##(1/alphaBASELINE) ;
perc70BASELINE=( (1/1ambdaBASELINE)#1og(100/(100-70)))##(1/alphaBASELINE) ;
perc75BASELINE= ( (1/1ambdaBASELINE)#1og(100/(100-75)) ) ##(1/alphaBASELINE) ;
perc80BASELINE=( (1/1ambdaBASELINE)#1og(100/(100-80)) ) ##(1/alphaBASELINE) ;
percOOBASELINE=( (1/1lambdaBASELINE)#1og(100/(100-90)) ) ##(1/alphaBASELINE) ;
perc95BASELINE= ( (1/1ambdaBASELINE) #1og(100/(100-95)) ) ##(1/alphaBASELINE) ;

perc5A1=((1/lambdaAl)#1log(100/(100- 5)))##(1/alphaAl);
perc10A1=((1/lambdaAl)#1log(100/(100-10)))##(1/alphaAl);
perc20A1=((1/lambdaAl)#1log(100/(100-20)))##(1/alphail);
perc25A1=((1/lambdaAl)#log(100/(100-25)))##(1/alphaAl);
perc30A1=((1/lambdaAl)#1og(100/(100-30)))##(1/alphahl);
perc40A1=((1/lambdaAl)#1log(100/(100-40)))##(1/alphaAl);
perc50A1=((1/lambdaAl)#log(100/(100-50)))##(1/alphaAl);
perc60A1=((1/lambdaAl)#1og(100/(100-60)))##(1/alphaAl);
perc70A1=((1/lambdaAl)#1log(100/(100-70)))##(1/alphahl);
perc75A1=((1/lambdaAl)#1og(100/(100-75)))##(1/alphaAl);
perc80A1=((1/lambdaAl)#1log(100/(100-80)))##(1/alphahl);
perc90A1=((1/lambdaAl)#1log(100/(100-90)))##(1/alphahl);
perc95A1=((1/lambdaAl)#1og(100/(100-95)))##(1/alphaAl);

perc5A2=((1/lambdaA2)#1log(100/ (100~ 5)))##(1/alphaA2);
perc10A2=((1/lambdaA2)#1og(100/(100-10)))##(1/alphaA2);
perc20A2=((1/lambdaA2)#1og(100/(100-20)))##(1/alphaA2);
perc25A2=((1/lambdaA2)#1og(100/(100~-25)))##(1/alphaA?2);
perc30A2=((1/lambdaA2)#1log(100/(100-30)))##(1/alphaA2) ;
perc40A2=((1/lambdaA2)#log(100/(100-40)))##(1/alphaA2);
perc50A2=((1/lambdaA2)#1og(100/(100-50) ))##(1/alphaA2);
perc60A2=((1/lambdaA2)#1og(100/(100-60) ) )##(1/alphaA2);
perc70A2=((1/lambdaA2)#1og(100/(100-70)))##(1/alphaA2);
perc75A2=((1/lambdaA2)#1og(100/(100-75)))##(1/alphal2);
perc80A2=((1/lambdaA2)#1log(100/(100-80)))##(1/alphaA2);
perc90A2=((1/lambdaA2)#1og(100/(100-90)))##(1/alphaA?2);
perc95A2=((1/1lambdaA2)#1og(100/(100-95)))##(1/alphaA2);

percb5A3=((1/lambdaA3)#log(100/ (100~ 5)))##(1/alphaA3);
perc10A3=((1/lambdaA3)#1log(100/(100-10)))##(1/alphaA3);
perc20A3=((1/lambdaA3)#1og(100/(100-20)))##(1/alphaA3);
perc25A3=((1/lambdaA3)#1log(100/(100-25) ) )##(1/alphaA3) ;
perc30A3=((1/lambdaA3)#1log(100/(100-30)))##(1/alphaA3);
perc40A3=((1/lambdaA3)#1og(100/(100-40)))##(1/alphaA3);
perc50A3=((1/lambdaA3)#1log(100/(100-50)))##(1/alphaA3);
perc60A3=((1/lambdaA3)#log(100/(100-60)))##(1/alphaA3);
perc70A3=((1/lambdaA3)#log(100/(100-70)))##(1/alphaA3);
perc75A3=((1/lambdaA3)#log(100/(100~75)))##(1/alphaA3);
perc80A3=((1/lambdaA3)#1log(100/(100-80)))##(1/alphaA3);
perc90A3=((1/lambdaA3)#10g(100/(100-90)))##(1/alphaA3);
perc95A3=((1/lambdaA3)#1og(100/(100-95))) ##(1/alphaA3);
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print perc5BASELINE perc1OBASELINE perc20BASELINE perc25BASELINE perc30BASELINE;
print perc40BASELINE percS50BASELINE perc60BASELINE perc70BASELINE;
print perc75BASELINE perc80BASELINE perc9OBASELINE perc95BASELINE;

print perc5Al1 percl0Al perc20Al perc25A1 perc30A1;
print perc40Al perc50A1 perc60Al perc70Al;
print perc75A1 perc80A1 perc90Al perc95A1;

print perc5A2 percl0A2 perc20A2 perc25A2 perc30A2;
print perc40A2 percb50A2 perc60A2 perc70A2;
print perc75A2 perc80A2 perc90A2 perc95A2;

print perc5A3 percl0A3 perc20A3 perc25A3 perc30A3;
print perc40A3 percb50A3 perc60A3 perc70A3;
print perc75A3 perc80A3 perc90A3 perc95A3;

print ’medianlifetimeBASELINE=’ medianBASELINE;

print ’medianlifetime (age=A1)=’ medianA1l
‘medianlifetime (age=A2)=’ medianA2
‘medianlifetime (age=A3)=’ medianA3;

5. Program for fitting a log-logistic/Weibull regression model with a continuous
predictor

titlel ’Fitting of regression model with one ordinal predictor’;
title2 ’Staggered entry: constant shape parameter’;

proc iml worksize= 60;
reset nolog;
options pagesize=500;

***kx*kx*x***Frequency vector (first entry,3 agegroups);
£11={29,59,95,73,108,15,642};
£12={21,50,91,45,75,13,553};
£13={16,49,68,39, 67, 7,471};

*kxkxkkkk*xVector of upper boundaries;
x1={12,17,24,28,34,37};

s*xxx*kxx*k**Frequency vector (second entry,3 agegroups);
£21={41,75,103,92,83,628};
£22={49,62,61,66,54,753};
£23={28,29,65,42,35,543};

*kckkkkkkkkVector of upper boundaries;
x2={12,17,24,28,34};

**xkkk*kk*k*Frequency vector (third entry,3 agegroups);
£31={68,34,99,57,570};
£32={40,44,83,33,533};
£33={46,21,60,27,571};

ssckxkckkkkkVector of upper boundaries;
x3={12,17,24,28};

**xxkxx*k*k*Frequency vector (fourth entry,3 agegroups);
£41={71,60,69,573};
£42={54,61,68,616};
£43={560,45,70,659};

*xkxkckkkkkVector of upper boundaries;
x4={12,17,24};

*kkxkkkkkkRelative fre?uency vectors;

nii=£11[+]; n21=£21[+]; n31=£31[+]; n4i=£41[+]; ni=n11+n21+n31+n4il;

ni12=£12[+]; n22=£f22[+]; n32=£32[+]; n42=£42[+]; n2=n12+n22+n32+n42;

ni13=£13[+]; n23=£23[+]; n33=£33[+]; n43=£43[+]; n3=n13+n23+n33+n43;
n=nl1+n2+n3;

ki=nrow(f11); di=ki-1;
k2=nrow(£21); d2=k2-1;
k3=nrow(£31); d3=k3-1;
kd4=nrow(£f41); d4=k4-1;
k=k1+k2+k3+k4;
d=d1+d2+d3+d4;

pii=£f11/ni11; p21=£21/n21; p31=£31/n31; p41=£41/n4d1; pl=p11//p21//p31//p41;

pl2=£12/n12; p22=£22/n22; p32=£32/n32; p42=£42/n42; p2=p12//p22//p32//p42;

p13=£13/n13; p23=£23/n23; p33=£33/n33; p43=£43/n43; p3=p13//p23//p33//p43;
p=p1//p2//p3;

