
CHAPTER 4

BUSY PERIOD ANALYSIS OF A TWO UNIT 

SYSTEM WITH PREVENTITIVE 

MAINTENANCE AND IMPERFECT SWITCH

4.1 INTRODUCTION

To increase the effectiveness of a system, a unit that has failed is 

renewed. The renewal can assume various forms. Several authors 

carried analyses of systems with two or three modes under the 

assumption that whenever the operative unit fails, it goes to repair 

immediately and after the completion of repair the server goes off. 

Srinivasan and Gopalan (1973) studied a two-unit system with 

warm standby and a single repair facility. Murari and Goyal (1984) 

made a comparison of two-unit cold standby reliability models; in 
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“Model 1” the repairman always remains with the system after the 

failure of the unit. Goel and Sharma (1989) analysed a two-unit 

standby system with two failure modes and slow switching. 

Makaddis (1999) considered a system with three modes and an 

administrative delay in repair. However, in practice, there may be 

occasions when the repairman appears in and disappears from the 

system randomly with some probabilities. In this Chapter, two 

models have been studied. In both the models, a single-unit 

repairable system with three possible modes of the unit- normal ( 

N ), partial failure ( P ) and total failure ( F ) – is  examined.

In “Model 1”, if the repairman finds the unit in P-mode, then he 

takes the unit under repair while the unit is operating, whereas in 

“Model 2”, the partially failed unit does not go under repair but 

repair is started only when the unit fails completely. Using the 

regeneration point technique, the various measures of system 

performance such as MTSF, steady state availability ( )∞A , busy 

period analysis of the repair facility, expected number of visits by a 

repairman, and the profit analysis, are studied, for each model. 

Numerical example illustrated some of the results obtained. Two 

models have been compared on the basis of 

numerical results by carrying out MTSF and profit analysis for a 

particular case when repair time distributions are exponential.

4.2 SYSTEM DESCRIPTION

1. The system consists of a single unit. Initially, we assume that 

the unit is operating. The unit fails through a partial failure.
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2. There is a single repair facility which appears in and disappears 

from the system randomly.

3. The life time of a unit and time of appearance and 

disappearance of the repairman are negative exponential, 

whereas the repair times are arbitrarily distributed.

4. The repairman cannot leave the system while repairing the unit.

5. Switch is perfect and the switchover is instantaneous.

4.3 NOTATION

0E state of the system at 0=t

E set of regeneration states 

( )50 SS − for each model

E set of non-regenerative states 

for each model

ba, The rates of appearance and  

disappearance of repairman

( ) ( )tGtg ii , pdf and cdf of the repair time 

in  phase 2,1=i .

( ) ( )tQtq ijij , pdf and cdf of time for one-

step transition from 

regenerative states iS to jS .
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( )tiΦ cdf of time to system failure 

where starting state 

ESE i ∈=0

( )tAi P [ system is up at t  iS at t 

= 0]

( )tBi P [ repairman is busy in 

repair at

t  iS at t = 0 ]

( )tN i Expected number of visits by 

the repairman to state i in 

( ]t,0

NAA, repair facility is available/not 

available.

1λ failure rate from N -mode to 

P -mode

( )tM i  P [system is up at t without

passing through any  

regenerative state or 

returning to itself  iS

at 0=t ]

iµ mean sojourn time in state iS

L.S.T Laplace-Stieltjes transform
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L.T Laplace transforms

( )sQij
~ ( )tdQe ij

st∫
∞

−=
0

( ) ( )dttqesq ij
st

ij ∫
∞

−=∗
0

( ) ( ) ( )00 ∑∑∑ ′−=−== ∗′

j
ij

j
ij

i
iji QqtQdtµ

 ∑=
j

ijm ...,2,1=i

( ) ( )00~ ∗′−=−=

=

ijijj

iij

qQS

totransitionthewhenSstateintimesojournmeantooncontributim

Ⓢ   Laplace-Stieltjes convolution

 Laplace convolution

4.4 SYMBOLS FOR STATES OF THE SYSTEM

0N : Unit in N-mode, and operative

P : Unit in partial failure mode

rP : Unit in partial failure mode and under repair

rF : Unit in complete failure and under repair

F : Unit in failure mode

NAA, : repairman is available / not available
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rW : Unit waiting for repair

Using the above symbols the system may be in one of the 

following states:

),( ,00 NANS =  )( ,01 ANS = , ),(2 NAPS = .

),,(3 APS r= ).,(4 NAWS r=

),(5 AFS r= for “Model 1”.

