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Abstract A nonlinear control is proposed for trajectory track-ing
of a 6-DOF model-scaled helicopter with constraints on main
rotor thrust and fuselage attitude. In the procedure of con-trol
design, the mathematical model of helicopter is simplified into
three subsystems: altitude subsystem, longitudinal-lateral
subsystem and attitude subsystem. The proposed control is
developed by combining the sub-controls for the correspond-ing
subsystems. The sub-controls for altitude subsystem and
longitudinal-lateral subsystem are designed with hyperbolic tan-
gent functions to satisfy the constraints; the sub-control for
attitude subsystem is based on backstepping technique such that
fuselage attitude tracks the virtual control for longitudinal-lateral
subsystem. It is proved theoretically that tracking errors are
ultimately bounded, and control constraints are satisfied.
Performances of the proposed controller are demonstrated by
simulation results.
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Trajectory tracking control design for a 6-DOF au-
tonomous model-scaled helicopter has becomes an inter-
esting and challenging task in recent years, because of the
nonlinearities and couplings in its dynamic model* =%, Some
representative researches include linear controlm, ap-
proximate feedback linearizationm, backstepping[4_5], ro-
bust Hoo control[677], composite nonlinear feedback[s], and
model predictive controll®l.

Traditionally, nonlinear trajectory tracking controls for
helicopters are mainly based on some assumptions: 1) con-
stant rotational rate of rotors, 2) simplified expressions for
rotor thrusts in case of low fuselage velocity and acceler-
ation, and 3) negligence of small coupling terms (or small
body forces). To support the assumptions, however, some
other significant issues require further consideration. The
desired main rotor thrust should be subjected to saturation;
otherwise, excessively large main rotor thrust would result
in large acceleration of the fuselage, and the simplified ex-
pressions for rotor thrusts are unreasonable. Besides, large
rotor thrust requires large collective pitch, increasing drag
forces exerted on the rotor blades and deteriorating the as-
sumption of constant rotational rate. Moreover, attitude of
the fuselage should be bounded securely for the reason that
aggressive attitude often leads to uncontrollability in case of
constraint on rotor thrust.

Many early works on saturated control'®=13 pre-

sented the fundamental principles and applications. Sat-
urated control for nonlinear systems was then devel-
oped and summarized™ 17, Saturated control strate-
gies were applied to some specific projects, such as 3-
DOF VTOL aircraft!'®='" linear motor system[%], and
inverted pendulumm]. However, researches on saturated
control for trajectory tracking of 6-DOF helicopter were
relatively rare. Controllers for helicopters subject to input
constraints were often designed partially saturated® 22—23]
due to nonlinearities and couplings in mathematical mod-
eling.

Generally, saturated control are designed by using non-
smooth saturation functions, which impedes analytical so-
lution for derivatives of virtual controls, and application
of Barbalat lemma to stability analysis. To overcome the
troubles resulted from non-smooth saturation functions, it
is necessary to apply some smooth saturation functions.
Recently, a smooth hyperbolic saturated control has been
designed for a 3-DOF VTOL aircraft!*®]; stability results
of the closed-loop system were simple to prove, and the
control algorithm was easy to implement.

Enlightened by the simple smooth saturated control for
3-DOF aircraft[lg], we propose a nonlinear control based
on smooth saturation function for a fully 6-DOF model-
scaled helicopter under constraints of main rotor thrust and
fuselage attitude. The constraints are addressed by using
bounded and continuously differentiable hyperbolic tangent
functions. The full nonlinear model of the helicopter plant
is divided into three subsystems, and the proposed control
is designed by combining the sub-controls developed for the
corresponding subsystems. The main contributions of this
paper include: 1) The result of a 3-DOF (lateral, altitude
and roll) VTOL aircraft™® is extended to a 6-DOF he-
licopter; 2) Exponential stability and local input-to-state
stability (LISS)24 of the smooth saturated control sys-
tem are discussed in detail; 3) Neglected coupling terms
are considered theoretically in the stability analysis of the
closed-loop system; 4) Time derivatives of virtual controls
are presented in explicit forms without using differentiators
to reduce the amount of calculation significantly.

This paper is organized as following: some useful prelim-
inaries are reviewed in Section 1; the problem of trajectory
tracking for helicopter subject to constraint on main ro-
tor thrust and fuselage attitude is formulated in Section
2; detailed control design procedure is proposed in Section
3; the stability concerning the closed-loop system with ne-
glected terms is analyzed in Section 4; simulation results
are presented in Section 5 to illustrate the performances of
the designed controller; this paper is concluded in Section
6.

1 Theoretical preliminaries

Throughout this paper, |-| is defined as the absolute value
for real numbers; || - || is defined as the Euclidean norm for
vectors, and the induced Euclidean norm for matrices.

The conventional non-smooth saturation function is
given by

oz, iz <e
sate(x) = { e, iflz|>e

which often brings the difficulties of 1) solving analytically
the derivatives of the virtual control, and 2) applying Bar-
balat lemma to the stability analysis. To overcome such



troubles, the hyperbolic tangent function

e’ —e”?
tanh(s) := P (1)

is utilized as the saturation function in this paper. As the
saturation function, the hyperbolic tangent function is con-
tinuously differentiable. Some properties of the hyperbolic
function are listed in Appendix.