*xkkkkkkk*kDesign matrix and matrix orthogonal to design matrix;

S1=J(d1,1,1)@cusum(J(1,k1,1));
S2=J(1,k1,1)@cusum(J(d1,1,1));
S1=S1<=S2;

S2=81[1:d2,1:d1];
S$3=81[1:d43,1:d2];
S4=51[1:d4,1:d3];
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S=block(S1,52,53,54);

S=I(3)eS;

AA=J(54,1,1); *54=3 times((7-1)+(6-1)+(5-1)+(4~-1))=3 times 18=54;
BB=J(3,1,1);

DD=J(18,1,1); *d=18;

1x=log(x1)//log(x2)//1log(x3)//1log(x4);

z={1,2,3};
*2={26,39.5,52}; *midpoints of age intervals;

xc=(AA| |BB@1x| | (z@DD)); print xc;
C=I(3#d)-xc*inv(xc‘*xc)*xc‘;

s*xxx*** %k [TERATIVE PROCEDURE (double iterations over m and p);
**x*x**kstarting value for m;

m=p;

ms=S*m; ps=ms;

PO=p;

*****xiteration over m;

itr=0;

verskill=1;

i=0;

do while (verskil1>0.00000001);

i=i+l;

p=p0; .
*Gm=-C+diag(1/(log(1-ms)))*diag(1/(1-ms))*S; *Weibull;
Gm=C*diag(1/ms+1/(1-ms))*S; *log-logistic;

*xkckkkkkkkiteration over p;
verskil=1;

i=0;
éo while (verskil>0.00000001);

3=3+1;

pi=p;

ps=S*p;

*g=C*log(-log(1-ps)); *Weibull;
g=Cx(log(ps)-log(1-ps)); *log-logistic;
*Gp=-C*diag(1/(log(1-ps)))*diag(1/(1-ps))*S; *Weibull;
Gp=C*(diag(1/ps)+diag(1/(1-ps)))*S; *log-logistic;

sk ok kR Kok kR kokokokokk K COVATIANCE At L3k sk ok ok ok sk ok sk ok ok e o e o ok ke ok ok ok kK sk ok ok ok ok ok K Kok ok o
mil=m([1:k1]; m21=m[ki+1:k1+k2];
m31=m[k1+k2+1:k1+k2+k3]; mdl=m[k1+k2+k3+1:k1+k2+k3+k4];

m12=m[k+1:k+k1]; m22=m[k+k1+1:k+ki1+k2];
m32=m [k+k1+k2+1:k+k1+k2+k3] ; md42=m[k+k1+k2+k3+1:k+k1+k2+k3+k4];

m13=m[2#k+1:2#k+k1] ; m23=m[2#k+k1+1:2#k+k1+k2];
m33=m [2#k+k1+k2+1 : 2#k+k1+k2+k3] ; m43=m[2#k+k1+k2+k3+1:2#k+k1+k2+k3+k4];

sigl1=(1/n11)*(diag(m11)-mi1+mi1‘);
sig21=(1/n21)*(diag(m21)-m21*m21°);
sig31=(1/n31)*(diag(m31)-m31*m31°);
sig41=(1/n41)*(diag(mé1) -m41*md1°);
sigl=block(sigll,sig21,sig31,sigél);

sig12=(1/n12)*(diag(m12)-m12*m12°);
51g22=(1/n22)* (diag(m22) -m22*m22°) ;
sig32=(1/n32)* (diag(m32) -m32+m32°) ;
sigd2=(1/n42)* (diag(mé42) -m42+m42°) ;
sig2=block(sigl2,sig22,sig32,sig42);

sig13=(1/n13)*(diag(m13)-m13*mi3¢);
5ig23=(1/n23)*(diag(m23) -m23*m23°) ;
5ig33=(1/n33)* (diag(m33)-m33*m33°) ;
sig43=(1/n43)*(diag(m43)-m43*mé43°) ;
sig3=block(sigl3,sig23,sig33,sig43);

sig=block(sigl,sig2,sig3);

V=sig;
****5;***************************************************************;
*p=p-(Gm*V) ‘*xginv (Gp*V*Gm* ) *g; *Weibull;
p=p-(Gm*V) ‘*ginv(Gp*V*Gm‘)*g; *log-logistic;

verskil=sqrt ((p-pl) ‘*(p-p1));
end;

verskill=sqrt ((p-m) ‘*(p-m));

m=p;ms=S*m;

end;

print m; print i j;

**kkkkkk*k*Parameter vector for linear model;

*par=inv(xc ‘*xc)*xc‘*log(-log(1l-ms)); *Weibull;
par=inv(xc‘*xc)*xc‘*(log(ms)-log(1-ms)); print par; *log-logistic;

print par[format=E20.];
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**xxkkkkkkRegression coefficients;
oualphaBASELINE=par [1];
lambdaBASELINE=exp (par [1]);

alpha=par[2];

beta=par[3]; *AGE ordinal;

print ’ Loglogistic parameters and beta effect for age ’;
*print ’ Weibull parameters and beta effect for age ’;

print ’lambdaBASELINE=’ lambdaBASELINE[format=E20.]
’oualphaBASELINE=’ oualphaBASELINE alpha;
print ’alpha=’ alpha[format=E20.];
print ’beta=’ beta[format=E20.];

kkkkkkkkk*x]ambda for each agegroup (z=1,2,3)**********************;

lambdaAGE1=exp (par [1]+(par [3]*1));
lambdaAGE2=exp (par [1]+(par [3]*2));
lambdaAGE3=exp (par [1]+(par[3]*3));

oualphaAGE1=log(lambdaAGE1) ;
oualphaAGE2=log(lambdaAGE2) ;
oualphaAGE3=1log(lambdaAGE3) ;

print ’lambda(age=1)=’ lambdaAGE1[format=E20.]

’lambda (age=2)=’ lambdaAGE2[format=E20.]
’lambda (age=3)=’ lambdaAGE3[format=E20.];
print oualphaAGEl oualphaAGE2 oualphaAGE3;

6. Program for fitting a log-logistic regression model with two predictors

titlel ’Fitting of regression model with two covariates’;
title2 ’Staggered entry: constant shape parameter’;

proc iml worksize= 60;

reset nolog;

options pagesize=500;

sxxkkkkxxxFrequency vector (first entry,3 agegroups,3 scoregroups);

£111={12,34,51,39,57,11, 59};

£112={10,12,22,19,32,
f113={ 7,13,22,15,19,
£121={13, 14,45,27,33,
£122={ 4,22,22, 8,25,
£123={ 4,14,24,10,17,
£131={10,25,29,17,46,
£132={ 6,13,28,16,16,
£133={ 0,11,11, 6, 5,

*kkkkkxkkkVector of upper boundaries;
x1={12,17,24,28,34,37};

#xx*kxkxx*xFrequency vector (second entry,3 agegroups,3 scoregroups);

£211={22,25,568,53,40,

4,418};
0,165};
4» 66};
4,297%};
5,190};
2,116};
5,273};
0, 82};

45} ;

£212={10,26,32,20,29,379};
£213={ 9,24,13,19,14,204};
£221={24,24,28,30,25,106};
£222={12,20,14,17,16,409};
£223={13,18,19,19,13,238};
£231={13,15,32,19,17,107};
£232={11,13,22,17,12,319};
£233={ 4, 1,11, 6, 6,117};

*xkkkkxxkkVector of upper boundaries;

*xxxxkxkkkFrequency vector (third entry,3 agegroups,3 scoregroups);
£311={34,16,50,23, 54}

x2={12,17,24,28,34};

’

£312={19, 2,32,24,317};
£313={15,16,17,10,199};
£321={19,18,38,16, 75};
£322={16,14,25,10,263};
£323={ 5,12,20, 7,195};
£331={28,16,22,12, 98};
£332={13, 0,24, 4,323};
£333={ 5, 5,14,11,150};