),( 00 NANS = , 

),( 01 ANS = ,

),(2 NAPS = ,

),(3 APS = ,

),(4 NAWS r= ,
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),(5 AFS r= (for “Model 2”)

4.5 RELIABILITY ANALYSIS (MODEL 1 )

Here the repairman repairs the unit only when it is P-mode

(Figure 4.1).Meantime to system failure analysis gives:

( ) ( )tQt 010 =Φ Ⓢ ( )t1Φ + ( )tQ02 Ⓢ ( )t2Φ

)()( 101 tQt =Φ Ⓢ )()( 130 tQt +Φ Ⓢ )(3 tΦ

)()( 232 tQt =Φ Ⓢ )()( 243 tQt +Φ

3Φ )()( 31 tQt = Ⓢ )()( 351 tQt +Φ (4.1)

d dteaetQ tat 1)(01
λ−−= ; 

d dtetQ t
1

102 )( λλ −= .

;)( 1
10 dtebetdQ tbt λ−−=
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dtetdQ t2
223 )( λλ −= .

;)( 2
224 dteetdQ att −−= λλ

.)()( 2
235 dttGetdQ tλλ −=

;)()( 2
131 dtetgtdQ tλ−=

;)(45 dtaetdQ at−=

dttgtdQ )()( 251 = (4.2)

Letting t →∞, using ijij PQ =∞)( ,

1
01 λ+

=
a

ap ; 
1

1
02 λ

λ
+

=
a

p .

1
10 λ+

=
b

bp ;
1

1
13 λ

λ
+

=
b

p .

2
23 λ+

=
a

ap ;
2

2
24 λ

λ
+

=
a

p

)(1 2
*
135 λgp −= ; )( 2

*
131 λgp = ;
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5145 1 Pp == (4.3)

∫
∞

=
0

0 (TPµ <
1

1)
λ+

=
a

dtt

1
1

1
λ

µ
+

=
b

Figure 4.1 (Model 1)
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Figure 4.2 ( Model 2)
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2
2

1
λ

µ
+

=
a

,
2

2
3

)(1
λ

λ
µ

∗−
=

g

a
1

4 =µ , dttg )(
0

25 ∫
∞

=µ (4.4)

It can easily be verified that 
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.51453531242310130201 pppppppppp ==+=+=+=+

=0µ .23242131010201 ;; mmmmmm +=+=+ µµ

.;; 51545435313 mmmm ==+= µµµ

Taking Laplace-Stieltjies transform of these relations and solving 

for 

)(~
0 sΦ , we have 

)(
)()(~

1

1
0 sD

sNs =Φ∫ (4.5)

where

( ){ )(~)(~)(~)(~1)(~)(~)(~)(~)(~)( 3523311324023513011 sQsQsQsQsQsQsQsQsQsN +−+=
}.

)(~)(~)(~)(~)(~)(~)(~)(~1)( 02103123100131131 sQsQsQsQsQsQsQsQsD −−−=

The mean time to system failure is found to be ( MTSF )
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=1T
0

lim
→s s

s)(~1 0Φ−
(4.6)

1

1
1 D

NT =

( ) ( ) ( ){ } ( )1301022332313022023123011311301 11 pppppppppppppN ++−+++−= µµµµ

 02103123100131131 1 ppppppppD −−−=  

4.6 AVAILABILITY ANALYSIS

( ) =tAi P [system is up at t iS at t = 0],

then

( ) =tA0 ( ) ( )tqtM 010 +  ( ) ( )tqtA 021 +  ( )tA2

( ) ( ) ( )tqtMtA 1011 +=  ( ) ( )tqtA 130 +  ( )tA3

( ) ( ) ( )tqtMtA 2322 +=  ( ) ( )tqtA 243 +  ( )tA4

( ) ( ) ( )tqtMtA 3133 +=  ( ) ( )tqtA 351 +  ( )tA5

( ) ( )tqtA 454 =  ( )tA5

( ) ( )tqtA 515 =  ( )tA1 (4.7)
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where

( ) ( )taetM 1
0

λ+−=

( ) ( ) tbetM 1
1

λ+−=

( ) ( ) taetM 2
2

λ+−=

( ) ( )tGetM t2
3

λ−=

Using the Laplace-transforms, we obtain

( ) ( )
( )sD
sN

sA
2

2
0 =∗

( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]sqsqsqsqsqsMsN *
51

*
35

*
13

*
31

*
13

*
02 1 −−=

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) 












+

+++
+

∗∗∗ sqsqsq

sqsqsqsqsqsqsqsqsqsq
sM

312302

*
01

*
01

*
51

*
45

*
24

*
02

*
51

*
35

*
23

*
02*

1

( ) ( ) ( ) ( ) ( ) ( ) ( ){ }[ ]sqsqsqsqsqsqsM *
51

*
35

*
13

*
31

*
13

*
02

*
2 1 −+

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]sqsqsqsqsqsqsqsqsqsM *
23

*
03

*
13

*
01

*
13

*
51

*
45

*
24

*
02

*
3 +++

and

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ){ }

( ) ( ) ( ) ( ) ( )sqsqsqsqsq
sqsqsqsqsqsq

sqsqsqsqsqsqsqsD

*
24

*
01

*
10

*
51

*
45

*
51

*
35

*
31

*
23

*
02

*
10

*
01

*
10

*
13

*
51

*
35

*
31

*
132 1

−

+

−−−−=

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  MMaallaaddaa,,  AA    ((22000066))  