The main theoretical results of this paper are based on
the following proposition(*®.

Proposition 1. The non-trivial solution of system

=72 (2)
J2 = —atanh(ky1 4 Iv2) — Btanh(iy2)

is globally asymptotically stable for any positive numbers
a, B, k and .

In this paper, Proposition 1 is extended into a vector
form. Before the extension, it is necessary to define the
vector hyperbolic function.

Definition 1. The hyperbolic tangent function for vec-
tor & = [x1,--- ,2,]T is given by

tanh(z) := [tanh(z1), - - - , tanh(z,)]"

Proposition 1 can be extended into a vector form as be-
low.
Proposition 2. Consider the vector form of system (2):

{ él =& (3)
§, = —atanh(k§, +1€,) — Btanh(l€,)

where £, € R™ and £, € R". The non-trivial solution
of system (3) is globally asymptotically stable and semi-
globally exponentially stable for any positive numbers «,
B, k and .
Proof of Proposition 2 is presented in Appendix.
Suppose that system (3) is perturbed by a bounded dis-
turbance A with ||A| < A:

{ 6:1 =& (4)
€, = —atanh(k§, +1§,) — Btanh(l§,) + A

The stability property of system (4) can be given in the
following proposition.

Proposition 3. Consider the perturbed system (4) with
£, € R"and &, € R". Let the expected region of attraction
be

{1€7. €517 || meT + 1631631 < i > 0}

Then, there exists A > 0, such that for ||A]] < A and
positive numbers «, §, k and [, the non-trivial solution of
(4) is ultimately bounded.

Proof of Proposition 3 is presented in Appendix.

Remark 1. Under the corresponding definitions in some
previous literature?¥, the result in Proposition 3 is named
local input-to-state stability (LISS) with respect to the per-
turbation A.

2 Problem statement

2.1 Mathematical modeling for a model-scaled he-
licopter

In this paper, the mathematical model of a model-scaled
helicopter presented in our previous research!®® is em-
ployed. A simple structure of the model-scaled helicopter
is illustrated by Fig.1 where the two reference frames are
defined for mathematical modeling.

A
x(north)

’

Fig.1 A simple illustration of the model-scaled helicopter:
reference frames, rotor thrusts and flapping angles

The earth reference frame (ERF) is fixed to the earth,
with the origin locating at a fix point on the ground. The
x axis points to the north and the z axis points upright.
The y axis can be confirmed by the right-hand rule.

The fuselage reference frame (FRF) is fixed to the he-
licopter fuselage. The origin locates at the c.g. (center
of gravity) of the helicopter’s fuselage, with the =z, axis
pointing to the head of the helicopter. The 2z, axis is per-
pendicular to the x; axis and points upright. The y; axis
can be confirmed by the right-hand rule.

The mathematical model of the model-scaled helicopter
could be derived from the Newton-Euler equations[2’4]:

p=v (5)
mv = —mgs + R(y)f (6)
R(y) = R(7)SW) (7
Jw = -Sw)Jw+T (8)

where p := [z,y,2]" and v := [u,v,w]" are position and
velocity of the c.g. of the helicopter in ERF, respectively;
m denotes the gross mass; g, := [0,0,g]T, and g is the grav-
itational acceleration; v := [#,6,%]" denotes the attitude
of the fuselage; the rotational matrix is given by

cOcyy  cyslsp — copsty  cpepst + sepsy
cOsy)  ssfse + copcy)  cpsshd — spcy
—s0 cls¢p clco

R = [R;] :=

where c(-) and s(-) stand for cos(-) and sin(-), respectively;
w := [p, q,7]T represents the angular velocity in FRF; S(.)
denotes the skew-symmetric matrix such that S(w)Jw =
w X Jw; the inertial matrix is given by

Izz 0 _Izz
J = 0 I, 0
_Iacz 0 Izz

The resultant force f and torque 7 exerted on the fuselage
in FRF are given by

Tmsas
- mes + Tt (9)
Trcbscas

fi=

Tmthbs + Ttht + Qmsas
Tl + Trnhmsas + Q1 — Qmsbs (10)
—Tlmsbs — Tily + Qmcaschs

T =



where Tp,, Qm, Tt and Q¢ represent thrusts and counterac-
tive torques generated by the main rotor and the tail rotor,
respectively; hym, ht, L, and [; are the vertical and horizonal
distances between the c.g. of the helicopter and centers of
the rotors, respectively; as and bs are the longitudinal and
lateral flapping angles, respectively. The flapping dynamics
is negligible in this research since it is extremely fast when
compared with the fuselage dynamics. The expressions of
rotor thrusts with respect to collective pitches?®! are given
by

2
1 a; Si G?Si 2
bi = 7 {4\/ PR 3%91} (12)

and the expressions for torques are given by

Qi = qeipsi A% R} 13
p

0 3 [s
Qei = g‘i + 113655 (14)

where subscripts ¢« = m and ¢ represent the main rotor and
the tail rotor accordingly; 6; is collective pitch of the main
or tail rotor; p, s;, a;, i, A; and R; denote the density of
the local air, solidity of the rotor disc, slope of the lift curve,
rotational rate of rotors, area and radius of the rotor disc,
respectively; d4 is the drag coefficient of the rotor which
often has a typical value of 0.012261,

The mathematical model implies that the motion of the
helicopter is controlled by actual controls 6., 0;, as and bs.