**kxkkkkkkVector of upper boundaries;

*kxkkkrkkFrequency vector (fourth entry,3 agegroups,3 scoregroups);

x3={12,17,24,28};

£411={40,30,30, 50};
£412={ 9,14,27,301};
£413={22,16,12,222};
£421={24,30,29, 81};
£422={14,15,12,307};
£423={16,16,27,228};
£431={20,22,28,119};
£432={19,12,26,369};

£111=£111<>1e-04;
£112=£112<>1e-04;
£113=£113<>1e-04;
£121=£121<>1e-04;
£122=£122<>1e-04;
£123=£123<>1e-04;
£131=£131<>1e-04;
£132=£132<>1e-04;
£133=£133<>1e-04;

£211=£211<>1e-04;
£212=£212<>1e-04;
£213=£213<>1e-04;
£221=£221<>1e-04;
£222=£222<>1e-04;
£223=£223<>1e-04;
£231=£231<>1e-04;
£232=£232<>1e-04;
£233=£233<>1e-04;

£311=£311<>1e-04;
£312=£312<>1e-04;
£313=£313<>1e-04;
£321=£321<>1e-04;
£322=£322<>1e-04;
£323=£323<>1e-04;
£331=£331<>1e-04;
£332=£332<>1e-04;
£333=£333<>1e-04;

£411=£411<>1e-04;
£412=£412<>1e-04;
£413=£413<>1e-04;
£421=£421<>1e-04;
£422=£422<>1e-04;
£423=£423<>1e-04;
£431=£431<>1e-04;
£432=£432<>1e-04;
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£433={11,11,16,171}; £433=£433<>1e-04;

*¥xkxxk*kxkVector of upper boundaries;
x4={12,17,24};

*kkkkxk*kkkRelative frequency vectors;

n111=£f111[+]; n211=£211[+]; n311=£311[+]; n411=£f411[+]; n11=n111+n211+n311+nd11;
n112=£112[+]; n212=£212[+]; n312=£312[+]; n412=£f412[+]; n12=n112+n212+n312+n412;
n113=£113[+]; n213=£213[+]; n313=£313[+]; n413=f413[+]; n13=n113+n213+n313+n413;
n121=£121[+]; n221=£221[+]; n321=£321(+]; n421=£421[+]; n21=n121+n221+n321+nd21;
ni122=£122[+]; n222=£222[+]; n322=£322[+]; n422=f422[+]; n22=n122+n222+n322+n422;
n123=£123[+]; n223=£223[+]; n323=£323[+]; n423=f423[+]; n23=n123+n223+n323+n423;
n131=£131[+]; n231=£231[+]; n331=£331[+]; n431=£431[+]; n31=n131+n231+n331+n431;
n132=£f132[+]; n232=£232[+]; n332=£332[+]; n432=£432[+]; n32=n132+n232+n332+n432;
n133=£133[+]; n233=£233[+]; n333=£333[+]; n433=£f433[+]; n33=n133+n233+n333+n433;

ni=ni1i+n12+n13;
n2=n21+n22+n23;
n3=n31+n32+n33;
n=nl+n2+n3;

ki=nrow(f111); di=ki-1;
k2=nrow(£211); d2=k2-1;
k3=nrow(£311); d3=k3-1;
k4=nrow (f411); d4=k4-1;
k=k1+k2+k3+k4;
d=d1+d2+d3+d4;

pli1=£f111/n111; p211=£211/n211; p311=£311/n311; p411=£f411/nd11;
pli2=£112/n112; p212=£212/n212; p312=£312/n312; p412=£412/n412;
pl13=£113/n113; p213=£213/n213; p313=£313/n313; p413=£413/n413;
pl21=£121/n121; p221=£f221/n221; p321=£321/n321; p421=£421/n421;
pl22=f122/n122; p222=£222/n222; p322=£322/n322; p422=£422/n422;
pl23=£123/n123; p223=£f223/n223; p323=£323/n323; p423=£423/n423;
p131=£f131/n131; p231=£231/n231; p331=£331/n331; p431=£431/n431;
p132=£132/n132; p232=£232/n232; p332=£332/n332; p432=£432/n432;
p133=£133/n133; p233=£233/n233; p333=£333/n333; p433=£433/n433;

pli=pi111//p211//p311//p4i1;
pl2=p112//p212//p312//p412;
p13=p113//p213//p313//p413;
pl=p11//p12//p13;

p21=p121//p221//p321//p421;
p22=p122//p222//p322//p422;
p23=p123//p223//p323//p423;
p2=p21//p22//p23;

p31=p131//p231//p331//p431;
p32=p132//p232//p332//p432;
p33=p133//p233//p333//p433;
p3=p31//p32//p33;

p=pl//p2//p3;
*xkckkxkkx*Design matrix and matrix orthogonal to design matrix;

S1=73(d1,1,1)@cusum(J(1,k1,1));
S2=J(1,k1,1)@cusum(J(d1,1,1));
S1=81<=82;

S2=S1[1:d42,1:41];
S$3=S1[1:d3,1:d2];
S4=S1[1:d44,1:43];
S=block(S1,S2,83,84);
S=I(3)QI(3)es;

AA=J(162,1,1); *162=9 times((7-1)+(6-1)+(5-1)+(4-1))=9 times 18=162;
BB=J(3,1,1);

CcC=(1(2)//3(1,2,-1));

DD=J(18,1,1); *3 times d1=3(6)=18;

EE=J(15,1,1); *3 times d2=3(5)=15;

FF=J(12,1,1); *3 times d3=3(4)=12;

GG=J(9,1,1); *3 tifes d4=3(3)=9;

KK=J(9,1,1); *9=3 times 3;

LL=J(54,1,1); *54=18 times 3;

1x=BB@BBQ(log(x1)//log(x2)//1log(x3)//1log(x4));
HH=BB@(CC@DD) ;

xc=AA||CCQLL| |HH| |1x; print xc;
C=I(9#d)-xc*inv(xc‘*xc)*xc‘;

sxxx*x**x%x ITERATIVE PROCEDURE (double iterations over m and p);
***x*starting value for m;

m=p;

ms=S*m; ps=ms;
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PO=p;

***k*kxiteration over m;

itr=0;

verskill=1;

i=0;

do while (verskill>0.00000001);
i=i+1;

=p0;
§;g=-0*diag(1/(lo (1-ms)))*diag(1/(1-ms))*S;
Gm=C*diag(1/ms+1/(1-ms))*S;

*kkkkkkkkkiteration over p;
verskil=1;
J=0;
do while (verskil>0.00000001);
J=j+1;
pl=p;

s=S#*p

*g—C*log( log(1-ps));
g=C*(log(ps)-log(1-ps));
*Gp=-C*diag(1/(log (1-ps)))*dlag(i/(i-ps))*S;
Gp-c*(d1ag(1/ps)+d1ag(1/(1-pS)))*S

*kkokkokkkkkkokkkkkk*kcovariance matrix *

268

*Weibull;
*log-logistic;