For ( )sA∗
0 , we can obtain the steady state availability , ∞A

( )
2

2
00

lim
D
N

sAsA
s

== ∗

→∞

where

( ) { }[ ]130123132402311002202 ppppppppN +++++= µµµµ

( ) ( )23021013211002202 ppppppD ++++= µµµµ

( )[ ]31230210351352402104 1 ppppppppp −+++ µµ

4.7 BUSY PERIOD ANALYSIS

( ) =tBi P [the repairman is busy at t  iS at t = 0 ]

( ) ( )tqtB 010 =  ( ) ( )tqtB 021 +  ( )tB2

( ) ( )tqtB 101 =  ( ) ( )tqtB 130 +  ( )tB3

( ) ( )tqtB 232 =  ( ) ( )tqtB 243 +  ( )tB4

( ) ( ) ( )tqtMtB 3133 +=  ( ) ( )tqtA 351 +  ( )tB5

( ) ( )tqtB 454 =  ( )tB5

( ) ( ) ( )tqtMtB 5155 +=  ( )tB1
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where

( ) ( )tGetM t
13

2λ−=

( ) ( )tGtM 25 =

Using the Laplace transforms, we can find

( ) ( )
( )sD
sN

sB
2

3*
0 =

where

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]sqsqsqsqsqsqsMsN *
13

*
45

*
02

*
13

*
01

*
01

*
33 +=

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ){ }[ ]sqsqsqsqsqsqsqsqsqsqsM *
31

*
13

*
45

*
24

*
02

*
23

*
02

*
01

*
13

*
35

*
5 1 −+++

and ( )sD2 is already given earlier. In the long run, the function of 

time for which the system is under repair is

( ) ( )sBstBB
st

∗

→→∞ == 0000
limlim

   =
2

3

D
N

( )[ ] ( ) ( )[ ]311324022302130135513242302130133 1 pppppppppppppppN −++++= +µµ

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  MMaallaaddaa,,  AA    ((22000066))  



4.8 EXPECTED NUMBER OF VISITS BY REPAIR 

FACILITY

The equations for 

( ) ( ) ( ) ( ) ( ) bygivenaretNandtNtNtNtN 43210 ,,,

( ) ( )tQtN 010 = Ⓢ ( )[ ] ( )tQtN 0211 ++ Ⓢ ( )tN 2

( ) ( )tQtN 101 = Ⓢ ( ) ( )tQtN 130 + Ⓢ ( )tN3

( ) ( )tQtN 232 = Ⓢ ( )[ ] ( )tQtN 2431 ++ Ⓢ ( )tN4

( ) ( )tQtN 313 = Ⓢ ( ) ( )tQtN 351 + Ⓢ ( )tN5

( ) ( )tQtN 454 = Ⓢ ( )[ ]tN51+

( ) ( )tQtN 515 = Ⓢ ( )tN1

Taking L.S.T of these equations, and solving for ( )sN0
~ , we get 

( )sN 0
~ ( )