2.2 Control objective

In this research, the reference trajectory p, =
[€r, yr, z-]* to be tracked is smooth, and its derivatives
p\Y (i = 1,2,3,4) are bounded. The objective is to design
a trajectory tracking controller such that

1) The closed-loop system can track the smooth reference
trajectory p, within bounded errors;

2) The main rotor thrust and the attitude satisfy

Uy < T < Ur (15)

lp| < Ug, [0] < Us (16)
where Uy < mg < UrcUgscUp.

3 Controller design

The strategy of the controller design can be explained
as follows: 1) the helicopter model is simplified into three
subsystems, including the altitude subsystem, longitudinal-
lateral subsystem and attitude subsystem; 2) a saturated
thrust 7,, is designed to stabilize the altitude tracking
error; 3) a saturated virtual control for the longitudinal-
lateral subsystem is designed based on the saturated control
thrust; 4) the torque 7 is designed such that the attitude of
the fuselage tracks the virtual control for the longitudinal-
lateral subsystem. The derivatives of the virtual control
are given in explicit forms, and actual controls 6,,, 0, as
and bs are calculated in the last part of this section.

3.1 Model simplification and transformation

Some simplifications of the helicopter model are required
to facilitate the controller design. Since the cyclic flapping
angles and the tail rotor thrust are fairly small according
to the physical properties of the helicopter[2’22’23], it is
reasonable to take

f~0,0 Tn" (17)
in (9) for simplifying the model, and it follows that
mo = —mgs + Ra(y)Tm (18)

where R3 denotes the third column of R(y), and | Rs|| = 1.
Replacing (6) with (18) enables the helicopter model to
appear cascaded.

The counteractive torque of the tail rotor Q; contributes
a tiny part of T, and is also negligible; consequently, torque
7 in (10) can be simplified by

T=QaTA+TB (19)
where 74 := [T}, as, bS]T,
ht Qm Tonhm 0
QA = 0 Tmhm _Qm , TB = Trlim

Based on (17) and (19), the helicopter model can be
devided into three subsystems.

1) The altitude subsystem is obtained by extracting the
third equations from (5) and (18):

{ Z=w (20)

mw = —mg ~+ cOcdpTm,

2) The longitudinal-lateral subsystem is composed of the
rest parts of (5) and (18):

p=v _
{ b — T R (21)

where p := [z, 9], ¥ := [u,v]T, and R3 := [Ri3, Ra3]".
3) The attitude subsystem is

Rs; = Rw (22)
) =8¢, %@

o= gat g (23)

Jw=-Sw)Jw+T (24)

where @ := [p,q]T; torque T is given by the simplified ex-
pression (19), and

R.= [ —Ri2 Rn

— Tpr_
= —Ro» R :| = [61,62] R[ 62,61]

e1:=1[1,0,0]", es:=1[0,1,0]"

The invertibility of R can be proved straightforwardly by

calculating that det(R) = —R12R21 + Ri1R22 # 0.
Enlightened by [4], we use (22) and (23) to represent the

attitude kinematics, where (22) is given by extracting the

first two rows from (7), and (23) is the yaw kinematics.

With v, = [R3T, )T, the Jacobian matrix satisfies
0¥ r/07|| = cf > 0 in the case of |#| < m/2. Consequently,
the mapping from 7y to vy is a local topological homeomor-
phism, indicating (22) and (23) are capable of representing
the attitude kinematics under || < 7/2. It will be shown
that under the proposed control, § can be maintained in
this range.



3.2 Saturated control for altitude subsystem

Define z. := z — z, and w. := w — .. Based on (20), the
error dynamics of the altitude subsystem can be given by

Ze = We
{ e = —g + ST, 3, (25)

Proposition 4. Consider the altitude error subsystem
(25) with the reference altitude z, satisfying

%—g—t—k + kuw <|zr|<Uf—g—k — kuw (26)

Let the expected region of attraction be given by
{[ze,we]T [l[azze + Gwwe, awwel|| < Z, 2> 0}

If the positive control parameters k., a., ko, and a, are
designed such that

CU¢CU9 -1
m

foo + Koy, X2 EXe

kzaw7 kwaw + 272
w

min

2

k2aq tanh(2)?  kya tanh(z)?
z - wle 20 , then the

where x. = mln[ < , -

thrust
T =

m (g + Zr — k. tanh(a. ze + awwe) — Ky tanh(aywe))

(27)

assures the following statements:

1) The altitude tracking error z. is ultimately bounded,
if |¢| < Uy and |0] < Up;

2) The constraint given by (15) is satisfied.

Proof.

1) Substituting (27) into (25) yields

e = We
{ we = —k tanh(azze + awwe) — kw tanh(awwe) + 02

(28)

where [0, < %UT. Following the steps of Proposi-
tion 3 can complete the proof.