*Weibull;
*log-logistic;
*Weibull;
*log-logistic;

mi11=m[1:k1];
m211=m[k1+1:k1+k2];
m311=m[k1+k2+1:k1+k2+k3];
m411=m[k1+k2+k3+1:k1+k2+k3+k4];

mi112=m[k+1:k+k1];

m212=m [k+k1+1:k+k1+k2];
m312=m[k+k1+k2+1:k+k1+k2+k3];
m412=m [k+k1+k2+k3+1:k+k1+k2+k3+k4] ;

m113=m[2#k+1:2#k+k1];
m213=m[2#k+k1+1:2#k+k1+k2] ;
m313=m[2#k+k1+k2+1: 2#k+k1+k2+k3] ;
m413=m[2#k+k1+k2+k3+1: 2#k+k1+k2+k3+k4] ;

m121=m[3#k+1:3#k+k1];
m221=m[3#k+k1+1:3#k+k1+k2] ;
m321=m[3#k+k1+k2+1:3#k+k1+k2+k3] ;
m421=m[3#k+k1+k2+k3+1:3#k+k1+k2+k3+k4] ;

m122=m [4#k+1:4#k+kl];

m222=m [4#k+k1+1:4#k+k1+k2] ;

m322=m [4#k+k1+k2+1 : 4#k+k1+k2+k3] ;
m422=m [4#k+k1+k2+k3+1: 4#k+k1+k2+k3+k4] ;

m123=m[5#k+1:5#k+k1];
m223=m[5#k+k1+1:5#k+k1+k2] ;

m323=m [5#k+k1+k2+1: 5#k+k1+k2+k3] ;
m423=m [5#k+k1+k2+k3+1:5#k+k1+k2+k3+k4] ;

m131=m[6#k+1:6#k+k1];
m231=m[6#k+k1+1:6#k+k1+k2];
m331=m[6#k+k1+k2+1:6#k+k1+k2+k3] ;
m431=m[6#k+k1+k2+k3+1:6#k+k1+k2+k3+k4] ;

m132=m[7#k+1:7#k+kl];

m232=m [7#k+k1+1:7#k+k1+k2] ;

m332=m [7#k+k1+k2+1: T#k+k1+k2+k3] ;
m432=m [7#k+k1+k2+k3+1: 7#k+k1+k2+k3+k4] ;

m133=m[8#k+1:8#k+k1];

m233=m [8#k+k1+1:8#k+k1+k2] ;
m333=m[8#k+k1+k2+1:8#k+k1+k2+k3] ;
m433=m [8#k+k1+k2+k3+1:9#k] ;

sig111=(1/n111)*(diag(m111)-m111*m111¢);
sig112=(1/n112)*(diag(m112)-m112*m112¢);
sig113=(1/n113)*(diag(m113)-m113*m113°);
sig211=(1/n211)*(diag(m211)-m211*m211‘);
sig212=(1/n212)*(diag(m212)-m212*m212°¢) ;
5ig213=(1/n213) *(diag(m213)-m213*m213°) ;
sig311=(1/n311)*(diag(m311)-m311*m311° ),
5ig312=(1/n312)*(diag(m312)-m312*m312°) ;
sig313=(1/n313)*(diag(m313)-m313*m313°) ;
sigd11=(1/n411)*(diag(m411)-m411*m411°);
sig412=(1/n412)*(diag(m412)-m412*m412¢) ;
sig413=(1/n413)*(diag(m413)-m413+m413°) ;

sigll=block(siglll,sig211,sig311,sigéll);

sigl2=block(sigl12,sig212,sig312,sig412);
sigl3=block(sigl13,sig213,sig313,sig413);

sig121=(1/n121)*(diag(m121)-m121*m121¢) ;

kKoK ok k ok
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sig122=(1/n122)*(diag(m122)-m122*m122);
sig123=(1/n123)*(diag(m123)-m123+m123°) ;
sig221=(1/n221)*(diag (m221) -m221#m221°) ;
s1g222=(1/n222) * (diag (m222) -m222*m222°) ;
51g223=(1/n223) * (diag (m223) -m223+m223°) ;
sig321=(1/n321)*(diag(m321)-m321*m321°) ;
sig322=(1/n322)* (diag (m322)-m322%m322°) ;
51g323=(1/n323)* (diag(m323)-m323*m323°) ;
sigd21=(1/n421)*(diag(m421)-m421*m421°);
sigd22=(1/n422)*(diag(m422)-m422*m422°) ;
51g423=(1/n423) * (diag(m423) -m423+m423°) ;

sig21=block(sigl21,sig221,sig321,sig421);
sig22=block(sigl22,sig222,sig322,sig422);
sig23=block(sigl123,sig223,sig323,sig423);

sig131=(1/n131)*(diag(m131)-m131%m131¢);
sig132=(1/n132)*(diag(m132)-m132*m132°) ;
sig133=(1/n133)*(diag(m133)-m133*m133°) ;
sig231=(1/n231) * (diag (m231) -m231*m231°) ;
51g232=(1/n232) * (diag(m232) -m232*m232°) ;
51g233=(1/n233) * (diag (m233) -m233*m233 ) ;
sig331=(1/n331)*(diag(m331)-m331*m331) ;
sig332=(1/n332)*(diag(m332)-m332*m332°) ;
s51g333=(1/n333) *(diag(m333)-m333%m333°) ;
sig431=(1/n431)*(diag(m431)-m431%m431°);
s1g432=(1/n432)*(diag (m432) -m432+m432°) ;
5ig433=(1/n433)*(diag(m433)-m433*m433°) ;

sig31=block(sigl31,sig231,sig331,sig431);
sig32=block(sigl132,sig232,sig332,51g432);
sig33=block(sigl133,sig233,sig333,sig433);

sig=block(sigll,sigl2,sigl3,sig21,sig22,sig23,sig31,sig32,s1g33);

V=sig;
****%****************************************************************;
*p=p-(Gm*V) ‘*ginv (Gp*V*Gm‘ ) *g; *Weibull;
p=p-(GmxV) ‘*ginv(Gp*V*Gm‘) *g; *log-logistic;

verskil=sqrt ((p-p1l) ‘*(p-p1));
end;

verskill=sqrt((p-m) ‘*(p-m));
m=p; ms=S*m;

end;

print m; print i j;

*xkkxkkkxkParameter vector for linear model;
*par=inv(xc ‘*xc)*xc ‘*log(-log(1-ms)); *Weibull;
par=inv(xc‘*xc)*xc‘*(log(ms)-log(1-ms)) ; *log-logistic;

print par[format=E20.];

***kkkkk*kRegression coefficients;
oualphaBASELINE=par [1];
betaAl=par[2];

betaA2=par [3];

betaA3=-(par [2]+par[3]);
betaSi=par [4];

betaS2=par[5] ;
betaS3=-(par[4]+par[5]);
lambdaBASELINE=exp (par[1]);
alpha=par[6];

sxkxxkkkkkIndices, lambda’s and constant alpha for age levelsikkkkikikkkskkskik;
indexAl=exp(betaAl); *constant shape parameter;

indexA2=exp (betal2) ;

indexA3=exp (betaA3) ;

indexS1=exp(betaS1);

indexS2=exp (betaS2) ;

indexS3=exp (betaS3) ;

lambdaA1S1=1ambdaBASELINE#indexA1#indexS1;
lambdaA1S2=1ambdaBASELINE#indexA1#indexS2;
lambdaA1S3=1ambdaBASELINE#indexA1#indexS3;
lambdaA2S1=1ambdaBASELINE#indexA2#indexS1;
lambdaA2S2=1ambdaBASELINE#indexA2#indexS2;
lambdaA2S3=1ambdaBASELINE#indexA2#indexS3;
lambdaA3S1=1ambdaBASELINE#indexA3#indexS1;
lambdaA3S2=1ambdaBASELINE#indexA3#indexS2;
lambdaA3S3=1ambdaBASELINE#indexA3#indexS3;

oualphaAlS1=oualphaBASELINE+betaAl+betaS1l; *same as oualphaAilSi=log(lambdaAiS1);
oualphaA1S2=oualphaBASELINE+betaAl+betaS2;
oualphaA1S3=oualphaBASELINE+betaAl+betaS3;
oualphaA2S1=oualphaBASELINE+betaA2+betaS1;
oualphaA2S2=oualphaBASELINE+betaA2+betaS2;
oualphaA2S3=oualphaBASELINE+betaA2+betaS3;
oualphaA3Si=oualphaBASELINE+betaA3+betaS1;
oualphaA3S2=oualphaBASELINE+betaA3+betaS2;
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oualphaA3S3=oualphaBASELINE+betaA3+betaS3;
print ’ Loglogistic parameters, beta effects and indices: MLE subject to constraints’;

print ’lambdaBASELINE=’ lambdaBASELINE[format=E20.] ’oualphaBASELINE=’ oualphaBASELINE;
print ’alpha=’ alpha([format=E20.];

print ’lambda(age=Al,score=S1)=’ lambdaA1S1[format=E20.]
’lambda(age=A1,score=S2)=’ lambdaA1S2[format=E20.]
’lambda(age=A1,score=S3)=’ lambdaA1S3[format=E20.]
print oualphaAlS1 oualphaAlS2 oualphalAilS3;

