
Chapter 7 

GARCH Option Pricing and 
Hedging 

7.1 Introduction 

This chapter builds on the results of chapter 6. European option on stocks 
with GARCH volatility is priced under the LRNVR. The delta hedge for 
such options is also derived. 

Delta hedging is defined in Hull [23J as a hedging scheme that is designed 
to make the price of a portfolio of derivatives insensitive to small changes in 
the price of the underlying. 

In the last section some of the properties of the most widely used GARCH 
process, the GARCH(1, 1) process is discussed. 

7.2 Option Pricing under the LRNVR 

The stock price process under LRNVR was discussed in the previous chapter. 
The machinery to model stocks with GARCH volatility can also be adapted 
to price European options. 

Theorem 7.2.1 GAROH option price. The price of a E'U1vpean call option 
on a non-dividend paying stock, St, expiring at T nnder LRNVR at time t 
is 

where max (x)+ is the maximum between x and O. Note that the pa
rameters T and t in this context is in tenns of time i.e. fractions of with 
the days of the year as the denominator, not as the discrete position of a 
variable or element of a process. 

Proof. See theorem 5.4.2, since e-'l'tSt is a martingale under the Q 
measure.• 
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83 CHAPTER 7. GARCH OPTION PRICING AND HEDGING 

Theorem 7.2.2 Delta hedge under LRNVR. The delta hedge for a stock 
with a European call option i.s 

where l[sT~K] is an indicator function and K the exercise price of the option. 
Proof. From corollary 6.8.2 

Sr = S,exp (T t) r ~ ,~,!T' + .~, €.) 
define 

then 

The GARCH option price for a European option proved in theorem 7.2.1 
now is 

cf (St) = e-(T-t)rEQ [max (SteYt,T K)+ 1 Ft- I ] 

The delta hedge is the first partial derivative of the option price with respect 
to the underlying asset price. The strategy is to approxi.mate this derivative 
with the funct'ion Of. For an arbitrary h > 0 

cf (St + h) - cf (St) 

e-(T-t)r E'l [max (St + h) eYt,T K)+ 

-max (SteYt,T K)+ 1 Ft- I ] 

- e-(T-t)r L:max «St + h)eY - K)+ (7.1) 

max (SteY -K)+dF(y 1Ft ) 

where F(y IF t ) ,is the cdf ofYt,T under Q. With an indicator function we 
can express the max function 

Yt max (St + h)e .T - K)+ = (St + h) eYt.T - K) I[(St+h)eYt.T-K>Oj 

Consider that h > 0 then 

(St + h) eYt•T 
- K > 0 
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can be rewritten as 

K
eYt,T > 

(St + h) 

1 Y.T I K¥i,T - net, > n (St + fl.) 

simila-,.zy 

SteYt,T - K > 0 

can be 1'ewritten as 

y K¥iT = Ine t,T > In-. , St 

Equation 7.1 then becomes 

e-(T-t)r roo (St + h) eY - K dF (y 1F ) 

Jln (8/.~.h) 
t 

_e-(T-t)r roo Ste'Y - K dF (y !:Ft ) 
Jln K 

8t 

ln 
e-(T-t)r r ~ SteY - K dF (y I:Ft ) 

JIn (St~h) 
+e-(T-t)r roo K he'll dF (y ! :Ft ) • 

JIn (8t +h) 

Since 

In K 

lime-(T-t)r r 8t Ste'll - K dP (y !:Ft) = 0 
h-O KJIn 

(St+h) 

the 

1
. cf (St + h) - of (St)
1m --=-~..:..--........:.-......::...~.:..:.. 


h->O h 
00 

e-(T-t)r1 e'IJ dP (y !:Ft ) 
In 

- e-(T-t)rEQ [e'IJlrST>Kj] 

This aryument could similarly have been prO'llen from the left for h < O. 
Thus 

fl t 

- e-(T-t)rEQ [eYl[sT>Kl]' 

This completes the proof. • 
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The delta hedge of a stock and a European put option can be derived 
similarly. The delta hedge is 

ilf = e-(T-t)r~ [i 1(K;?;STI !Ft-l] 

7.3 	 Some Properties of the GARCH(l,l) Process 
under LRNVR 

Theorem 7.3.1 Under meas'ure Q innovations of the GARCH process is 
X2 (1) d'istributed with non-central'ity pammeter A. 