2) Satisfaction of constraint (15) can be proved by sub-
stituting (26) into (27). O

Remark 2. The implication of (26) is intuitive. If the
control force is subject to constraints, the acceleration is
obviously limited.

Remark 3. If ¢ = 0 = 0, substituting (27) into (25)
yields

e = We
{ we = —k; tanh(a.ze + awwe) — kuy tanh(a,we) (29)

which satisfies the requirements of Proposition 2, and can
be proved to be globally asymptotically stable and semi-
globally exponentially stable.

3.3 Saturated control for longitudinal-lateral sub-
system

_ Define p, = [zr,yr]T, B, :== P — P,, Ve := U — Pr, and

Rs. := Rs —ap, where ap is the virtual control. Based on

(21), the error dynamics of the longitudinal-lateral subsys-

tem can be given by

{ile:’je, fom s (30)

T,
Ve = WmaP + WmRZSe — Dr

Proposition 5. Consider the longitudinal-lateral error
subsystem (30) with the reference longitudinal-lateral tra-
jectory satisfying

UtMR — 2k, — 2k, (31)

where k, > 0, k, > 07 and Mr > 0. Let the expected
region of attraction be given by

Iprll < ==

{b”erv T ‘H G‘Ppe +avve7a’vv ’ <p7 p> 0}
where a, > 0 and a, > 0. Denote
| mkp + ko)  mpx mpx
O0r := min L4 , P -2 32
" Ur kpaoUr” (kyay + 22)Ur (32)
2ay tanh(p)? a, tanh(p)?
where x, = min M t;z b(?) , ky pat ﬁzh(p) , and set the

control parameters such that arcsin(Mg + 0r) < Uy and
arcsin(Mg + 6r) < Up. If the attitude tracking error satis-
fies |Rse|| < Or, then the virtual control

mo. ~
T (PT kvtanh(avve))

(33)

ap = — kptanh(app, + ave) —

guarantees the following statements:
1) The tracking error p, is ultimately bounded,;
2) The constraints given by (16) are satisfied.
Proof.
1) Substitution of (33) into (30) yields

i)e - 'De
= —kptanh(app, + avve) —
Tm R
3e

kytanh(a,ve)+

where the boundedness of Rs. is assumed by (32), and the
boundedness of T, is proved in Proposition 4. The ultimate
boundedness of p, can be proved by using the results of
Proposition 3.

2) Substituting (31) into (33) yields

7 (Il + vk, + V2ky) < Mg

ler| <+

implying that
(Mg +6r)" >[|Rs|* = RS, + R3, =
(cerpst + spsip)? + (cospst — sperp)?
Aos0 + SngS
On the one hand,
(Mg +0r)°> > 2¢s°0 +5°¢ > s¢
indicating |¢| < arcsin(Mg + dr), on the other hand
(Mg 4 6r)% > 2950 + 5% ¢ > s + s> ¢s0 = 50

implying that |8] < arcsin(Mgr + dr). Consequently, by
setting arcsin(Mpg + 0r) < Uy and arcsin(Mg + dr) < Uy,
the constraint for attitude is satisfied. g

Remark 4. When Rs. = 0, substituting (33) into (30)
yields

Be = Ve _ _ _ (34)
v = —kptanh(app, + av0c) — kytanh(a,ve)

It satisfies conditions of Proposition 2, indicating that p, is
globally asymptotically stable and semi-globally exponen-
tially stable.



3.4 Backstepping design for attitude subsystem

In the preceding subsections, we have obtained the main
rotor thrust 7}, and the virtual control @p. The main rotor
thrust 7, can be implemented, while ap is the reference
signal to be tracked by the attitude subsystem.

Select the Lyapunov candidate

1l-7 = kv [PoT t_
Ly = -R3.Rs. + R;.dt [ Rs.dt
2 2 Jo 0

where k,; > 0 are the parameters to be designed. Its deriva-
tive

. _ t
LQ = R§ER3€ + k/"yiRge/ RSedt =
0

Rge(R3 — CYP) + k?ryiRg,e/ R3edt =
0

—T A N —T t —

Rge(RLD - dP) + kyiRs,e / Rs.dt
0

Define we := @ — agr, where ar denotes the virtual con-
trol for attitude kinematics. With the virtual control for
attitude kinematics designed by

t
aRr = R71 (—k.prge — k‘»yi/ Rgedt + &p) (35)
0

where k,, > 0 and k,; > 0 are control parameters, the
derivative of Lo is then calculated by

t
Lo = Rs.(Rar + R, — &r) + kyiRs, / Rs.dt =
0

- kprg‘gRSe + Rgeme

Before the backstepping design for the attitude dynam-
ics, the controller for the yaw angle 1 should be designed.
The reference yaw angle v, is designed by

Y = atan2(yy,, &) (36)

such that the helicopter head always points to the tangent
of the reference trajectory.