( )sD
sN

2

4= .
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( ) ( ) ( ) ( ) ( ) ( ){ }[ ] ( ) ( ) ( ) ( ) ([ sQsQsQsQsQsQsQsQsQsQsN 351351311345242302014
~~~~~1~~~~~

−−++=

 In steady state the number of visits per unit time is

( )
2

40
~

lim
D
N

t
tNN

t
==

∞→∞

 where .104
~ pN =

4.9 MODEL 2

Here the repairman repairs the unit only when it is in the F-mode

(figure 4.2). The equations for ( ) ( ) ( )tandtt 210 , ΦΦΦ are the 

same as in model 1.

The additional equation is

( ) ( )tt 323 Φ=Φ Ⓢ ( ) ( )tQt 351 +Φ

Transition probabilities 

( ) ( ) ( ) ( ) ( ) ( ) ( )tQandtQtQtQtQtQtQ 45242310130201 ,,,,, are the same as 

in model 1. The additional probabilities are

( ) ( ) dtetdQ tb 2
235

λλ +−=

( ) ( ) dtebtdQ tb 2
32

λ+−=
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( ) ( )dttgtdQ =51

Letting ∞→t and using 

( ) getwepQ ijij ,=∞

2

2
35 λ

λ
+

=
b

p , 
2

32 λ+
=

b
bp

It can be easily verified that 

The mean sojourn times ( )210 ,, µµµ are the same as in model 1. 

The additional times are

( ) .,1

0
5

2
3 dttG

b ∫
∞

=
+

= µ
λ

µ

Now , proceeding in a similar manner as in model 1, we have the 

MTSF as:

D
NMTSF =

where

( )( ) ( ) ( )23021301132130102223320110 1 pppppppppppN ++++−+= µµµµ

51453235242313100201 1 pppppppppp ==+=+=+==+
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 ( )( )23321001 11 ppppD −−=

4.10 AVAILABILITY ANALYSIS (MODEL 2)

The equations for ( ) ( ) ( )tAandtAtA 210 , are the same as in model 

1. The additional equation is

( ) ( ) ( )tqtMtA 3233 +=  ( ) ( )tqtA 352 +  ( )tA5

The steady state availability ∞A for “Model 2” is 

2

2

D
NA =∞ where

( )[ ] ( ) ( )[ ]32230124352302123241335351322 11 pppppppppppppN −++++−−= µµ

 ( )[ ] 13240233513023213012 1 ppppppppp µµ +−++

and

{ }[ ][ ]
[ ][ ] [ ]230210133021032132442

3223100213511002 1
ppppppppp

ppppppD
++++

+−+++=
µµµ

µµµ

4.11 BUSY PERIOD ANALYSIS (MODEL 2)

The equations for ( ) ( ) ( )tBtBtB 210 ,, and )(4 tB are the same as in 

model 1. The additional equations are

( ) ( )tqtB 323 =  ( ) ( )tqtB 352 +  ( ),5 tB

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  MMaallaaddaa,,  AA    ((22000066))  



( ) ( ) ( )tqtMtB 5155 +=  ( )tB1

where   ( ) ( )tGtM =5

In the long run, the function of time of which the system is under 

repair is given by

( )
2

3
0lim

D
N

tBB
t

==
∞→∞

where

( ) ( )24352302243235130153 pppppppppN +−+= µ

4.12 EXPECTED NUMBER OF VISITS BY REPAIR 

FACILITY

(Model 2)

The equations for ( ) ( ) ( ) ( )tNandtNtNtN 4210 ,, are the same as in 

“Model 1”. The additional equation is 

( ) ( )tQtN 323 = Ⓢ ( ) ( )tQtN 352 + Ⓢ ( )tN5 .

In the steady state the number of visits per unit time is given by

( )
2

40lim
D
N

t
tN

N
t

==
∞→∞

where
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( ){ } ( )3513023223103213014 11 pppppppppN −+−−= and 2D is 

already specified.

4.13 PROFIT ANALYSIS

The expected up time and down time of the system and the busy 

period of the repairman in ( ]t,0 are

( ) ( ) µµµ dAt
t

up ∫=
0

0

( ) ( ) ( )duuBttt
t

updn ∫=−=
0

0µµ

so that  ( ) ( ) ( )
s

sB
s

sA
sup

*
0

*
0* ==µ

 ( ) ( )s
s

s updn
*

2
* 1

µµ −=

Now expected profit incurred in ( ]t,0

=   Expected total revenue in ( ]t,0

- Expected total repair in ( ]t,0

- Expected cost of visits by repairman in ( ]t,0 .

For “Model 1” and “Model 2”, we have the profit functions as 

follows:

∞∞∞ −−= NkBkAkp 3211
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∞∞∞ −−= NkBkAkp 3212

=1k revenue per unit up time of the system

=2k cost per unit time for which the repairman is busy

=3k cost per unit visits by the repair facility

 Table 4.1

100,30,400,1.1,7.0,3.0,2.1,1.1,2.1 321212 ========= kkkba µµµλ

MEAN TIME TO SYSTEM FAILURE

Failure rate Model I Model 2

0.16 9.6123 8.6617

0.17 9.4888 8.2501

0.18 8.7677 7.9101

0.19 8.4711 7.5223
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 Table 4.2

1,2.1,20,400,1.1,2.1,1.1,7.0,3.0 212121 ========= λλµµµ kkba

PROFIT

0.20 8.2506 7.2551

0.21 7.7569 6.9915

0.22 7.5116 6.7962

Failure rate Model 1 Model 2

0.16 245.0015 272.5101

0.17 244.1121 269.3112

0.18 239.8162 262.8716

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  MMaallaaddaa,,  AA    ((22000066))  



4.14 NUMERICAL ILLUSTRATION

In these models, iλ , iµ are taken from ( Yadavalli et al, 2005).

From Table 4.1, we conclude that as failure rate increases the mean 

time to system failure decreases. For both models as the failure rate 

increases the MTSF of the system decreases.

From Table 4.2 we conclude that for both models as the failure rate 

increases the profit of the system decreases. It is clear that “Model 

2” is more beneficial than “Model 1”.

0.19 236.6617 259.9867

0.20 233.3351 256.6226

0.21 230.6318 254.1512

0.22 226.8813 251.8664
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