Proof. From the01-em 6.8.1 we have 

'where 

thus 

€t !Ft-l t"V N (0,1)
Ut 

The inno'lJations of the GARCH process under LRNVR is 

ui 	 ao + a (€t-l - AUt_l)2 + ,8uLl 
2 

= ao +auLl ( €t-l - A) + ,8u;_1 
Ut-l 

then 

where 

€ t-l IFt-2 t"V N (0,1)
Ut-l 

which completes the proof _ 

Theorem 7.3.2 Stat'iona1'Jj (unconditional) 'lJariance of a GARCH process. 
If 

under probability measure Q then 
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1. The stationary variance of {t> 

f. {t is leptokurtic 

3. The 

Proof. Proof of part 1. 
Under the Q probability measun~ 

0'; ao +a ({t-1 ).O't_1)2 + fJO'F-l 

2 ({t-1 )2 fJ 2= 	 ao + aO't-l - - ). + O't-lO't-1 
let 

then 

0'; = ao + aO'F-I Z;_1 + fJO'F-l 
= ao + 0';-1 (aZf_l + fJ) 

Using this relationship 

thus 

0'; 	 - ao + (ao + O'F-2 (azl-2 + fJ)) (azf_l + fJ) 
- ao + ao (azl-l + fJ) +O'F-2 (aZr_2 + fJ) (azl-l + fJ) 

and further 

0'; - ao + ao (aZr_l + fJ) 
(ao+O'F-3 (az;_3 +fJ)) (azL2+fJ) (az;_l +fJ) 

- ao + ao (azl-l + fJ) + ao (azl-2 + fJ) (azLl + fJ) 
+O'L3 (azl-3 + fJ) (azf_2 + fJ) (aZr_l + fJ) 

-	 ao [1+ ~P. (azL + ti)1+071-3 g(a~_. + ti) 
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Then by substituting previous equations for the 'variance from time t - 1 
to time 0 we obtain 

(7.2)"0 [1+ ~g (az;_; +P)] +<T~ft (azL; + P) 

t-l 

- ao L Gk + 0"5Gt (7.3) 
k=O 

'Where 

k 

Gk - II (azti + f3) (7.4) 
i=l 

- Gk- 1(aztk + f3) 
Go - 1 

H'Om theorem 7.3.1 and the discussion on the chi-square distribution in sec
tion 2.5.3 

z; = (~: _ A) 2 

is chi-square distributed with one degree of freedom and non-centrality para
meter A, since 

Q ( 2)Zt IFt-l rv N O,O"t 

Thus from the tower property of conditional expectation and theorem 2.5.8 

~ [~ [z; 1Ft-I] 1Fo] = EQ [z~ l.ro] 
_ 1+A2 

Now from equation 7.4 for t > k 

k 


Gk =II (azt_i + f3) 

i=l 

and the conditional expected lIalue of Gk 

Since z.,. and Zs are independently distributed for all applicable r, s. z; and 
z; are also independent (see theorem 2.4.9). This allows us to write 

2 2)COll (aZt_i + f3, aZt_j + f3 = 0 
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'which follows from theorem 2.4.9 such that 

II
k 

EJ [(azl_i + f3) IFo] 
i=l 

k 

IIa(1+,\2)+f3 
i=l 

Using this result we can 'urrite the conditional expectation of equation 7.2 

EQ (a; 1.1"0] 

- EP ["0 [1+ ~!1 (azL +11)] + <1~g(azL, 11) 1:F0] 
t-l 

- aOL[a(1 +,\2) +f3]k+O'fi [a(1+,\2)+f3]t 
k=O 


Using the condition that 


the term 

The stationary variance is the limit oft to infinite of E (a?]. By again using 
the tower property of conditional expectation 

ao L
00 

[a (1 +,\2) + f3t 
k=O 

Proof of part 2. 

We need to prove that EQ [~i] > 3 (eQ [~~])2 since 


~t IFo £ N (O,O'F) 


In theorem 2.5.9 it wa.'J proved that 


EQ [zt IFo] = 3 + 6,\2 + ,\4 
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thus for t > k 

EQ [G~ l.:FoJ 

- & [ (fl aZ;_i +~)' IFO] 


- I!fI [fl (azL + ~)21 FO] 


Since 

is noncentral chi-square distributed with 1 degree of freedom and non-centrali
ty parameter ).. Again as in part 1, it follows from theorem 2.4.9 that 

cov ((az;_i + (3)2, (azi_ j + (3)2) = 0 

for all i,j E {O, 1, .'" k} and·i::f=. j. Then 

& [fl (aq_, + ~)21 FO] 

II
Ii: 

eQ [(azf-i + (3)2 l.:Fo] 

i=l 


Ii: 


- IT EQ [a2zt._i + 20:{3Zr-i + f32 l.:Fo] 

i=l 


II
Ii: 

[0:2 (3 + 6).2 + ).4) + 2a{3 (1 + ).2) + f32] 
i=l 

For notational purposes define 

u := 0:2 (3 + 6).2 + ).4) + 2af3 (1 + ).2) + f32 

v = 0: (1 + ).2) + {3 

then 

(7.5) 

and 

u>v 
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since all terms of equation 7.5 are positive. 
F01' k > j 