Consider the yaw angle kinematics given by (23), where
r is regarded as the virtual control. Define ¢, := ¢ — ¢,
and choose the Lyapunov candidate

1 kvi ([ 2
Lg:L2+§¢f+ i (/ wedt)
0

2
It follows that

t
L3z =L>+ 1/Jewe + kd)i"ﬁa/ 1/Jedt =
0

Lo+ 1/Je(¢ - 1/%») + kyite /(; Yedt =

. t
L2+we(%q+%r—wr)+kwe/o bedt

If the virtual control ay = r — 7 is designed by

—s¢ cf < ¢ .
ay = ——=q = — | kypte + kwi/ Pedt — wr) (37)
co cp g 0
where ky, > 0 and ky; > 0 are control parameters, then

LS = _k’prgeRBe - kwpwg + Rgeme + %were

Define the reference signals to be tracked by the attitude
dynamics as
ap = [ag, ap]” (38)
Define also the tracking error of attitude dynamics as
we =w!, r)t =w—axr (39)

Select the Lyapunov candidate

1 T kwi [t T ¢
Ly=Ls+ —w; Jwe + w, dt wdt
2 2 Jo o

Its derivative is

t
Ly =Ls+ weTJu':e + k:w-weT / wedt =
0

t
Ly4w! (—Sw)Jw +7 — Jar) + kwiwg/ wedt
0
Design the torque as
t

wedt — G5, (40)
0

T =8SWw)Jw+ Jar — kupwe — kuwi

where
R 021
G =
Lo ]
and 4, 1= [R;fe, Ye]. kwp > 0 and kup > 0 are the control
parameters. Then,

Ly = —kypR3.Rse — kypth? — kupwiw, <0 (41)

implying that the backstepping process is completed.

Proposition 6. Consider the attitude subsystem given
by (22), (23) and (24). Under the controller designed by
(35), (37), (38) and (40), the attitude of the helicopter
fuselage can track ap and v, exponentially.

Proof. Take L4 as the Lyapunov function for the atti-
tude subsystem. The derivative of L4 can be given by (41),
implying that Rs. € L2N Lo and ¢, € L2 N L. Since all
signals are uniformly continuous, Rs. and 1. are asymp-
totically stable according to the Barbalat lemma. Further,
Rs3. and 1. are exponentially stable because L4 and L4 are
in quadratic forms. a

3.5 Derivatives of virtual control

Prohibitive expressions for derivatives of the virtual con-
trol often impede applications of backstepping control to
high order systems. In this research, however, the explicit
expressions can be obtained for derivatives of the virtual
controls @p and &g without in (35) and (40), avoiding the
use of numerical differentiators.

The derivatives for T, are calculated by
d tanh(a,we)

d(awwe)
dtanh(aze + awwe)

d(azze + awwe)
d? tanh(a,ze + awwe)

d(azze + awwe)?
dtanh(a:ze + awwe)

d(azze + awwe)
d? tanh(awwe)
Y d(awwe)?

Tm =m |:Z1("3> — kw (awwe) -

(42)

(az 2.55 + awwe):l

T, =m {zfn — k. (az2e + awu')e)2 —

k-

(azée + awwe)_

d tanh(a,we)

. \2
(awe) ko d(awwe)

(avite)|
(43)



where Z, = W, = %”

Taking r1 = p, — kptanh(a,p, + av¥e) — kytanh(a,ve)
and 71 = 1/T}, yields that &@p = m7ir1. It follows that

. .. i 3
—g— Zr, andwc:—TT;j fz£>.

&P =m (7%11‘1 + 'F1'f'1) (44)
&p =m (7%17‘1 + 27’;1’):‘1 + 7'_1’}'.'1) (45)
The derivatives for 71 are given by
. 1 . . 1 .. 2 .
= —ﬁTm, T = —ﬁTm + ETm

where T, and T, are obtained by (42) and (43), respec-
tively. The derivatives of r; are given by

dtanh(a,v.)

P kT gy () o)
by SR D) (0 0
=pf?) - b, R0 (5
vw(aﬁf—
d(avve)? (47)

d*tanh(a,p, + a,0.)
k — ——
d(app. + avve)?
i dtanh(app, + avve)
d(app, + avve)

(api’e + av'i’e)2 -

(appe + avve)

where 1:)6 =9, = —fir + %"Rg, and v, = —1‘)9 + %"Rg +

%Rg. The derivative of the vector hyperbolic function
with respect to vector is defined in Definition A2 in Ap-
pendix.

Next, the derivative of the virtual control for @r can be
yielded by

an =[5 ()] R
R™! <_k7p-§3e — kyiR3e + ap) = (48)
— R 'Ran+ R (71%1,1;235 — kyiRse + &p>
where
R =[e1,e2] "RS(w)[—ez,e1], Rse = R — ap

and ap is obtained by (45). The derivative of the virtual
control for yaw angle can be acquired by

. ¢q sp. cb ~ .

Oy = — 26 @q T (szﬂ/’e + kyithe — 1%) +
sOcgf + cOspg ¢ . (49)
——af——(MWme/wmer

2o 0

where

H _i}ryr - "tryr
Y= g
1; _ (.i':ryr - jf’r yr) (mf + yf) _

' (@2 +92)°

(ZrYr — Trr) 2&rZr + 29rir)
(@2 +92)°

. _so cp
Ve _c€q+ cﬁr r

In (49), ¢ and 6 are given by

y=R'w
where
1 0 —s6
R.-:=| 0 c¢ cOsop
0 —s¢ clcop

is the transformation matrix for the attitude from ERF to
FRF.