H

print ’lambda(age=A2,score=S1)=’ lambdaA2S1[format=E20.]
’lambda(age=A2,score=82)=’ lambdaA2S2[format=E20.]
’lambda(age=A2,score=83)=’ lambdaA2S3[format=E20.];
print oualphaA2S1 oualphaA2S2 oualphaA2S3;

print ’lambda(age=A3,score=S1)=’ lambdaA3S1[format=E20.]
’lambda(age=A3,score=S2)=’> lambdaA3S2[format=E20.]
’lambda(age=A3,score=S3)=’ lambdaA3S3[format=E20.];
print oualphaA3S1 oualphaA3S2 oualphaA3S3;

print ’beta(age=A1)=’ betaAl ’beta(age=A2)=’ betaA2 ’beta(age=A3)=’ betal3;

print ’beta(score=S1)=’ betaSl ’beta(score=S2)=’ betaS2 ’beta(score=S3)=’ betaS3;
print ’index(age=A1)=’ indexAl ’index(age=A2)=’ indexA2 ’index(age=A3)=’ indexA3;
print ’index(score=S1)=’ indexS1 ’index(score=S2)=’ indexS2 ’index(score=S3)=’ indexS3;

**kkxxk*k*xx*kHazard ratio and Odds ratio******************************************;
hazBASELINE12=(lambdaBASELINE*alpha*12**(alpha-1))/(1+lambdaBASELINE*12**alpha);
hazBASELINE24=(lambdaBASELINE*alpha*24** (alpha-1))/(1+lambdaBASELINE*24**alpha) ;
survBASELINE12=(1+1lambdaBASELINE*12**alpha)**(-1) ;
survBASELINE24=(1+1ambdaBASELINE*24**alpha)** (-1) ;
0ddsBASELINE12=(1~survBASELINE12) /survBASELINE12;
0ddsBASELINE24=(1-survBASELINE24) /survBASELINE24;

hazA1S1_12=(lambdaAlS1*alpha*12**(alpha-1))/(1+lambdaA1S1*12%*alpha) ;
hazA1S1_24=(lambdaAlS1*alpha*24x*(alpha-1))/(1+lambdaA1S1*24**alpha);
hazA1S2_12=(lambdaA1S2*alpha*12**(alpha-1))/(1+lambdaA182*12**alpha) ;
hazA1S2_24=(lambdaA1S2*alpha*24** (alpha-1))/(1+lambdaA1S2%24**alpha) ;
hazA1S3_12=(lambdaA1S3+alpha*12+* (alpha-1))/(1+lambdaA1S3*12+xalpha) ;
hazA1S3_24=(lambdaA1S3+alpha*24#*(alpha-1))/(1+lambdaA1S3*24%**alpha) ;
hazA2S1_12=(lambdaA2S1*alpha*12+*(alpha-1))/(1+lambdaA2S1*12**alpha) ;
hazA2S1_24=(lambdaA2S1*alpha*24**(alpha-1))/(1+lambdaA2S1%24**alpha) ;
hazA2S2_12=(lambdaA2S2*alpha*12+* (alpha-1))/(1+lambdaA2S2*12**alpha) ;
hazA2S2_24=(lambdaA2S2*alpha*24+** (alpha-1))/(1+lambdaA252*24**alpha) ;
hazA283_12=(lambdaA2S3*alpha*12**(alpha-1))/(1+lambdaA283*12**alpha) ;
hazA2S3_24=(lambdaA2S3*alpha*24x* (alpha-1))/(1+lambdaA2S3*24**alpha) ;
hazA3S1_12=(lambdaA3S1*alpha*12**(alpha-1))/(1+lambdaA3S1*12%*alpha) ;
hazA3S1_24=(lambdaA3S1*alpha*24x* (alpha-1))/(1+lambdaA3S1%24**alpha) ;
hazA3S2_12=(lambdaA3S2*alpha*12x#* (alpha-1))/(1+lambdaA3S2*12%*alpha) ;
hazA3S2_24=(lambdaA3S2+alpha*24** (alpha-1))/(1+lambdaA3S2*24**alpha) ;
hazA3S3_12=(lambdaA3S3*alpha*12** (alpha-1))/(1+lambdaA3S3*12**alpha) ;
hazA3S3_24=(lambdaA3S3*alpha*24** (alpha-1))/(1+lambdaA3S3*24+**alpha) ;

survA1S1_12=(1+lambdaA1S1*12**alpha)**(-1);
survA1S1_24=(1+lambdaA1S1*24**alpha)**(-1);
survA1S2_12=(1+lambdaA1S2*12**alpha)**(-1);
survA1S2_24=(1+lambdaA1S2*24**alpha)**(-1);
survA1S3_12=(1+lambdaA1S3*12**alpha)**(-1);
survA1S3_24=(1+lambdaA1S3*24**alpha)**(-1);
survA2S1_12=(1+lambdaA2S1*12**alpha)**(-1);
survA2S1_24=(1+lambdaA2S1*24**alpha)**(-1);
survA2S2_12=(1+lambdaA2S2*12**alpha)**(-1);
survA2S2_24=(1+lambdaA2S2*24**alpha)**(-1) ;
survA2S3_12=(1+lambdaA2S3*12**alpha)**(-1);
survA2S3_24=(1+lambdaA2S3*24**alpha)**(-1);
survA3S1_12=(1+lambdaA3S1*12**alpha)**(-1);
survA3S1_24=(1+lambdaA3S1*24**alpha)**(-1);
survA3sS2_12=(1+lambdaA3S2%12**alpha)**(-1);
survA3S2_24=(1+lambdaA3S2*24**alpha)**(-1);
survA3S3_12=(1+lambdaA3S3*12**alpha)**(-1);
survA3S3_24=(1+lambdaA3S3*24**alpha)**(-1) ;

oddsA1S1_12=(1-survA1S1_12)/survA1S1_12;
oddsA1S1_24=(1-survA1S1_24)/survA1S1_24;
oddsA1S2_12=(1-survA1S2_12)/survA1S2_12;
oddsA1S2_24=(1-survA1S2_24)/survA1S2_24;
oddsA1S3_12=(1-survA1S3_12)/survA1S3_12;
oddsA1S3_24=(1-survA1S3_24)/survA1S3_24;
oddsA2S1_12=(1-survA2S1_12)/survA2S1_12;
oddsA2S1_24=(1-survA2S1_24)/survA2S1_24;
oddsA2S2_12=(1-survA2S2_12)/survA2S2_12;
0ddsA2S2_24=(1-survA2S2_24)/survA2S2_24;
oddsA2S3_12=(1-survA2S3_12)/survA2S3_12;
oddsA2S3_24=(1-survA2S3_24)/survA2S3_24;
oddsA3S1_12=(1-survA3S1_12)/survA3S1_12;
oddsA3S1_24=(1-survA3S1_24)/survA3S1_24;
oddsA3S2_12=(1-survA3S2_12)/survA3S2_12;
oddsA3S2_24=(1-survA3S2_24)/survA3S2_24;
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0ddsA3S3_12=(1-survA3S3_12)/survA3S3_12;
oddsA3S3_24=(1-survA3S3_24)/survA3S3_24;