Efl [GkGi I .1'01 

- liP [}j (azL + (3) D(azL + (3) ITo] 

i k ] 
- EQ D(azLi + ,8)2 inl (azLi. +,8) 1.1'0 

[ 

By theorem 2.4.9 

COl' [(azLi + ,8)2, (azt_i +,8)] = 0 

fo·r all 'i,j E {a, 1, H', k}, k > j. Thus 

i k ]
Efl !! (azt-i + ,8)2 iLL (aZF_i +,8) 1.1'0

[ 


i k


IIEQ [(azLi + (3) 2 I .1'0] II EQ [(azLi + (3) I .1'0] 
i=l i=i+l 

_ uivk- i 

Then the conditional expected l1al'ue ofO't, the square of the GARCH process 
under LRNVR at time t follo'ws from equation 7.3 

Efl [O't I .1'0] 

- liP [(ao~G, +"~G')' ITO] 


- liP [(aO~G')' +2"~G+0~G,) + (<TiG,) 2 
I TO] 


- ';'EQ [(~G.)' ITO] + 2"""~~EQ [G,G, 1.1'01 


+0'6EQ [df I .1'] 

- 0'6'ut + 2aoO'~ ~ 'ukvt k + a~ [~uk + 2 ~f ,ui,vk- (7.6)- i ] 
k=O k=O k=Oj=O 

where the thi1'd term 'is a common mathematical expansion. The propert'ies 
of geometric series (see Haggarty [21J) are 'used to simpl'ify equation 7.6: 
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1. Geometric series 

2. Geometric series 'where vt i.8 independent of the .summation 

t-l

L:: ukvt-
k=O 

k - tl~(;t
k=O 

t (1- (~)t) 
- 'V 1-:!! 

v 

ut - vt 

- V 
u-v 

3. Geometric series using point 2, where 'a~v is independent of the sum
mation 

t-l k k 
'""" u v 
~v v-u 
k=O 

t-l t-l 

_ _v_ '""" uk '""" vk 
u-v~ ~ 

k=O k=O 

_ _v_ (1 - 'ut _ 1-"i) 
u-v 1 u 1 v 

Equation 7.6 is simplified such that 

Now, to derive the value of the unconditional kurtosis of ~t' we take the limit 
of EQ [O"t IFo]. If·we remember that u > v and assume that u 2:: 1 then 

(7.7) 


and ifu < 1 

• Q r 4 ] _ 2 (1 - v)
lim E LO"t IFo - o!o ( )( )

t-+oo 1 - u 1 - v 
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since 

lima2 [~+ 2_v_ (1- ttt 11 vvt)]
t_oo O 1-11, 11, vI 1t 

' 2 2 [ V (1 - ttt 1 - vt)] 05 
- llID aO -- ----- +-

t-oo 11, v 1-11, 1 v 1-11, 

_ 2a5[_v (_1 __1)1+~ 
1J,-'V 1-'u I-v 1-1£ 


_ a 2 [~ (1 - v) - (1 - 11,) + _1_] 

o 'lJ,-V (1-11,)(1 'il) 1 'it 

2 [ 2v 1£ VI] 

- 00 tt - v (1 -u)(1 - v) + 1 - 1L 


2 [ 2v + 1 - v] 05 (1 + v) 

- ao (1 11,)(1 - v) = (1 11,)(1 - v) 


- EfJ [(1t] (7.8) 

Since (1; is n-l measurable under Q and 

the 

EfJ [{t] - EfJ [EQ [d 1Ft - I ]] 

- E< [atEQ [(;:)' IF.-I]] 
3~ [(Tt] , 

where 

is the kurtosi.''J under Q. 
Finally, from equat'ion 7.7 it is clea:r that (t is leptokurtic if 11, 2: 1. If 

1£ < 1 then 

3 °5(1+v)EfJ [et] = (1- 11,)(1- v) 

3 ~ ~': (EfJ [{rD 2 

from the definition of v. Since u> v> 0 
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Proof of part 9. 
From theorem 6.8.1 equation 6.16 we have 

and 

Thus 

and 

EQ [(t ao + a (t ((t - Aat)2 + /3(t a~IFt-l]
at at at 

- ECJ [a;: ((t Aat)2IFt_l] 

since 

Then 

ECJ [a ~ ((t - >..at)2 IFt-l ] 

aEQ [;: ((~ - 2A(tat + (>..at)2) 1Ft-I] 

a~ [~ - 2A(~ + >..2(tatIFt-l] 


!!"ECJ [(tiFt-I} - 2a>..ECJ [(~IFt-I] + a>..2atEQ [(tiFt-I]

at 

since at is Ft-l measumble, the 

ECJ [a;: ((t - >..at)2 IFt_l ] 

-2a>..EQ [(~IFt-l] 
- -2aAa~. 
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Finally, 

oov +1] 
Q [!:'ar


Ffl [!: aF+1] Ffl [!:] Ffl [ar+1] 


- +1] EQ [!:ar

Ffl [EQ [!:at+1IFt- 1]] 


the tower property of conditional expectation. The 

oovQ [!:' a;+l] 
- Ffl [EQ [a!: (~t-Aat)2IFt_l]] 

Ffl [-2aAat] 

-2aAEQ [at] 


-2Aa oa 

1 a-f3 

by the proof of 2.• 

 
 
 