In summary, the derivative of virtual control for ap is
obtained by (44), and the derivative of virtual control for
arg is yielded by

bup = [0k, o] " (50)

where derivatives ar and ¢, are calculated by (48) and
(49), respectively.

Remark 5. Actually, &p and ap are bounded. In the
expressions for derivatives of virtual controls, all the first-
order and second-order partial derivatives of hyperbolic
tangent functions are bounded, as are given in Property
A2 in Appendix. The derivatives of reference trajectory are
bounded, as are stated in the control objective. The deriva-
tives of tracking errors are bounded, since the closed-loop
expressions are composed of hyperbolic tangent functions.

3.6 Calculating the actual controls

In the previous subsections, the control thrust 73, and
torque T are obtained by (27) and (40). Consequently, the
actual controls 0,,, 0:, as, and bs can be calculated from
the thrust and torque through the following steps.

0 can be obtained from (11):

) 2 Am

o pSmAmQ%LRgn’ i

}@U
and @, is determined by
é 2 Jsm 2 p3

Then, 74 = [T}, as, bS}T can be calculated by using (19)
Ta=Qa'(T—7p) (52)
In (52), the invertibility of @ can be proved by
det Qa = 1:Q2, + (hamlt — hilom) T2 # 0

where h,, > [, and l; > h, according to the physical
structure of typical helicopters.
And the collective pitch of the tail rotor is yielded by

tct
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4 Analysis on closed-loop system

In this section, a stability analysis is provided for the
closed-loop system with neglected terms. In advance, the
main rotor thrust and fuselage attitude are proved to satisfy
constraints (15) and (16).

In Subsection 3.1, the forces and torques are simplified
such that the helicopter model appears cascaded. The small
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neglected terms can be explicitly written by

Trsas
Ay = —Tmsbs + Tt (54)
T (caschs — 1)
Qm(sas — as) + Trmhm(sbs — bs)
Ar = | Qt— Qm(sbs —bs) + Timhm(sas — as) (55)
—Qm (1 — caschs) + Tnlm (bs — sbs)

which are functions of actual controls. It is noticeable that
if a; = 0 and by = 0, there are ||Af|| = |T¢| and ||A,|| =
|Q¢]. The tail rotor thrust 7} is bounded, because |T;| <
|T'm| < Ur. The tail rotor torque Q+ can be proved bounded
by considering (11)~(14). Meanwhile, cyclic pitch angles
as and bs are responsible for manipulating pitch and roll
motion of the fuselage, so that they are functions of ¢ :=
[|Rsell, |%bel, well]T. As given in some literaturel* =222 A ;
and A, are very small; consequently, some conservative
bounds on Ay and A, can be estimated as

[AsI <LliKlh +Ag, 1A <Lali€ll+ A (56)
where ., o, Ay and A, are small positive numbers. In
(56), the non-vanishing terms Ay and A, concern the val-
ues of |Ti| and |Q¢|, which are very small according to the
physical properties of typical helicopters. The vanishing
terms I, ||¢|| and I, ||¢|| depend on the fact that Ay and A,
are related to the attitude tracking errors.

Proposition 7. Consider the helicopter plant (5)~(8),
with forces and torques given by (9) and (10). Suppose
that the reference trajectories satisfy (26) and (31). If the
controller is designed by (27), (33), (35), (37), (38), (40),
(44), (45), (48)~(50) and (51)~(53), then

1) The main rotor thrust satisfies constraint (15);

2) The fuselage attitude satisfies constraint (16) after a
finite time;

3) Tracking errors z. and p, are ultimately bounded.

Proof. Substituting (26) into (27) proves 1) directly.

The virtual control expressed by (33) is bounded, be-
cause of the bounded T}, and reference signal satisfying
(31). Take L4 as the Lyapunov function for the attitude
subsystem. Based on Proposition 6, the derivative of L4 is
given by

FuminICI|* + Lo I€I1* + Ar i€l =
IEI* + Al

where kmin = min[kyp, kyp, kwp]. Since I, is very small, it
is always possible to find a proper kmin such that kmin—I, >

0, and ¢ is ultimately bounded by |¢|| < % ;ilw. The
A,

ultimate boundedness of ¢ implies that [|Rsc|| < iy
after a finite time T1. Set k+p, kyp and k.p such that

L4<—

_( mln_

A, A, _
o A < T + LG+ By <

where dr is defined in Proposition 5. For 0 < t < T7, all
signals are uniformly continuous; thus they are bounded.
For t > Ti, ||Rse|| + ||Af|| < Or, because of the ultimate
boundedness of Rs.. According to Proposition 5, |¢| < Uy
and |0] < Uy are established for ¢ > T4, and 2) is proved.

All requirements of Proposition 5 are then satisfied, so
that planar tracking error p, is ultimately bounded. Re-
quirements of Proposition 4 are assured by the bounded-
ness of ¢ and 0, and the altitude tracking error z. can also
be proved ultimately bounded. This proves 3). a

5 Simulation and discussion

In the simulation, we use the un-simplified model
(5)~(8), with the forces and torques given by (9) and (10).
Parameters of the autonomous helicopter are cited from
[27]. The constraints of the main rotor thrust and fuselage
attitude are given in Table 1.