hazratioA1S1_12=hazA1S1_12/hazBASELINE12;
hazratioA1S1_24=hazA1S1_24/hazBASELINE24;
hazratioA1S2_12=hazA1S2_12/hazBASELINE12;
hazratioA1S2_24=hazA1S2_24/hazBASELINE24;
hazratioA1S3_12=hazA1S3_12/hazBASELINE12;
hazratioA1S3_24=hazA1S3_24/hazBASELINE24;
hazratioA2S1_12=hazA2S1_12/hazBASELINE12;
hazratioA2S1_24=hazA2S1_24/hazBASELINE24;
hazratioA282_12=hazA2S2_12/hazBASELINE12;
hazratioA2S2_24=hazA2S2_24/hazBASELINE24;
hazratioA2S3_12=hazA2S3_12/hazBASELINE12;
hazratioA2S3_24=hazA2S3_24/hazBASELINE24;
hazratioA3S1_12=hazA3S1_12/hazBASELINE12;
hazratioA3S1_24=hazA3S1_24/hazBASELINE24;
hazratioA3S2_12=hazA3S2_12/hazBASELINE12;
hazratioA3S2_24=hazA3S2_24/hazBASELINE24;
hazratioA3S3_12=hazA3S3_12/hazBASELINE12;
hazratioA3S3_24=hazA3S3_24/hazBASELINE24;

oddsratioA1S1_12=0ddsA1S1_12/0ddsBASELINE12;
oddsratioA1S1_24=0ddsA1S1_24/0ddsBASELINE24;
oddsratioA1S2_12=0ddsA1S2_12/0ddsBASELINE12;
oddsratioA1S2_24=0ddsA1S2_24/0ddsBASELINE24;
oddsratioA1S3_12=0ddsA1S3_12/0ddsBASELINE12;
oddsratioA1S3_24=0ddsA1S3_24/0ddsBASELINE24;
oddsratioA2S1_12=o0ddsA2S1_12/0ddsBASELINE12;
oddsratioA2S1_24=0ddsA2S1_24/0ddsBASELINE24;
oddsratioA2S2_12=0ddsA2S2_12/0ddsBASELINE12;
oddsratioA2S2_24=0ddsA2S2_24/0ddsBASELINE24;
oddsratioA2S3_12=0ddsA2S3_12/0ddsBASELINE12;
oddsratioA2S3_24=0ddsA2S3_24/0ddsBASELINE24;
oddsratioA3S1_12=0ddsA3S1_12/0ddsBASELINE12;
oddsratioA3S1_24=0ddsA3S1_24/0ddsBASELINE24;
oddsratioA3S2_12=0ddsA3S2_12/0ddsBASELINE12;
oddsratioA3S2_24=o0ddsA3S2_24/0ddsBASELINE24;
oddsratioA3S3_12=0ddsA3S3_12/0ddsBASELINE12;
oddsratioA3S3_24=0ddsA3S3_24/0ddsBASELINE24;

print

print
print
print

print
print
print

print
print
print

print
print
print

print
print
print
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hazBASELINE12 hazBASELINE24 survBASELINE12 survBASELINE24 oddsBASELINE12 oddsBASELINE24;

hazA1S1_12 hazA1S1_24 hazA1S2_12 hazA1S2_24 hazA1S3_12 hazA1S3_24;
hazA2S1_12 hazA2S1_24 hazA2S2_12 hazA2S2_24 hazA2S3_12 hazA2S3_24;
hazA3S1_12 hazA3S1_24 hazA3S2_12 hazA3S2_24 hazA3S3_12 hazA3S3_24;

survA151_12
survA2S1_12
survA3S1_12

oddsA1S1_12
oddsA2S51_12
oddsA3S51_12

survA1S1_24
survA2S1_24
survA3S1_24

oddsA1S1_24
oddsA2S1_24
oddsA351_24

survA1S2_12
survA2S2_12
survA352_12

oddsA1S2_12
oddsA2S52_12
oddsA3S2_12

survA1S2_24
survA252_24
survA3S2_24

oddsA1S2_24
oddsA2S2_24
oddsA352_24

hazratioA1S1_12 hazratioA1S1_24 hazratioA1S2_12
hazratioA2S1_12 hazratioA2S1_24 hazratioA2S2_12
hazratioA3S1_12 hazratioA3S1_24 hazratioA3S2_12

survA1S3_12
survA2S3_12
survA3S3_12

oddsA1S3_12
oddsA2S3_12
oddsA3S53_12

survA1S3_24;
survA2S3_24;
survA3S3_24;

oddsA1S3_24;
oddsA2S3_24;
oddsA3S3_24;

hazratioA1S2_24 hazratioA1S3_12 hazratioA1S3_24;
hazratioA2S2_24 hazratioA2S3_12 hazratioA2S3_24;
hazratioA3S2_24 hazratioA3S3_12 hazratioA3S3_24;

oddsratioA1S1_12 oddsratioA1S1_24 oddsratioA1S2_12 oddsratioA1S2_24 oddsratioA1S3_12 oddsratioA1S3_24;
oddsratioA2S1_12 oddsratioA2S1_24 oddsratioA2S2_12 oddsratioA2S2_24 oddsratioA2S3_12 oddsratioA2S3_24;
oddsratioA3S1_12 oddsratioA3S1_24 oddsratioA3S2_12 oddsratioA3S2_24 oddsratioA3S3_12 oddsratioA3S3_24;

sokokkokokkokkkMedian Lif et ime skokokskskokok skokok skok ok ok o sk ok o ok ok ok sk ok e ok ok ok ok ok ok sk ok bk sk ok ok s sk ok ok ok kol ok o sk ok ok ok ok Kok 5
medianlifetime=(1/lambdaBASELINE)##(1/alpha);
medianA1S1=(1/lambdaA1S1)##(1/alpha);
medianA1S2=(1/lambdaA1S2)##(1/alpha);
medianA1S3=(1/lambdaA1S3)##(1/alpha);
medianA2S1=(1/lambdaA2S1)##(1/alpha);
medianA2S2=(1/1lambdaA2S2) ##(1/alpha);
medianA2S3=(1/lambdaA2S3) ##(1/alpha);
medianA3S1=(1/lambdaA3S1)##(1/alpha);
medianA3S2=(1/lambdaA3S2)##(1/alpha);
medianA3S3=(1/lambdaA3S3)##(1/alpha) ;

print ’medianlifetime=’ medianlifetime;

print ’medianlifetime (age=A1,score=S1)=’ medianA1S1
’medianlifetime (age=A1,score=S2)=’ medianA1S2
‘medianlifetime (age=A1,score=S3)=’ medianA1S3;

print ’medianlifetime (age=A2,score=S1)=’ medianA2S1
’medianlifetime (age=A2,score=52)=’ medianA2S2
‘medianlifetime (age=A2,score=S3)=’ medianA2S3;

print ’medianlifetime (age=A3,score=S1)=’ medianA3S1
‘medianlifetime (age=A3,score=52)=’ medianA3S52
’medianlifetime (age=A3,score=S3)=’ medianA3S3;

7. Program for fitting a Weibull regression model with two predictors

titlel ’Fitting of regression model with two covariates’;
title2 ’Staggered entry: constant shape parameter’;
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proc iml worksize= 60;
reset nolog;
options pagesize=500;

#xxxkx*xx*xFrequency vector (first entry,3 agegroups,3 scoregroups);
£111={12,34,51,39,57,11, 59}; f111=f111<>1le-04;
£112={10,12,22,19,32, 4,418}; £112=£f112<>1e-04;
£113={ 7,13,22,15,19, 0,165}; £113=f113<>1e-04;
£121={13,14,45,27,33, 4, 66}; f£121=f121<>1e-04;
£122={ 4,22,22, 8,25, 4,297}; £122=£122<>1le-04;
£123={ 4,14,24,10,17, 5,190}; £123=£123<>1e-04;
£131={10,25,29,17,46, 2,116}; £131=£131<>1le-04;
£132={ 6,13,28,16,16, 5,273}; £132=£132<>1e-04;
f133={ 0,11,11, 6, 5, 0, 82}; £133=£f133<>le-04;

*xkkxxkx*k*xVector of upper boundaries;
x1={12,17,24,28,34,37};

*x**kx¥**x*xFrequency vector (second entry,3 agegroups,3 scoregroups);