The reference trajectory to be tracked is given by

—1.12x 107%¢* +3.2 x 107 ** + 0.2

—5.76 x 1073%% + 6.4 x 107¢* — 1.6 x 107> — 0.2

1.152 x 107 7¢° — 1.44 x 107°t* + 4.8 x 10~ *¢
atan2(y,, )

zr(t) = 9.6 x 107%¢°

(
yr(t
zr(t
Pt
The initial position and velocity are supposed to be p, =
[4,5,2]T(m) and wo = [0.2, —0.2,0]T, respectively. The ini-
tial yaw angle is supposed to be ¥y = 1rad. The initial
values of other states are supposed to be zeros.

The bounds of the second-order derivatives of the refer-
ence trajectory are calculated by

)=
)
)=
)

|Z:| <0.015, [jp-|| <0.03 (57)
The expected values of Uy and Uy suggest that Mr = 2.7 in
Proposition 5. Substituting (27) into (26) and (31) yields
the available ranges of the control parameters

ko] + |kw| < 1.9, |kp| + ko] < 1.9

The values of control parameters are listed in Table 2.

Table 1 Constraints of thrust and attitude
Constraint Value Constraint Value
U, 68.6 N Ur 102.9N
Uy 0.34rad Uy 0.34rad
Table 2 Control parameters
Parameter Value Parameter Value
k. 1 K 0.5
Ep 1.2 Ky 0.4
Eyp 2.12 Eryi 2.25
Eyp 0.35 Ko 0.06
kwp 5 kwi 12.96

The simulation results are displayed in Figs.2~6. As
can be seen from Figs.2 and 3, the closed-loop system
tracks the reference trajectory with ultimately bounded
static errors. In the static state, the relatively large value
of ye is due to the disturbance resulted from the tail rotor
thrust. Fig.4 demonstrates that the attitude of the fuse-
lage is maintained in secure ranges, with magnitudes of roll
and pitch angles less than 0.17rad, or 10 deg. Besides, the
tracking performance of the yaw angle is satisfactory. The
main rotor thrust and the corresponding main rotor col-
lective pitch are displayed in Fig.5, where the main rotor
thrust is smooth and bounded within small ranges, indi-
cating that the saturated control is effective. Although no
explicit constraints are assigned directly for the collective



pitch of the tail rotor (73) and cyclic pitches of the main ro-
tors (as and bs), their actual values are bounded with small
ranges (less than 0.17rad, or 10 deg), as are shown in Fig. 6.
In summary, the simulation results demonstrate that under
the proposed partially saturated controller, the tracking er-
rors are ultimately bounded, while the main rotor thrust
and fuselage attitude satisfy the predefined constraints.
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Fig.2 The position of the closed-loop system (The actual
position tracks the reference position.)
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Fig.3 Tracking errors of the closed-loop system (Tracking
errors are ultimately bounded.)
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Fig.4 The attitude of the closed-loop system (Roll and pitch
angles are maintained very small, while the yaw angle tracks its
reference signal.)

To better evaluate the proposed controller, the simula-
tion results of a closed-loop system with non-saturated con-
trol are provided in Figs. 7~ 9. The non-saturated control

is designed by using the backstepping approach, with con-
trol parameters selected similar to those of the proposed
saturated control. As can be seen from Fig.7, the non-
saturated control seems superior in transient performances
of tracking errors. However, Fig. 8 indicates that the atti-
tude of the closed-loop system with non-saturated control is
somewhat dangerous, since the roll and pitch angles reach
some excessively large values. In Fig.9, it is obvious that
the main rotor thrust varies sharply, which is certainly un-
desirable.
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Fig.5 The main rotor thrust and the main collective pitch of
closed-loop system (They satisfy the predefined constraints.)
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Fig.6 Collective pitch of the tail rotor, and cyclic pitches of
the main rotor (Their values are within small ranges (less than

10 deg).)
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Fig.7 Tracking errors of the closed-loop system without
saturated control (Transient performances are better.)
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Fig.8 The attitude of the closed-loop system without
saturated control (Roll and pitch angles might reach
excessively large values.)
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Fig.9 The main rotor thrust and the main collective pitch of
closed-loop system without saturated control (They vary
sharply.)

6 Conclusion

A nonlinear controller is proposed to achieve the trajec-
tory tracking of a 6-DOF model-scaled helicopter in the
presence of constraints on the main rotor thrust and fuse-
lage attitude. With some extensions, the technique for the
saturated control of a 3-DOF VTOL aircraft is adopted as
the basic methodology in this research. Instead of the tra-
ditional un-smooth saturation function, the smooth hyper-
bolic tangent function is employed as the saturation func-
tion, such that the derivatives of virtual control are pos-
sible to be solved analytically, and the Barbalat Lemma
can be applied to stability analysis. The simulation re-
sults demonstrate that under the proposed partially sat-
urated controller, tracking errors are ultimately bounded
while constraints on the main rotor thrust and fuselage at-
titude are satisfied.

Appendix

The hyperbolic function tanh(-) in (1) possesses the fol-
lowing superior properties.
Property Al. tanh(s) is differentiable for s € R, and
1) —1 < tanh(s) < 1,
2) stanh(s) > 0, Vs # 0; stanh(s) =0 < s=0.
Property A2. The 1st-order and 2nd-order derivatives
of the hyperbolic tangent function are bounded, namely
< d tanh(s) 4

T = ey S (A1)

0

d?tanh(s)  —8(e® —e™*)
07T < S = ey

<0.77 (A2)

Property A3. Given any interval D;

{s | |s|] < 8,5 > 0}, there always exists a positive number
X(8) such that x(5)|s| < |tanh(s)| <|s].

The results of Property Al and Property A2 are intu-
itive. In Property A3, |tanh(s)| < |s| can be proved di-
rectly by considering (A1) and tanh(0) = 0; and x(3)|s| <
| tanh(s)| can be proved by selecting

0<x(5) < étanh(g) (A3)

Property A4. For any vector = [z1,- - - ,mn]T #0,
thanh(x) = Z x; tanh(z;) >0
i=1

Property A5. Given a region
Dy:{z e R"||z|| <z, > 0}

there always exists a positive number x(Z) such that
x(@)l] < [[tanh(z) | < |z].
The result of Property A4 is intuitive. Property A5 is a
vector form of Property A3, and can be proved similarly.
Definition Al. The square of a vector £ =
[€1,-++ ,2,)" is defined by 2 := [23,--- ,22]T.
Definition A2. The kth-order (k = 1,2,---) derivative
of the vector hyperbolic function is

k
d tzzl;f(zl) 0 0
d*tanh(z)
dz* - . L
0 0o 4 tzr;}g‘i(zn)
where £ = [z1,--- ,zn]".

It follows from Definitions 1, A1 ~ A2 that

dtanh(zl)j:
dzq 1
dtanh(z) _
e 3 B
d tacrililiwn) mn
dtadrn:le) 0 0 i
0 0 dtag;’(LG) G
dtanh(z) .
d
d*tanh(z) dtanh(m)zi n dztanh(x)d:g
de? - dx dz?

Definition A3. The vector integral is

v "Y1 "Yn T
/ z dx = / ridxy, -, / Tndry,
2 v z1 J zZn

where £ = [z1,--,2,]T, ¥ = [y1, - ,yn]" and z =
[Z17"' 7zn}T
With the above properties and definitions, proofs of

Proposition 2 and Proposition 3 can be given as follows.



Proof of Proposition 2. Define the Lyapunov candi-
date as

k€1 +1€o &2
Lo —a / tanh(€)"d€ + 5 / tanh(€) T dg +
0 0

k
55552 >0
Its time derivative is
LO =atanh(k§; + 152)T(k£1 + léz) + ﬁltanh(l§2)T€2+
keTé, = 16070 — Bke] tanh(I€,) < 0

where 0 := atanh(k€, 4+ 1€,) + Btanh(l€,). As a result, the
global asymptotical stability is proved.

Let py = k&, +1&;, po = I§, and p =
select a region:

T ,,TT
17#‘2] ’ and

Ds: {u] lull < i i > 0} (A4)

According to Property 5, there always exists a positive
number () satisfying /|| < [ftanh(w)]| <[], such
that

1 k
Lo > Sx(apy hy + Bpg o) + zha o =

2

T R SN AV PP Y

2 0 (XB + ) Inxn
where x1 = min [% % ( )} Moreover,
Lo<—10"0 — Tﬂtanh(pq) tanh(p,) =

2
T « lInxn aﬂl-[nxn _
~ tanh(p) [ aBllun (B4 ") I }tanh(‘“) =
— tanh(u)" Dtanh(p)

The symmetric matrix D is positive definite, because there
exists an invertible matrix

7o | Inxn  —5Tnxn
O In><n
such that
2
T _ « lIan 0
T DT = { 0 #Ian }
Its eigenvalues are positive. With Property 3,
Lo < —xz|pl? (A6)
where
X2 = min {a Ix2, klﬁ 2} (A7)

indicating that system (3) is semi-globally exponentially
stable in the region of D3 given by (A4), where bound [
can be selected arbitrarily large. g

Remark Al. A large ji results in a small x(1), leading
to small x1 and x2. Since X2 is proportional to the converg-
ing rate, as is shown by (A6), the exponential stability of
system (3) reduces to asymptotical stability as the region
{1 | ||»]] < [, & > 0} increases.

Proof of Proposition 3. Use Ly as the Lyapunov can-
didate.

. _ _ k-
Lo < = xllpl® + alA||py || + BIA||p | + 7 Ak <

= x2llpl® + xsAul

10

where x3 = max [al , (ﬁl + %)} Therefore, p converges into

D, ! {u\uun < ﬁﬁ}
X2

To guarantee that ||u|| < fi, A should satisfy

) } < fixz

ﬁ5<ﬁ < max {alA (
X2
_ (A8)
fixz  jfix2
& A < min | 222 , Q4
[ ol 45 TP
where x2 is given by (AT). O
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