£211={22,25,58,53,40, 45}; £211=£211<>1e-04;
£212={10,26,32,20,29,379}; £212=£212<>1e-04;
£213={ 9,24,13,19,14,204}; £213=£213<>1e-04;
£221={24,24,28,30,25,106}; £221=£221<>1e-04;
£222={12,20,14,17,16,409}; £222=£222<>1e-04;
£223={13,18,19,19,13,238}; £223=£223<>1e-04;
£231={13,15,32,19,17,107}; £231=£231<>1e-04;
£232={11,13,22,17,12,319}; £232=£232<>1e-04;
£233={ 4, 1,11, 6, 6,117}; £233=£233<>1e-04;

*xxkickkkkxVector of upper boundaries;
x2={12,17,24,28,34};

*xxxx¥x*k**xFrequency vector (third entry,3 agegroups,3 scoregroups);

£311={34,16,50,23, 54}; £311=£311<>1e~-04;
£312={19, 2,32,24,317}; £312=£312<>1e-04;
£313={15,16,17,10,199}; £313=£313<>1e-04;
£321={19,18,38,16, 75}; £321=£321<>1e-04;
£322={16,14,25,10,263}; £322=£322<>1e-04;
£323={ 5,12,20, 7,195}; £323=£323<>1e-04;
£331={28,16,22,12, 98}; £331=£331<>1e-04;
£332={13, 0,24, 4,323}; £332=£332<>1e-04;
£333={ 5, 5,14,11,150}; £333=£333<>1e-04;

*kkxkxxkx*Vector of upper boundaries;
x3={12,17,24,28};

*¥xxkx¥*kkxFrequency vector (fourth entry,3 agegroups,3 scoregroups);

£411={40,30,30, 50}; f411=£411<>1e-04;
£412={ 9,14,27,301}; £412=£412<>1e-04;
£413={22,16,12,222}; £413=£413<>1e-04;
£421={24,30,29, 81}; £421=£421<>1e-04;
£422={14,15,12,307}; £422=£422<>1e-04;
£423={16,16,27,228}; £423=£423<>1e-04;
£431={20,22,28,119}; £431=£431<>1e-04;
£432={19,12,26,369}; £432=£432<>1e-04;
£433={11,11,16,171}; £433=£433<>1e-04;

*xkxkkkkkkVector of upper boundaries;
x4={12,17,24};

**ckkkkikkkkRelative frequency vectors;

n111=£f111[+]; n211=£211[+]; n311=£f311[+]; nd411=f411[+]; ni11=n111+n211+n311+nd11;
n112=£f112[+]; n212=£212[+]; n312=£312[+]; n412=f412[+]; n12=n112+n212+n312+n412;
n113=£f113[+]; n213=£f213[+]; n313=£313[+]; n413=£f413[+]; n13=n113+n213+n313+n413;
n121=f121[+]; n221=£f221[+]; n321=£f321[+]; n421=f421[+]; n21=n121+n221+n321+n421;
n122=£122[+]; n222=£222[+]; n322=£322[+]; n422=f422[+]; n22=n122+n222+n322+n422;
n123=f123[+]; n223=£223[+]; n323=£323[+]; n423=£f423[+]; n23=n123+n223+n323+n423;
n131=£f131[+]; n231=£231[+]; n331=£331[+]; n431=£f431[+]; n31=n131+n231+n331+n431;
n132=f132[+]; n232=£232[+]; n332=£332[+]; n432=f432[+]; n32=n132+n232+n332+n432;
n133=£f133[+]; n233=£233[+]; n333=£333[+]; n433=f433[+]; n33=n133+n233+n333+n433;

ni=n11+n12+n13;
n2=n21+n22+n23;
n3=n31+n32+n33;
n=nl+n2+n3;

ki=nrow(£f111); di=ki-1;
k2=nrow(£211); d2=k2-1;
k3=nrow(£311); d3=k3-1;
k4=nrow(f411); d4=k4-1;
k=k1+k2+k3+k4;
d=d1+d2+d3+d4;

pl11=£111/n111; p211=£211/n211; p311=£311/n311; p411=£411/n411;
p112=£112/n112; p212=£212/n212; p312=£312/n312; p412=£412/nd12;
p113=£113/n113; p213=£213/n213; p313=£313/n313; p413=£413/n413;
p121=£121/n121; p221=£221/n221; p321=£321/n321; p4d21=£421/n421;
p122=£122/n122; p222=£222/n222; p322=£322/n322; p422=£422/n422;
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pl23=£123/n123; p223=£223/n223; p323=£323/n323; p423=£423/n423;
p131=£131/n131; p231=£231/n231; p331=£331/n331; p431=£431/n431;
p132=£132/n132; p232=£232/n232; p332=£332/n332; p432=£432/n432;
p133=£133/n133; p233=£f233/n233; p333=£333/n333; p433=f433/n433;

pli=p111//p211//p311//p4il;
pl2=p112//p212//p312//p412;
p13=p113//p213//p313//p413;
pl=p11//p12//p13;

p21=p121//p221//p321//p421;
p22=p122//p222//p322//p422;
p23=p123//p223//p323//p423;
p2=p21//p22//p23;

p31=p131//p231//p331//p431;
p32=p132//p232//p332//p432;
p33=p133//p233//p333//p433;
p3=p31//p32//p33;

p=p1//p2//p3;

*¥*k*k*k*k*x*kDesign matrix and matrix orthogonal to design matrix;

S1=J(d1,1,1)@cusum(J(1,k1,1));
S2=J(1,k1,1)@cusum(J(d1,1,1));
S1=S1<=82;

S2=S1[1:d2,1:d1];
S3=51[1:d3,1:d42];
S4=S1[1:d4,1:43];
S=block(S1,S52,583,54);
S=I1(3)QI(3)@s;

AA=J(162,1,1); *162=9 times((7-1)+(6-1)+(5-1)+(4-1))=9 times 18=162;

BB=J(3,1,1);
CC=(I(2)//3(1,2,~-1));

DD=J(18,1,1); *3 times d1=3(6)=18;
EE=J(15,1,1); *3 times d2=3(5)=15;
FF=J(12,1,1); *3 times d3=3(4)=12;
GG=J(9,1,1); *3 times d4=3(3)=9;
KK=J(9,1,1); *9=3 times 3;
LL=J(54,1,1); *54=18 times 3;

1x=BBOBB@(log(x1)//log(x2)//log(x3)//log(x4));

HH=BBQ (CC@DD) ;
xc=AA||CCQLL| |HH| |1x; print xc;

C=I(9#d)~xc*inv(xc‘*xc)*xc*;

s*xxxk**x*x [TERATIVE PROCEDURE (double iterations over m and p);

*x*x*k*starting value for m;
m=p;

ms=S*m; ps=ms;

po=p;

**x*x*kxiteration over m;

itr=0;

verskill=1;

i=0;

do while (verskilil>0.00000001);

i=i+1;

p=p0;
Gm=-C*diag(1/(log(1-ms)))*diag(1/(1-ms))*S;
*Gm=C*diag(1/ms+1/(1-ms))*S;

*kkkkikkkxkkiteration over p;
verskil=1;
J=0;
do while (verskil>0.00000001);
J=j+1;

g=Cxlog(-log(1-ps));
*g=C* (log(ps)-log(1-ps));

Gp=-C*diag(1/(log(1-ps)))*diag(1/(1-ps))*S;

*Gp=C* (diag(1/ps)+diag(1/(1-ps)))*S;

*Weibull;
*log-logistic;

*Weibull;
*log-logistic;
*Weibull;
*log-logistic;

HK KKK K KKK KKK AKKKKCOVATLANCE MAt T LRk ok ok ok sk ke ok sk ok o ok ko ok sk ok sk ke sk ok o ke ok ok ok ok ok 3

miil=m([1:k1];
m211=m[k1+1:k1+k2];
m311=m[k1+k2+1:k1+k2+k3];
m411=m[k1+k2+k3+1:k1+k2+k3+k4];

m112=m[k+1:k+k1];
m212=m[k+k1+1:k+k1+k2];
m312=m [k+k1+k2+1:k+k1+k2+k3];
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m412=m[k+k1+k2+k3+1:k+k1+k2+k3+k4];

m113=m[2#k+1:2#k+k1] ;

m213=m[2#k+k1+1: 2#k+k1+k2] ;
m313=m[2#k+k1+k2+1: 2#k+k1+k2+k3] ;
m413=m[2#k+k1+k2+k3+1: 2#k+k1+k2+k3+k4] ;

m121=m[3#k+1:3#k+k1];
m221=m[3#k+k1+1:3#k+k1+k2] ;
m321=m[3#k+k1+k2+1: 3#k+k1+k2+k3] ;
m421=m[3#k+k1+k2+k3+1: 3#k+k1+k2+k3+k4] ;

m122=m[4#k+1:4#k+k1];

m222=m [4#k+k1+1:4#k+k1+k2];

m322=m [4#k+k1+k2+1 : 4#k+k1+k2+k3] ;
m422=m [4#k+k1+k2+k3+1:4#k+k1+k2+k3+k4] ;

m123=m[5#k+1:5#k+k1] ;

m223=m [5#k+k1+1:5#k+k1+k2];

m323=m [5#k+k1+k2+1: 5#k+k1+k2+k3] ;
m423=m [5#k+k1+k2+k3+1 : S#k+k1+k2+k3+k4] ;

m131=m[6#k+1:6#k+k1];
m231=m[6#k+k1+1:6#k+k1+k2];
m331=m[6#k+k1+k2+1: 6#k+k1+k2+k3] ;
m431=m[6#k+k1+k2+k3+1:6#k+k1+k2+k3+k4] ;

m132=m[7#k+1:T#k+k1];

m232=m [7#k+k1+1:7#k+k1+k2];

m332=m [7#k+k1+k2+1: 7T#k+k1+k2+k3] ;
m432=m[7#k+k1+k2+k3+1: 7#k+k1+k2+k3+k4] ;

m133=m[8#k+1:8#k+k1];
m233=m[8#k+k1+1:8#k+k1+k2];
m333=m [8#k+k1+k2+1:8#k+k1+k2+k3] ;
m433=m[8#k+k1+k2+k3+1:9#k] ;

sig111=(1/n111)*(diag(m111)-m111*m111°);
sig112=(1/n112)*(diag(m112)-m112*m112°¢);
sig113=(1/n113)*(diag(m113)-m113*m113°);
sig211=(1/n211)*(diag(m211)-m211*m211°);
51g212=(1/n212)*(diag(m212)-m212*m212°¢) ;
sig213=(1/n213)*(diag(m213)-m213*m213°) ;
sig311=(1/n311)*(diag(m311)-m311*m311°);
sig312=(1/n312)*(diag(m312)-m312*m312°) ;
sig313=(1/n313)*(diag(m313)-m313*m313°) ;
sig411=(1/n411)*(diag(m411)-m411*md11‘);
sigd12=(1/n412)+*(diag(m412)-m412*m412°);
sigd13=(1/n413)*(diag(mé413)-m413*md413°) ;

sigll=block(siglll,sig211,sig311,sigdll);
sigl2=block(sig112,sig212,sig312,sigd12);
sigl3=block(sigl13,sig213,sig313,sig413);

sig121=(1/n121)*(diag(m121)-m121*m121°);
5ig122=(1/n122)*(diag(m122)-m122*m122°) ;
5ig123=(1/n123)*(diag(m123)-m123*m123°) ;
5ig221=(1/n221)*(diag(m221)-m221*m221°) ;
51g222=(1/n222) * (diag(m222)-m222*m222°) ;
51g223=(1/n223) * (diag (m223) -m223*m223°) ;
5ig321=(1/n321)*(diag(m321)-m321*m321°) ;
51g322=(1/n322) * (diag(m322) -m322+m322°) ;
51g323=(1/n323) * (diag(m323)-m323+m323°) ;
sigd21=(1/n421)*(diag(m421)-m421*md21°);
5ig422=(1/n422)*(diag(m422)-m422*md22°¢) ;
51g423=(1/n423)*(diag(m423)-m423*m423°) ;

sig21=block(sigl21,sig221,sig321,sigé21);
sig22=block(sig122,sig222,sig322,51g422);
sig23=block(sig123,sig223,sig323,sig423);

sig131=(1/n131)*(diag(m131)-m131*m131‘);
5ig132=(1/n132)*(diag(m132)-m132*m132‘) ;
5ig133=(1/n133)*(diag(m133)-m133%m133°) ;
51g231=(1/n231)* (diag(m231)-m231*m231°) ;
51g232=(1/n232) *(diag(m232)-m232*m232°) ;
51g233=(1/n233) *(diag(m233)-m233*m233°) ;
51g331=(1/n331)*(diag(m331)-m331*m331°) ;
s1g332=(1/n332) *(diag(m332)-m332*m332°) ;
51g333=(1/n333) *(diag(m333)-m333+m333°) ;
sig431=(1/n431)*(diag(m431)-m431*m431‘);
sig432=(1/n432) *(diag(m432) -m432+m432°) ;
sig433=(1/n433) * (diag(m433)-m433+m433°) ;

sig31=block(sig131,sig231,sig331,sigd31);
sig32=block(sigl132,sig232,sig332,sig432);
sig33=block(sig133,sig233,sig333,51g433);
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sig=block(sigll,sigl2,sigl3,sig21,sig22,sig23,sig31,sig32,5ig33);

V=sig;
****5;***************************************************************;
p=p-(Gm*V) ‘*ginv(Gp*V*Gm*)*g; *Weibull;
*p=p- (Gm*V) ‘*ginv (Gp*V*Gm‘)*g; *log-logistic;
verskil=sqrt ((p-p1) ‘*(p-p1));
end;

verskill=sqrt ((p-m) ‘*(p-m));
m=p;ms=S*m;

end;

print m; print i j;

**xxx**k*kkx*xParameter vector for linear model;
par=inv(xc‘*xc)*xc‘*log(-log(i-ms)); *Weibull;
*par=inv(xc ‘*xc)*xc‘* (log(ms)-log(1-ms)); *log-logistic;

print par[format=E20.];

*kkkkxkkkkRegression coefficients;
oualphaBASELINE=par[1];
betaAl=par[2];

betaA2=par [3];

betaA3=-(par [2]+par[3]);
betaSi=par [4];

betaS2=par [5];
betaS3=-(par [4] +par [5]) ;
lambdaBASELINE=exp (par[1]);
alpha=par [6];

s*xx*x*k*k*x*kxIndices, lambda’s and constant alpha for age levelsikkskdkkkkskkkkkkxk;
indexAl=exp(betadl); *constant shape parameter;

indexA2=exp (betaA2);

indexA3=exp (betaA3);

indexS1=exp(betaS1);

indexS2=exp (betaS2);

indexS3=exp (betaS3) ;

lambdaA1S1=1ambdaBASELINE#indexAl#indexS1;
lambdaA1S2=1lambdaBASELINE#indexAl#indexS2;
lambdaA153=1ambdaBASELINE#indexA1#indexS3;
lambdaA2S1=1ambdaBASELINE#indexA2#indexS1;
lambdaA2S2=1ambdaBASELINE#indexA2#indexS2;
lambdaA2S3=1ambdaBASELINE#indexA2#indexS3;
lambdaA3S1=1ambdaBASELINE#indexA3#indexS1;
lambdaA3S2=1ambdaBASELINE#indexA3#indexS2;
lambdaA3S3=1ambdaBASELINE#indexA3#indexS3;

oualphaAlS1=oualphaBASELINE+betaAl+betaS1; *same as oualphaA1Si=log(lambdaA1S1);
oualphaA1S2=oualphaBASELINE+betaAl+betaS2;
oualphaA1S3=oualphaBASELINE+betaAl+betaS3;
oualphaA2S1=oualphaBASELINE+betaA2+betaS1;
oualphaA2S2=oualphaBASELINE+betaA2+betaS2;
oualphaA2S3=oualphaBASELINE+betaA2+betaS3;
oualphaA3S1=oualphaBASELINE+betaA3+betaS1;
oualphaA3S2=oualphaBASELINE+betaA3+betaS2;
oualphaA3S3=oualphaBASELINE+betaA3+betaS3;

print ’ W<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>